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Scalar meson fields are studied for the conformally flat metric e *¥ (dx

12 b dx2? +dx 3t -dx“z). Complete

sets of solutions of the field equations have been obtained for massless mesons, and the field equations have
been reduced to a single ordinary differential equation in { for massive mesons. In either case V is found to

be a function of
2 2 2 2
X1 +x?2 4+x3% -x %% or ¢y x'tcyx? +oax® togxt

(¢cy, €3, €35 ¢4 being constants), and ¢ the meson field is found to be constant or a function of Y.

I. INTRODUCTION

Massive and massless scalar meson fields in general
relativity have been studied by several authors. In
particular Penney! has given an exact solution for mass-
less scalar meson fields with a conformally flat metric.
The present note is an attempt to obtain a complete set
of exact solutions for both massive and massless scalar
mesons in a conformally flat metric.

1l. FIELD EQUATIONS

The field equations for a scalar meson field are

Ruv—%guvR:_[¢,u¢,v_%guu(¢,a¢'a—m2¢2)]y (1)
where we have set K =1, and where ¢ is the meson
field and m the meson mass. (1) can be rewritten as

Ruu:_¢,u¢,v+%guum2¢2' (2)

The metric is

2 2 2 2
ds® =exp(— P)(dx! +dx® +dx* - dx"),

ie.,

&uy =exp(+) 1 =exp(+¥)n,, (say).

-1
®3)

We shall first prove that for solutions of (2) of the
form (3), zp must be a function of (x1° + x? R L ) or
(et + cgx? + c3x® + cx%), (cy, ¢y, €3, €4 being constants)
and ¢ is either a constant or a function of ¥. For (3),
R,, is given by

R,, = lrb,u,,v -

where

X=94,1+¥32+

%d),u w,v + énuv X,
(4)
¥,3,3—

¢'4.4 + ¢?1 + w?z + d)?3 - ¢,24-

A. Case l. ¢ is constant

In this case we see from Eqs. (2) that the space is
an Einstein space (i.e., a space for which R,
=constant Xg,,), and we know? that only a conformally
flat Einstein space is a space of constant curvature
and the metric takes the form

- ={1+ (K(]/‘l)(x12 -+-xz2 +x3° —x“z)]"1

2
X (dxt +dx? + dxd® - axtt),
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R,, becomes

Ry, =~3K&uy,
where K, is the constant curvature. Thus (2) and hence
(1) is satisfied if

Ky<0 and ¢®=- 6K,/m?
Thus ¥ is function of x¥* g LI

B. Case Il. ¢ is not constant
Comparing (2) and (4) and noting (3)
- 2 exp(¥/2)(exp(-9/2)) ., ==~ ¢,. 0,
In particular
{(exp(- 9/2)) 4}, = (9,4 exp(- 9/2)/2) ¢ ;, i=1,2,3. (5)

From (5) we note that the derlvatlves of (exp(-¥/2)),,
with respect to !, x%, and x® are proportlonal to the
derwatlves ¢ W1th respect to x¥, x%, and x°. Thus, if
x* is treated as a constant, (exp( zp/Z)) pand ¢ are
functionally dependent® and since ¢ is not constant for
the case under consideration we can say that
(exp(-¥/2)) 4 is a function of ¢ if * is treated as a
constant; in other words

(exp(- 3/2)),, =8(x*, §),

for p#v.

where 8 is some function.

Similarly,
(exp(-9/2)),y = alx!, ¢),
(exp(" 111)/2)),2 = B(¢) x?),

(exp(-1/2)) 5 =7(, %), (6)
where «, 8,y are some functions. From (5) and (6)
a, =7 exp(-=9/2) ¢ 4, B, =13 exp(-/2),,,
(N

Yo=13 exp(-9/2) 9 3, 8, =% exp(-1/2) ¢ ,,

where ¢, =080/9¢ | 145 constage 2nd S0 0N, and « 41
=3a/dx! IMS constant; €tc. From (2)— (4)

and ¢ is constant.

-2 exp(¥/2)(exp(~ $/2)),;,; + 3 X == %, + (exp(+ $)/2) m*¢*

- 2 exp(y/2)(exp(- ¥/2)), 4,4 - 3x =— %, - (exp(+ $)/2) m*¢*
(8)
Using (6), (1), and (8)
@1=Bp=73==-08,
=~ (exp(- 9/2)/4)(m*¢? exp(- ¥) - X). ©)
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However, a4 is a function of ¢ and x?, B, is a func-
tion of ¢ and x*, and so on. Thus (9) is possible only
if exp(— $/2}m?® exp(— ¥) — X) is a function of ¢ alone,*
or

a=xlv+p, B=xv+q, v=2v+7r, d=-xlv+s,
(10)

where v=—} exp(— §/2)(m*¢* exp(~ ) - x); v, p, ¢, 7, s
are functions of ¢ only. From (6), (7), (10) and using
relations as ¢ 4, =9, 9,1,

2(’«’1%0 + @40+ (Kl +p) _ 20680, T 0,) + (X +4q)
xlo, +p, v, +q,

_2(x% g0 +790) + (ot 7) _ 2=y, +5,,) + (=2t +5)
x3v¢,+ro -Xx'v, + S,

v, =dv/d¢ and so on, (11)

2

where in view of (7) and (10) and the fact that ¢ is not

constant, all the denominators of (11) cannot be zero.

If any of the denominators of (11) is zero, (11) is to be
interpreted to mean that the corresponding numerator
is zero.

In (11), we have four different expressions that are
equal to each other, but one of them is a function of ¢
and x!, another, a function of ¢ and x%, and so on.
This is possible only if each of them is equal to a func-
tion of ¢ only, say £(¢),°

20,, tv _ 2D0p TP _ 29,0 tq _ YootV _SgotS _
Yy p2 P Yo So

£(9),

(12)
where as before, if any of the denominators vanishes,
the corresponding numerator vanishes.

Thus v, p, g, v are solutions of an ordinary linear
homogeneous second order differential equation and
hence at most two of them can be independent. Thus,
let

v=An+BE, P:Aﬂ) +Bi£, q :AZTI +BZE,

r=Asm + B3¢, (13)

S:A4n +B4€’

where 11 and { are solutions of the same differential
equation and A, B, Ay, By, A;, By, Aj;, Ay, By are
constants. By (10) and (13), (6) and (7) reduce to

(eXp(— ZP/Z))'U :nP,u + gQ,u)
Lexp(-1/2) b, =n,P., +1Q.,, (14)

where
P= (A/Z)(x12 e Lo x42) + (At + A + A + A,
Q=B/2)" +x2" + 5% — x) + (Byx! + By + By + Bx?),
which readily gives

zexp(—=9/2)e+9) u =En/m, - £)Q,,
where e= [ (nd¢/n¢). (15)
From (15) we have either of the following:

/M~ £ =0, (162)
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or

e+3=£(Q), (16b)

where f is some function,

If (16a) is true, £ =Ky, K is a constant, and we get,
from (14),

(exp(- ¥/2)),, =n(P + KQ),,,,
%exp(— lp/z) ¢,u. :T)@(P"'KQ),;“
i.e., ¥ and ¢ are functions of P+ K@Q. If, on the other

hand, (16b) is true, we get from (15) and (16b),

Lol ___f1®Q
2 exp(—e/2) (n‘; - g) = S AR/ (17)

The left-hand side of (17) is a function of ¢ and the
right-hand side of (17} is a function of Q. Thus ¢ is a
function of @. This implies that e is a function of ¢,
and we get from (16b) that ¢ is a function of . Thus in
case II, for either (16a) or (16b) we have

p=da), ¢=0), (18)
where
u :C(x12 T %)+ (Cyx' + Cox? + Coa® +Cyx"), (19)
C, Cy, C3, C,, C, being constants.

We note that case I of ¢ is a constant and is also a
special case of (18) and (19). Also, for C #0, it is ob-
vious that, without loss of generality, one can set

2
u :x12 +x22 e (290)
For C=0
u=Cyx' + Con® + Cyx® + Cyx*. (21)

I11. CONCLUSION
Thus the solutions of (2) for the conformally flat

metric (3) are of the form (18), where u is given by
(20) or (21). The field equations then reduce to
Case A—u is given by (20):

b= 5= - 01 O
Uy + V2) + 39, = (n* exp(- ¢)/4) ¢* (b) du

Case B—u is given by (21), Ci+ci+cCi-ci+#0:
Zw[)uu - %Zpﬁz - ¢ﬁ: (a)
(€} + CY+ Ch— CD(Wyy + i) = exp(+ Y) m* 97, (b)
We note also that in either case A or case B, one can
get from (a) and (b) an ordinary differential equation

for ¢ and equation (a) is integrable for ¢. Complete in-
tegration is easily possible for m =0,

Case C—u is given by (21), Ci+Ci+Ci-Cci=0:
Y- 2¥i=-0, (a)
m=0, (b)

i.e., this case is only possible for massless mesons.
(a) is readily integrable for ¢. ¥ is an arbitrary func-
tion of u except for §,,— 1< 0.
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IR.V. Penney, Phys. Rev. D 14, 910 (1975).
’L.P. Eisenhart, Riemannian Geometry (Princeton U, P.,
Princeton, N.J., 1949), p. 85,

31t is a well-known result of the theory of functions that if two

continuously differentiable functions have their partial de-
rivatives proportional to each other then the two functions
are functionally dependent.

4This can be seen as follows. Since ¢ is not a constant, at
least one of 4’,1: ¢,2, ¢.3, ¢'4 is not zero. Let ¢'1 = 0; we
have

B2le?, 0) =y 5(x® 0).

Consider derivatives with respect to x! and x3,
(B,2), 00,1 = 1y 3, 00,1,

[ﬁx2]'0¢’3 = ['Yx3]'¢¢'3 + [7x3]’x3,
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which readily gives [7x3],x3 =0, i.e., Y,3 is a function of ¢,
Hence so are o 1,8 j, 6x4.

5This argument may seem to break down if several of the de~
nominators of equations (11) vanish. However, it is easy to
see that if one or more of the denominators of (11) vanish,
then we must have v =0, as can be seen as follows, Let

xlvg+py=0. (i)
By (7) and (10),

$,1= 0. (ii)
Also from (11) and (i)

2(xlvw +Poe) + xlo+p)=o0, (iii)

Noting (ii) and the fact that v and p are functions of ¢, we
see that (i) and (iii) can hold only if v=0. For v=0, all the
expressions of (11) are functions of ¢ only; hence (12) is
automatically true.
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Invariants and wavefunctions for some time-dependent
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Recently the author has shown that the Hamiltonian, H = (1/2)w” A(t)w+ B(t)"w+ C(t), in which
A(1) is a positive definite symmetric matrix and 0* = q;, p=1Ln, i=Ln, o*=p, p=n+12n,

i = 1,n, may be transformed to the time-independent Hamiltonian, H = (1/2)@" @ by a time-dependent
linear canonical transformation, @ = Se-+r. H is an exact invariant of the motion described by H. A
matrix invariant may also be constructed which provides a basis for the generators of the dynamical
symmetry group SU(n) which may always be associated with H, usually as a noninvariance group. In this
paper we examine, by way of example, an oscillator with source undergoing translation, the two-
dimensional anisotropic oscillator, general one- and two-dimensional oscillators with Hamiltonians of
homogeneous quadratic form and obtain explicit invariants and Schrodinger wavefunctions with the aid of

the linear canonical transformations.

1. INTRODUCTION

The use of time-dependent linear cancnical trans-
formations for the construction of invariants for oscil-
lator-type Hamiltonians has been developed recently
by Leach. He showed! that the Hamiltonian

H=3p* +10* () ¢, (1.1)

in which (as hereinafter) p and g are canonically con-
jugate variables, could be transformed by means of
the time-dependent linear canonical transformation
[Q]_ [91 cos W, +Cy cosW, | ~ CysinW, - Cy sinW, ]

P CysinW; = C,sinW, | C,cosW; - C,cosW,

-
p~ 0] [q
X . 1.2
[% »]15] a2
in which p(#) is solution of
b+ w(t)p=p3 (1.3)
and
22—
Ci-G=1, (1.4)
W, = fto(p‘z— 1)dt’, W,= ft; (p2+1)dt’,
to the time-independent Hamiltonian
H=3P"+3Q (1.5)

H provides an invariant for the motion described by
H. In terms of the original coordinates it is

I=4 p73q*(C} + C} +2C4C, cos2 W) + (op ~ Pq)?
X (€} +Cf ~ 2C4C; cos2 W) - 4p~lq (pp ~ pq) C,C, sin2 W],
(1.6)
where

t -
W= fto p-2dr, (1.7
In quantum mechanics any products pg are symmetrized
to $(pg +gp). The invariant (1.6) is a generalization
of the Lewis invariant®? (whose work was partly anti-
cipated by Semour* with others®) for the same
Hamiltonian. The invariant which Lewis obtained us-
ing a different method is
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I=3p"q% + (op — pg)*. (1.8)
Subsequently Leach® showed that the Hamiltonian
H=4wTA(H)w+B({t)Tw+C(t) (1.9)

in which A(f) is a positive definite symmetric matrix
of order 2» and the canonical variables (g;, p;) are
written as

gi=w", i=4Ln, n=1Ln,

pi=w, i=1n, p=n+1,2n, (1.10)
may always be transformed to

H=30"0 (1.11)

by means of a linear canonical transformation. The

transformation is
w=S{t) w+r{f) {1.12)

in which S(#) is 2 member of the group of real symplec-
tic matrices and r(f) is a real vector such that

S=eS—SeA, b=er- SB. (1.13)
The matrix e is the symplectic matrix
e=le*"]= e (1.14)
- In’ on

The time-dependence in (1.9) is arbitrary provided that
A(t), B(#), and C(#) are continuous functions of time over
the interval of interest and A(f) does not vary in rank
(which implies that it remains positive definite).

The Hamiltonian (1.9) has an invariant

=3(Sw +r)T(Sw+r). (1.15)

Various interpretations of the nature of the invariant
have been offered. Eliezer and Gray’ suggested that

(1. 8) was the angular momentum associated with a two-
dimensional auxiliary motion for which (1. 3) was the
radial equation of motion. Giinther and Leach,? in their
discussion of the three-dimensional motion with
Hamiltonian

3
H=3 2 [p} + (D) ql] (1.16)
Copyright © 1977 American Institute of Physics 1902



also provided an angular momentum interpretation for
the corresponding invariant
3

I=3 ;; [p=%q} + (op; - Pg, V], (1.17)
but, as an alternative, proposed that the invariant was
Hamiltonian in nature. In view of Leach’s more recent
work on canonical transformations relating H (1.9) and
H (1.11) [from which I (1. 15) is obtained], the invariant
appears to be the Hamiltonian of the archtypal oscillator
represented by H.

The invariant I (1.15) has an associated symmetric
invariant matrix

1 ]=455 7 +30) @)

=4Sw+r)(Sw+r)T+ le(Sw+r)(Sw+r)Te?,  (1.18)

The Poisson bracket of each element I*? with I is zero,
In the transformed coordinates, @ T=(Q7, P7), the
matrix [I**] has elements of the form 3(Q;Q, + P;P,)
and 3(Q;P, - P;@,). The former correspond to the ele-
ments of Fradkin’s tensor®1? and the latter are essen-
tially elements of the angular momentum tensor. In all
there are »n? - 1 elements of [I**] linearly independent
of I. They provide a sufficient basis for the generators
of the symmetry group SU(»n) which is accordingly the
symmetry group of I, Since the Poisson bracket of H
(1.9) and I (1.15) is nonzero in most cases, SU(n) is a
noninvariance dynamical symmetry group of that
Hamiltonian. Hamiltonians of the form of (1.9) are
said to be characterized by the symmetry group SU(xn).

Lewis and Riesenfeld!! showed how the existence of an
invariant made possible (in principle) the solution of
the Schrédinger equation for that motion. Since all os~
cillator systems with Hamiltonians of the type (1.9)
are characterized by the same symmetry group, we
expect that their wavefunctions should be similar.
Wolf!? has shown that linear canonical transformations
may be used to solve Schrodinger equations by intro-
ducing integral transforms which reduce to geometric
transforms in special cases. It is not clear as to the
nature, if any, of the time-dependence in his work.

In this paper we shall examine some simple time-
dependent oscillator systems. For them we obtain the
appropriate invariants and solutions of the Schrodinger
equation, Thereby we illustrate a wider use for linear
canonical transformations than was previously
indicated. %14

2. OSCILLATOR SOURCE UNDERGOING
TRANSLATION!S

The source of a time-independent one-dimensional
oscillator potential is moving with respect to an inertial
frame such that at time ¢ the source is displaced s(¢).
A particle of mass m is moving under the influence of
this potential and, relative to the inertial frame, is
located at ¢. The Hamiltonian of the motion is

1
H= e g dmat(q ~ sV, (2.1)
where p is the momentum conjugate to g.

As w is time-independent, a suitable form for the
transformed Hamiltonian is

1903 J. Math. Phys,, Vol. 18, No. 10, October 1977

o1 a1 20

-t 1 2.2
H=5—p* +imw'@. (2.2)
Clearly the transformation from (g, p) to (@, P) will be
translational only and we write

FQ q g}

LP = z) + (&) ’
where, adapting (1.13) (cf. Leach®) to the different form
of H,

—

2.3)

1’.'1 Tz/m [}
U= ) \ @.4)
L’rz - mwry —mw's

Py o+ wyry =—w's
- .

73 =mi, (2.5)
which have the solutions

71 =A sinwt + B coswt + w ft; s sinw(t - ¢') dt’

ry= mwl[A coswt — B sinwt + w ft:'; scosw(t-t)dt].
(2.6)

The invariant of the motion is given by H and is

1
I=2—n;(p+72)2+%mw2(q+1‘1)2. 2.7

For a specified problem it is convenient to use the
particular integrals contained in (2.6) for »; and 7»,.
Note that (2, 6) remains valid if s is of period 2n/w,

If the translation is due to the Galilean transformation

s=Ut, (2.8)
the particular integrals of (2,6) are
ry=-Ul, ry=-mU, (2.9)
giving the invariant
1
I:m(p—mU)2+§mw2(q—-Ut)z. (2.10)

The invariant is simply the Hamiltonian of the motion
obtained by taking the source as origin and reflects

the invariance of form of Newton’s equations of motion
if the frame of reference is moving with constant veloci-
ty relative to an inertial frame (cf. Eliezer and
Leach?$),

If the source is accelerating uniformly so that

s:%atz, (2.11)
ry=-3af +a/w?, r,=- mat, (2.12)
the invariant is
1
I=5— (p—math + jmwi(g ~ zaf* + a/W). (2.13)

This is a reflection of the well-known principle of
equivalence between constant acceleration and a uni-
form gravitational field in that, relative to the accele-
rating frame, the equation of motion contains a term

of the form which would arise in an inertial frame from
a uniform gravitational field opposite in direction to
the acceleration,

P.G.L. Leach 1903



3. WAVEFUNCTION WHEN THE SOURCE
UNDERGOES TRANSLATION

The Schrddinger equation for the Hamiltonian H (2. 2)

is
A RN P Tl
=~ W""E’”‘UQ@—ZW a1 (3.1)
with solution
D,(Q, 1) =2 (al/m)V 2]V 2 expl— i(n + 1) wit’]
x expl— mQ*/27]) H /DY 20, (3.2)
The Hamiltonian A (2. 1) has Schrodinger equation
L 2y
o g timwig -8 =il .

S 3 smwig = s\ =il 3f (3.3)
Equation (3. 3) may be transformed to Eq. (3.1) by
writing

Q=q+ry, '=t, (3.4)
R, 1) :exp(§ 1@, t’)) W@, 1), (3.5)

where £(, f’) is found by simple calculation to be

FQ, 1) =~Qr, + t,t' (/2m = smw (g +s)]dt"  (3.6)
0

with 7; and 7, being the same as in (2. 3). The solution
of (3.3) is therefore

tnlas 1 =exp (£t +72,0) Tola + 73,0,

(3.7)
Under a Galilean transformation we use (2. 8) and
(2.9) to obtain
Uolg, D) =exp (% (mUq —tm Uzt)> Dylq = Uty t) (3.8)
in which the phase introduced by f; is made zero by
making @ coincide with ¢ when {=0. For a uniformly
accelerating source, (2.11) and (2. 12) give

¥.lg, ) =exp <?§_ Gnatq = smat® + éw%;zat))

XPlg - zal* +a/w?, 1), (3.9)

As Wolf!? has noted, a translation does not produce an
integral transform relationship between ¢ and 5, but a
geometric transform which connects ¢ and 5 by a phase
factor as in (3. 7). The relation which he gives [Ref.

12, Eq. (2.9c)] seems to be different, probably because
he is considering a function of ¢ only and not of ¢ and £.

4. HAMILTONIAN OF HOMOGENEOUS
QUADRATIC FORM IN TWO VARIABLES

As indicated in Sec. 1, Leach® has shown that a time-
dependent Hamiltonian of nonhomogeneous quadratic
form may be transformed to a time-independent homo-
geneous quadratic form by means of a time-dependent
linear canonical transformation. Wolf!? has shown that
the wavefunctions of the corresponding Schriodinger
equations are related by an integral transform except
when the transformation matrix S has the form

(4.1)
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In this case, the integral transform collapses to a
geometric transform, i.e., the wavefunctions are re-
lated by a phase factor as in Sec. 3 together with a
possible scaling term.

As the example given in (1. 2) shows, S is not usually

as simple as in (4.1). However, the Hamiltonian
H=30"2P" +@%) (4.2)

has a readily solvable Schriédinger equation. Clearly
the wavefunction is

D@, 1) =121 (i) 2}V 2 expl - i(n + 1) [* p-2dr’]
x expl- Q*/2r H,[Q/11/?].

We shall see that it is always possible to transform
the Hamiltonian

{4.3)

H = tla*p* +b{pg +qp) +cq?], d*c®-b2>0, (4. 4)

in which a, b, and ¢ may be functions of time to that of
(4. 2) using an S of type (4.1). Thus the wavefunction
corresponding to H (4. 4) will be readily accessible from
that of H (4. 2).

Following Leach, ! the elements of the coefficient
matrix S of the transformation

& vy ¥ {14
Pl v |2 “.5)
satisfy the set of first-order differential equations
B3+ by =ty = g0
Be + (ZZJH — by, =yp”
3+ by — Py, == yyp7 .6
Py +atys - by, == y07~.
Setting v, at zero, a solution of (4.6) gives
(ap)™? , 0
S 4.7)

lapb - (ap)]/a*, ap

which is of the type (4.1). The function p(#) is a solu-
tion of

{(ap) — 2ap — 2i%p/a + 2apb + aplaic?* - by =ap.  (4.8)
If we put a> =1, b=0, and ¢*=w%(t) in {4.8), we obtain
Eq. (1.3) which relates to the Hamiltonian (1.1). The
invariant for the Hamiltonian (4. 4) {corresponding to
the Lewis invariant (1.8) for (1.1)] is

[="4(ap)?q* + Happ - L (ap) — apblq/a*}. (4.9)

Using the relationship given by Wolfe [Ref. 22,

(2.8b)], the Schridinger wavefunction for H (4.4) is

. * 2
Palg, 1) = (ap)"t/ % exp [5% { (ap) _ b} 17]

ap a

X Palg/ap, t). (4.10)

When , b, and ¢ take the particular values given above,
the wavefunction (4.10) is that which has been obtained
using different approaches by Camiz et al.1” and
Khandekar and Lawande. 18

P.G.L. Leach 1904



5. ANISOTROPIC OSCILLATOR IN TWO
DIMENSIONS

The Hamiltonian of the time-dependent anisotropic

H=34[P}+ @ + P} + Q2] (5.2)

The transformation is accomplished in two stages by

.1 ]
oscillator (taken as two-dimensional here, but the a4 by 0 + 00 4
method may be used for the n-dimensional problem) is at 0 p;t é 0 0 s .
H=3[p} + wi() qf + p} + () 43]. (5.1) o = T ';)'1‘ ; .
. 1 - M1 1
Under a linear canonical transformation {5.1) may be , . E
transformed to I b3 | 0 -0 0 ; b2
. . . — B
Q1 C11 CcCOS W11 + C«xz cos W'127 0 : - (/11 Sanﬂ - C12 San12, 0 Q1
]
@, 0, CycosWy +CycosWyy | 0, —CyysinWy — Cyy sinWy, qs
-~ = - e ar T T TP IR R (5.4)
- []
Py Cyy sinWyy — Cyy sinWy,, 0 | CyqycosWyy—CyycosWyy, 0 Pl
1
P, 0, CyysinWyy— CyqsinWy, i 0, CpcosWy—CycosWyy | | e
. l i [ p
which are found using the general methoq given by Bounld1s G2y 1) = (0102)'”2 exp [z_ﬁ (%1 q% + p_z q%)]
Leach.® In (5. 3), p;(t) and p,(#) are solutions of 1 2
b'l-b-w%(t)pi:p;?" ij2+w%(t)p2:p53’ (5.5) Xd’;(%l ,[> J),ﬁ(% ’f>' (5.12)
1 2
respectively and in (5. 4) ) . _
. _— An invariant for H (5.1) may be obtained in the form
Wy = fto (932 -1)dt’, Wy = fto(p; +1)dt’, given by (1. 15) with the associated invariant matrix
) t, 2 (5.6) being given by (1.18). The matrix S used is the product
Wag= [t o' = Dat', Wy = [, (o7 +1)at, of the coefficient in (5.4) by that in (5.3). The invariant
is
ci-ch=1, C4-C=1. (5.7)

As the Hamiltonian H (5. 2) possesses the dynamical
symmetry group SU(2) and the Poisson bracket of H and
H is nonzero, the group SU(2) is a noninvariance sym-
metry group of H and the two-dimensional anisotropic
oscillator is said to be characterized by this group.

In Sec. 4, we saw that the Schrodinger wavefunctions
Y and 5 were simply related (4.10) when S was of the
type (4.1). The corresponding matrix in four dimen-
sions is

S= S, S, (5. 8)

in which the submatrices satisfy the conditions™

S8 =1, $;8T=5,5%. (5.9)
Since the transformation matrix from (g4, g, py, pg) to
(Q4, @, Py, P;) is not of the form (5. 8) we would not ex-
pect the method of Sec. 4 to be applicable. However,
the coefficient matrix in (5. 3) is of that form. The in-
termediate Hamiltonian produced by (5. 3) is

H' =30 (pi* +q3%) + 3072(p3* + ¢3). (5.10)
The Schridinger equation for (5.10) is clearly separable
and the wavefunction is given by

Prnlai, a3, 1) =plai, 1) Uilas, 1), (5.11)
where both ¥/, and ¢! are of the form of 5,, in (4. 3). The
problem is reduced to the product of two one-dimen-
sional problems and Wolf’s relation may be applied to
each part yielding
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2
I=3% 21 [P72q3(CY + C3y +2C4Cyp cOS2W))
1=

+(pips = ig; ) (Ch + Cly - 2C,C, cos2 W)

- 4p7lq;(pip; - piq;) €141Cyy sin2 W] (5.13)

in which

t . t
W, = fto p;idt’, WQ:ftO p3tdr. (5.14)
A simpler version of the invariant may be obtained
from H’ (5.10), Writing

H' =p* I + p3td,, (5.15)

2 .
I=L+L=3 2 [pi%q} + (ip: = Dya,)). (5.16)

i=1
Formally (5.16) is (5.13) with Cy;=1=Cyy, Cq3=0=0C,,.
However, (5.16) does not lend itself to the construction
of a matrix invariant since this involves W;; and W,.
To solve the Schrddinger equation we need only trans-
form H to H’, but to obtain the symmetry group we
must go to H.

6. HAMILTONIAN OF HOMOGENEOUS QUADRATIC
FORM IN FOUR VARIABLES

The Hamiltonian is

T T q
@,p )A< p>
in which A is a positive definite symmetric 4X4 matrix
with time-dependent elements and q and p are two vec-
tors. It will be amenable to a similar method of solu-
tion for the wavefunction as the anisotropic oscillator
in Sec. 5 provided there exists a matrix S of the form
(5. 8) such that the canonical transformation

H= (6.1}

(S
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Ql_q[a
[P =5 p] (6.2)
produces the Hamiltonian
B=34Q% P7lp [g] , (6.3)
where D is the diagonal matrix
it 0} 0 0
]
N
P B (6.4)
0 0 Ep;2 0
0 0 ) 0 p3t

The matrix S satisfies the differential equation [Ref, 6,
Eq. (3.5)]

S =eDS - SeA. (6.5)

In general, provided the elements of D and A are con-
tinuous functions of the interval of time of interest,
(6.5) has a solution set (Ince, Ref. 19, pp. 71,72), We
now show that under the additional constraint that S be
of the form (5.8), (6.5) has a solution set provided D
and A have continuous second derivatives.

In block matrix form (6.5) is

S S, o 1 ||R? o S; S
S, S, -1 0olLo RPILS; S, (6. 6)
s; ;|[o 1 [uv w
NS S |- of{wh oy

Setting S, at zero, the other submatrices are required
to satisfy (5.9) and

S, +S;WT=R1S,, S, =R,V

Sy + S, WT =~ RS, +S,U, §,~S,W=~S,V. (6.7)
If T is a solution of

2T =T{VW=WwIV- T}V, (6. 8)

S;=R-T, S;=RTV, 6.9)

S,=iRT(VW+ WTV- V) V- _RT.

That {6.8) has a solution foliows directly from Ince’s
theorem (the inverse of V exists since A is positive
definite). Substitution for S;, S,, and S; in the third of
Eqgs. (6.7) yields a secong order equation which R must
satisfy and this involves V. Hence the stronger condi-
tions are on D and A than in the general case. The re-
quirements (5.9) are satisfied to within an arbitrary
constant matrix multiplier which may, without loss of
validity, be taken as the unit matrix.

Thus a Hamiltonian of the form (6. 1) may always be
transformed to the diagonal form (6. 3) using a coef-
ficient matrix of the type (5. 8). Using the technique of
(5.15) and (5.16), the invariant is

I=3{q"(STS; + 57S;) q +q"S{S,p + p7S{Syq + p”STS,pl.

(6.10)
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The same remark as for the anisotropic oscillator about
the invariant matrix applies in this case. It is a matter
of simple algebra to show that the wavefunction of the
Schridinger equation for (6.1) is

t
zpm,.(qi,qz,t):eXp[/ [37,(5,VS]) ~ T,(W)]dt']

to

X exp [’ Zih— qTSST‘91Q] —ZEm (Qis t) E,,(Qz, t)

(6.11)
in which ¢,, and 9, have the form of (4. 3) and
Q=54. (6.12)
In the particular case when
Wiy 0
U=| , w0 | V=1, W=0, (6.13)
ot 0 -py O
Si=1 4 o2 | Si=1| 4 b | (6.14)

and (6.11) is the result (5.12) for the anisotropic os-
cillator. We note that the result (6.11) applies equally
well to higher-dimensional problems (with more $’s)
and provides a suitable generalization of Wolf’s result.

7. CONCLUSION

In this paper we have examined some simple time-
dependent Hamiltonians of the harmonic oscillator type.
They provide illustrations of the application of linear
canonical transformations to quantum mechanical sys-
tems. In particular they indicate that the wavefunction
of the Schrodinger equation for the Hamiltonian

H =@, D) A() [g]w(t)f [3]+co (7.1)
may always be found. A translation will always trans-
form (7.1) to a homogeneous quadratic form which may
then be treated as was (6.1). Since the linear term in
(7.1) may be regarded as a forcing term, such treat-
ment provides an alternative approach to the examina-
tion of problems such as the dynamics of coherent
states (cf. Mehta ef al.?>%),

The Hamiltonians considered in this paper have all
been positive definite. There has been some interest in
recent years in nonpositive definite time-independent
Hamiltonians (cf. Moshinsky et al.**). The examination
of such Hamiltonians when they are time-dependent and
quadratic would be of interest, especially with regard
to the existence of any characterizing symmetry groups.
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Ground state properties and lower bounds for energy
levels of a particle in a uniform magnetic field and
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The Hamiltonian H(B), for a particle of mass u and charge e in a uniform magnetic field of strength B
in the z direction and an external axially symmetric potential V, is a direct sum of operators H(m, B)
acting in the subspace of eigenvalue m of the z component of angular momentum L,. Let A(B) [A(m, B)]
denote the smallest eigenvalue of H(B) [H(m,B)]. For V = —e?/r (r = [x)), the attractive Coulomb
potential, we obtain lower bounds !(m, B), for the spectrum of H(m, B) such that [(0, B)> [(0,0) = A(0,0)
for B> 0, I(m,B)> (0, B) for m-0, and [({m|, B)— I(—|m},B) = eBm|/p, I(m’,B)> I(m,B)

if m'<m<0. We show at least for an interval [0,B’'> 0] of B that the ground state of H(B) is the
lowest eigenvalue, A(0, B), of H(0, B) and is an almost everywhere positive function. If V= A/r?+ r* for
B =0, A(0) =A(0,0) and the ground state wavefunction is an almost everywhere positive function with L,
eigenvalue zero. However, for large A, we prove that for an interval of B away from B =0, the lowest
eigenvalue, A(— 1, B), of H(—1,B) is below the lowest eigenvalue, A0, B), of H(0, B) and that the ground

state of H(B) is not an almost everywhere positive function.

INTRODUCTION

The Hamiltonian operator for a particle of mass u
and charge e in a constant magnetic field of strength B
in the z direction, and an external potential V is

H(B)=-A/21 +eBL,/21 + e BY(x2 + y)Bu
+V(x,y,z) (0.1)

acting in the Hilbert space L*(R®). For a wide class of
potentials, V, if H(0) has a lowest eigenvalue at the
bottom of its spectrum, it is known that for B =0 the
corresponding eigenvector can be chosen as an almost
everywhere positive function and the eigenvalue has
multiplicity one.! An important step in the proof of this
result is that exp(- H(0)) preserves positivity, since
each factor involved in the Trotter product formula for
exp(- H(0)) preserves positivity. For B#0 this fails be-
cause of the term eBL,/2jt. Thus questions arise about
the nature of the ground state wavefunction and its
eigenvalue A(B).

We shall mainly consider potentials V which are func-
tions of p= (x* +y%)/? and z. In this case H(B) is invari-
ant under rotations about the z axis and H(B) can be
written as the direct sum of operators A(m, B) (m =0,
+£1, £2,>++), where A(m, B) acts in the subspace // ()
of eigenvalue m of the z component of the angular mo-
mentum, L,. In cylindrical coordinates

H(m) ={exp(im8) p*/ 2 f(p, 2) : f< L*((0, )X R; dpdz)}
and

H(m, B) exp(im8) p'/? f = exp(im8) p*/?* H(m, B)f,

where
1 [ 3 o? 1 m | eBp\ ?
H(m,B)——ﬁ[a*pf—az —W+<-B—+——z ) ]
+ V{(p, z). (0.2)

If we consider H(m, B) as a quadratic form and ignore
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domain considerations, (0.2) indicates that A(m, B)
=20, 0) and A(m, B) > X(~ m, B) for m > 0. However,

the question of whether X(m, B), m#0, is larger or
smaller than M0, B) is more difficult, since the terms
(m/p +eBp/2)? for different values of m are, in gen-
eral, not comparable for all p. Thus it is not clear if
the Hamiltonian H(B) has (0, B) as its ground state and
a ground state wavefunction which is an element of

H (m =0) and invariant under rotations about the z axis.

In Sec. 1 we note that if V is a harmonic oscillator
potential, then the ground state of H(m, B) is A(0, B) and
the ground state wavefunction is an almost everywhere
positive function. We also give spectral results for
V=0,

For the attractive Coulomb potential V(r) = - e*/r ,
Jorgens® has shown that H(B) is essentially self-adjoint
on C5 (IR®), and that H(B) has essential spectrum
[eB/2u, <) and infinite discrete spectrum, with A(m, B)
= (0, 0) =— ¢?11/2. In addition numerous variational
calculations have been performed for A(m, B) as well as
for higher energy levels of H(m, B) (for example, see
dos Santos and Brandi® and the references cited there).
These calculations give upper bounds for A(m, B) which
presumably approximate A (m, B). They show (0, B)
strictly increasing with B, and A (- |lm|, B) first de-
creasing and later increasing, and A(— lm!, B) > A(0, B).
Lower bounds are necessary for an estimate of the
error in these calculations. We are not aware of any
lower bound in the literature other than that of Jérgens,
which is not good enough to verify the behavior of
A(m, B) indicated by the variational results.

In Sec. 2 we obtain lower bounds I(m, B} for H(m, B)
by two methods. These lower bounds have the same
sort of behavior as the variational calculations, and
they indicate that the ground state is a function in /7(0)
which is positive almost everywhere, at least for
y=B/e*n?<8. It seems to us that Temple’s inequality!
(see also Sec. 3 of the present paper) could be used
in variational calculations without much extra labor to
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obtain better lower bounds for X(0, B) for small B. Re-
call that Temple’s inequality requires a rigorous lower
bound 7 for the first excited level, such that 7 is great-
er than the upper bound for x(0, B), of the form (¥, Hy),
which is provided by the variational calculation. One
could take T equal to the first excited level of H(0, 0) as
long as this is larger than (¥, H). However, our lower
bounds for A(0, B) show that this is impossible for ¥
greater than about 2. 2,

In Sec. 3 we give an example of a cylindrically sym-
metric potential for which 2(0, B) > x(- 1, B) for values
of B in an interval. Existence of a spherically sym-
metric potential where this happens is a more delicate
question. However, we show using Temple’s inequality
for a lower bound for A(0, B) and a variational calcula-
tion as an upper bound for (- 1, B) that A(- 1, B) <x(0, B)
for the potential V=A/r%+7? for large A and an inter-
val of B. The ground state is not an a. e. positive func-
tion. In these examples the potentials are not bounded
but we show by a limiting argument that unbounded po-
tentials are not necessary for this phenomenon to occur.

We conclude in Sec. 4 with some remarks about the
increase of the ground state energy for an arbitrary
potential when an arbitrary magnetic field is introduced.

1. HARMONIC OSCILLATOR

In the case of a cylindrically symmetric harmonic
oscillator
V=etA(x? +37)/8u + it
the eigenfunctions and eigenvalues of H(B) can be found
explicitly. First note that the eigenfunctions of the
operator H’ obtained from H(B) by dropping the term
linear in L, are, in Cartesian coordinates

D,ilx, v, 2) =chy (Lwx) by (Lwy) b, (Lwz ),

where 1, is the nth Hermite function, and the asso-
ciated eigenvalues are

Bip=w@+j+1)+w'(k+3),

where w= (B2 + A% e /21, w’=ec/2p, and i,j,k
—0,1,2,3,°¢°.

Since H’ is invariant under rotations about the z
axis, this operator is reduced by #/(m). Thus for each
pair of nonnegative integers, » and k, there are n+1
orthogonal eigenfunctions ¢,,,c #(m), each of which is,
for fixed z, the product of an exponential in p? =x% + y*
and a polynomial of degree n in { =x +iy and . Now
there are n+ 1 monomials p of degree n such that p
(exp(ip) £, exp(ip)t)=exp(ime)p(t, ), namely
gmm/2gem I for m=—n, —n+2,...,m=2, 0.

It follows by a counting argument that functions ¥,
arise for just these values of m.

The Y,,, form a complete orthonormal system, and
each n an eigenfunction of both H’ and L,, and there-
fore of H(B). The corresponding eigenvalues are

Mpme = (@/20)(B* + AW/ 2+ 1) + mB +c(k + 1),
Thus the lowest eigenvalue of //(m, B) is

Mm, B) = (e/2u){(B* +A2)1/2(|m I +1)+mB +c/2}.
Note that, for large B, A(m, B)~(e/2u)[(Im|+m +1)B
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+¢/2). Regarding m as a continuous variable, we have
ax/om={B+ B +A"W¥n/lmli}e/2p, so that X in-
creases with |m|. Thus the ground state eigenfunction
is ®gep Which is positive.

If V=0, H(B) and H(m, B) have the purely continuous
spectrum [eB/21L, ) and [eB/2pn(Im| +m +1), ), re-
spectively. In this case the Hermite function in the vari-
able z goes over to the function exp(ikz)(2< IR) and the
sum over k goes over to the integral over ke (- ©, ©)
and we have the Fourier integral expansion in z.

2. ATTRACTIVE COULOMB POTENTIAL

In this section we consider H(B) with V=~ e%/7, the
attractive Coulomb potential. In subsection A we obtain
lower bounds I{#, B) for A(m, B) by partitioning the
operator H{(m, B). In subsection B we obtain the bounds
1(m, B) by using differential inequalities. In subsection
C we discuss the properties of the lower bounds I{m, B),
and by using a crude trial function we obtain an upper
bound for A(0, B) which is less than A(- 1, B) for an inter-
val [0, B’] of B. Thus the ground state of H(B) is A(0, B)
at least for B [0, B’], and a separate argument shows
that the ground state eigenfunction is an almost every-
where positive function. We point out that crude varia-
tional calculations lead to the same qualitative behavior
for A(0, B) and M{(- 1, B).

A. Partitioning of the Hamiltonian

For notational convenience let y = B/e’p?, o =e?.

For B=0, taking into account the explicit solution for
the Coulomb potential for fixed m, I =Im!, and the re-
sults of Sec. 1 for V=0 we have, as quadratic form
inequalities on D (H(Im )X )(H(Im 1)) CHimn) X H(m),

A Vo vaB

7ty Bty BYx +4Y) = 5 [[m]|+1+m],

A o _ a?p
- — -z T 2

iy > Uml+ 1) 2.1)

_ a_A_ g (l—a)
H(m,B)— (_ 2“'_7')+<_ 2[.1 a
VaBm | aB®
F S g e
2 -1
R R R

(2.2)

Maximizing L(a, m, ) with respect to a, we obtain the
lower bound I(m, B) =L(a, m,y) with ¥*a* =[2(Im|+1)=3]?
X (1 - a). By the well-known formula for the roots of a
quartic equation we can obtain I(B) as an explicit func-
tion of v, or for each ac [0, 1] we have ¥ =[4(1 - a)]1/2/
a*. As aincreases from 0 to 1, v decreases from = to
0. Both ¥ and I can be calculated in terms of a.

=L{a,m,y).

B. Differential inequalities

The same results can be obtained using integration
by parts. Suppose that ¢ < Cj ([0, <)X IR), and % is a con-
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tinuously differentiable real-valued function on [0, o)
X IR. Then integration by parts in

[ [T-so.bes

gives

Ydzdp=0

f f ' —g+h2+a—}£) pdzdp=0. 2.3)
Similarly, we have
f f ( +7t+ af) odpdz= (2.4)

if f is a continuously differentiable real-valued function
on (0, *)XIR such that lim,. ,f(p, z) l¢(p, 2)12=0. To
apply this to H(m, B), note that Cj(IR®) is a core for
H(B) and if ® =p!/? exp(im8) ¢(p, 2) belongs to Cj(IR®),
then »~13®/90 = n®/p must be bounded, which implies
@<Cp/?if m=0, and ¢ <Cp*? if m#0. Thus (2.6)
can be applied with £ if limp* f(p,2) =0 for a =3

(m=0) or a =% (m#0). In particular, let

~Bp lml++ pb p—
f= 2(1m|+1)(p2+37)“2+ p T2 l-a
- Bz

h=

2(Im |+ 1)(p* + 2%)1/2 -

Then adding (2. 3) and (2. 4) gives

LI m?-L B b2(1 - a) p?
A P S U 4
J—— 8 Bb V1 —ap’ ‘
zb/T=a((m|+1)- a((m 1+ 1F ~ 2@ + 27 (Im 1+ 1)"
(2.5)
Now
BovV1 = ap? Bb‘/ -a
2 O (mi+ 1) S 2(mi+1) P
ab2 9 1 (]-_a)ﬁ2

S P T g i+ 1
Combining this with (2.5) gives

2u Him, b) = b(I= a)(|m|+1) 5 +mb

Y
4(iml+1)

1-a B
a (!mlm

|
FNEEY

2
=b[Vi-a (lml+1)+m] —Z(—I—rflleray

which is the same as (2.2), since o =4/2u, b=vaB,
and y=b/u3/

C. Properties of /(Band /(m, B)

Here we give some properties of the lower bounds
1(B) and I(m, B) and show that the ground state energy
is (0, B) and the ground state wavefunction is positive
a.e. We note that 1(B) =1(0, B) so we only need consider
1(m, B). 1t is useful to let 6 =v1 —qa; then y=2
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X (lm 1+ 1)-3(1 - 82)°%5 is an increasing function of 6. We
first examine the dependence on y for fixed m. Since

da/dy = ~ya*(Im1+1)8/2[v*a®(1m 1+ 1)® + 1], we find that
42
dl(m, B)/ay =" [Qi’ﬂ—;L 'y+m]
2
% [(|m]|+1) 8+ m].

Thus, for m =0, I(m, B) strictly increases with B. For
B=0, I{m,0)=— (na?/2)(Im i+ 1), the exact Coulomb
energy levels. For m <0, dl(m,0)/dy=pa*m/2<0 and,
for large ¥, di(m, B)/dy behaves like (na?/2)(Im1+1)> 0,
dl(m,B)/dy=0 for 6 =—m/(Im!+1). Thus for negative
m, l(m,B) decreases to a minimum and then increases.
For fixed B, since 0 only depends on Im!, I(Im!,B)
~U~ml,B)=pa*yImi=eBlm|/u. Writing I(m, B) in
terms of 3, we have

16 |m|, B) = (pa?/2)[(1 = )4 (| m | +1)?
= 25(|m [+ 1)°(1 - )26 m [+ 1) [ m|)]

Treating |m | as a continuous variable, taking the
derivative dl/d |m | with y fixed, and noting that d6/
dlm | =36(1-06%)1+35)1 (Iml+1)1, we find

dl
d|m|(¢|m|’3

= %‘f (1 - 88)22(|m|+ 1)1 + 386%)1P,(3),

where P_(8)=+ 35— 35+ - 1 and P_(6) < 0 for < [0, 1).
Thus {dl/d!m )| m|, B)> 0 and the lower bounds for
fixed field y are strictly increasing functions of {m!.
Thus we conclude that I(m’, B)> I(m, B) for m'>m >0
and I(m’, B) > l{(m, B) if m’ < m <0, In particular,

we have I{m, B)>1(-1,B)>1(0,B) for m#0,1, "

In order to show that the ground state is A(0, B), it
is sufficient to exhibit ¥ = /) (H(0)) with 1| =1 such that
u(0, B)= (4, H(0, B) $) < I(~ 1, B). Previous variational
calculations® for A(0, B) have been performed and the
graph of /(- 1, B) indicates that (0, B)<I(-1, B} at
least for ye [0,5]. For values of ¥ =25 and y =100 these
variational values are still above our lower bound
I(~ 1, B). Even for a crude variational wavefunction (an
optimized Gaussian) we have #(0, B) <I(-1, B) at least
for v in the interval [0, 8].

Take § =C exp(— ar?), C = (2a/r)*4. Minimizing
u(0, B) with respect to @, we find u(0, B) = (uo?/
2)(6a - 6v2a/m), where ¥* =16a*(3/2 -V2/ma). For ¥=0,
u(0, B) = — (na?/2)(8/3m) < - pa?/8 =1(- 1, 0); plotting
#(0, B) numerically we find that «(0, B) <1(~ 1, B) at
least for ¥ in the interval [0, 8]. If we had used the
ground state wavefunction for H(0, B} as ¥, then u(0, B)
—— (@pt/2)(1 - +2/2) and u(0, B) > I(- 1, B) for y=1.5.
Since the ground state wavefunction ¢ < H(0), it follows
by applying theorem of Hoegh-Krohn and Simon! to the
operator H(0, B) that ¢ is an almost everywhere positive
function.

3. POTENTIALS WHERE A(—1, B) > (0, B)
In this section we give examples of a cylindrically

symmetric and spherically symmetric potential such
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that (- 1, B) > x(0, B) for an interval of B and the ground
state eigenfunction is not a. e. positive, even though,
for B=0, A(0)=x(0, B) and the ground state is an a. e.
positive element of /#/(m =0). Referring to the form of
H(m, B) in cylindrical coordinates, we recall that for
two values of m the terms f(m, p) = (m/p + Bp/2)* are not
comparable for all p. However, if p is restricted to the
interval [b, ¢] where b = (- 2m/B)!/? and ¢ > b, then

Flp, m)<f(p, 0) for pc [b,c], m<0, and B> B,. Taking
as our Hilbert space L%(Q), where @={p,z!b6<p<c,

~d < z<d} and defining H(m, B) with Dirichlet boundary
conditions, we have H(0, B)> H(- 1, B) for B> B, and
V(p, z) bounded so that by the minimax principle (0, B)
> (-~ 1, B). Thus the ground state ¢ is a linear combi-
nation of vectors in A (m#0). Let ¢ #/(m =0) such that
¢>0a.e., then (¢,¥)=0 and so ¥ is not an a. e. posi-
tive function.

To find a spherically symmetric potential such that
A(-1, B) < A(0, B) is more difficult since for a spherical-
ly symmetric region S, f(p, 0) does not dominate f(p, - 1)
for all pe S. However, if the potential is V=A4/%% +C??,
C =1, then we can prove that A(- 1, B) < x(0, B) for suit-
able values of A and B. The values of A and B which
work are indicated by an intuitive variational approxi-
mation for A(0, B) and A(- 1, B). First let us properly
define H(B) and H(m, B) and determine the spectrum
for B=0. We define H(m, 0) as the direct sum of opera-
tors H;(m,0), I=1ml, Imi+1,°-+, where H,;(m,0) is
the self-adjoint closure of the differential operator
/AP +10+ 1)/ + A/ +CH, A, C> 0 defined on
C5((0,»)). H,(m,0) is self-adjoint by Theorem X. 11 of
Reed and Simon.® We note that for B%/4< C that the
term mB + B¥p?/4 is a form-bounded perturbation with
bound <1 of the form associated with H(m, 0). We de-
fine H(m, B) as the unique self-adjoint operator asso-
ciated with this form sum. H{B) is then defined as the
direct sum over m of the operators H(m, B). H(m, B)
has a purely discrete spectrum with eigenvalues

Ay =VC {dn + 2 +[(21 +1)? +4A)/2} (3.1)

where n=0,1,2,*** andl=Iml, Iml+1,*++, As
H(m, B) is invariant under three-dimensional reflec-
tions (parity), H(m, B) is reduced by the subspaces as-
sociated with H,(m, 0) =3, e H;(m, 0) and Hy(m, B)
=%10aaH(m, 0). These subspaces are also reducing
subspaces for H(m, B). We note that for large A,

App= Ay SVC/A (L= 1)(I +1' +1); in particular, X,— Ay
~- 2VC/A. The ground state eigenvalue is A

=VC[2 + (1 +44)"?] and the corresponding normalized
eigenfunction is

¥ = N»® exp{—(VC/2) ],

where A =a? + ¢ and N? =202C (1) /241/4 /4q 07«3 +5
e (2a+1).

(3.2)

We now give an intuitive argument based on upper
bounds obtained from variational calculations for (0, B)
and A(- 1, B) which indicates that A(0, B) > (- 1, B) for
A large and an interval of B small but away from B =0.
For small B we expect the lowest eigenfunction of
H(0, B) to be nearly radial. Thus we choose a radial
function x to get a rigorous upper bound (x, H(0, B) x)
for x(0, B). Since (X, #%, x) = (X, ¥*X) = (X, 2*x) we have
(x, H(0, B)x) = (x, [H(0, 0) + 5(B**/4)] x). For C=1 we
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find, taking X to be the ground state of H(0, 0) with
€ =1+ B?/6 and using (3. 1),

A0, B) < (x, H(0, B) x) = (1 + B*/8)} %(2 + V1 + 4A) = (0, B).

Similarly a rigorous upper bound for A(~ 1, B) is given
by (&, H(0, B) ®), where ¢ has the form & =£{r) Y,_,(6, ¢)
[Y,,.(6, ¢} is the spherical harmonic] and f(r) is chosen
to minimize

(®,H(-1,B)®)=(®,H(-1,B)®)=(&,[H(-1,0)
- B+ i(BY/4)]@).

Choosing the minimizing f and taking C =1 in H(m, B)
we find from (3. 1) that
AM-1,B)<(p,H(-1,B)@)=(1+B*/5)"/%(2+V9 +44)-B

=u(~1, B).

Note that «(0, B) increases with increasing B;u(- 1, B)
decreases to a minimum at B=B’~5/2VA for large A
then increases for B> B’. For large A, u(0,B’)
-u(-1,B")=1/24VA, u(-1,B’) - u(0,0)~750VA, and
#(0, B’) - u(0, 0)=25/24 VA, We find that the first cross-
ing, u(0, B)=u(-1, B), occurs for B=b=15(1-(11/
15)1/2)/VA~2,155/YA and u(0, b) - u(0, 0) = 0. 774/VA.
Thus #(0, B) > u{~ 1, B) at least for Be (b, B'].

For a rigorous argument we need a lower bound,
1(0, B), for (0, B) to replace u(0, B) in the above intui-
tive argument. We obtain /{0, B) from Temple’s inequal~
ity which states that

)‘(0’ B) = (lP, Hd)) - [(lp’ Hz(»b) - (w,H¢)2]/[ﬂ —(d),Hl!J)]

=1(0, B),

where H=H(0, B), ¢ is an approximate eigenfunction,
I3l =1 and g =i (B) is a lower bound for the first ex-
cited level, u’(B), of H(0, B) which obeys &> (¢, Hy).
We note that if § is chosen as the eigenfunction for
1 (0, B), then (0, B) =A(0, B). By the minimax principle
p‘(B)> u’(0), so recalling that in the even parity sub-
space only even I’s appear we may take (C =1 in what
follows)

L(B) =Xy, =2 +V25/4A.,

Taking ¥ from (3.2) as the approximate eigenfunction,
we find that

30, p%) = (¥, ¥*9) = (2 + 3)/2,
0, 02720) = (9, ¥9) =15(s, p*9)/8 = (2 + 3)(2ex +5)/4,
(W, HY) = (@, (Rgo + §B*0%) ¥) =Agg + £ B2(2a +3)/2,

0, B2 = [HY | = | (g + 3 B%0%) |

Agq B (20z+3)+ BY (20 +3)(2a+5)
3 2 2°15 4 ‘

2
=A%+

Substituting in Temple’s inequality, we obtain

3 B (20+3) [4(2a+3)(2a+5 20z+3)
1O, B)=Xo+ & —5— - | B* 3 30 " 36

2
(2+25+4A)—(2+1+4A)—%— @E‘t@)] .
For large A, @ =VA and

10, B)= (2 +VIT44) + Bzf [34;/2

(& -5/ (G - 5]
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Now, recalling that from the variational calculation the
minimum of #(- 1, B) oceurs for B=B’=5/2VA and
M-1,B)<u{-1,B")=2+V1+4A +0.750/VA, we find
that 1(0, B’)=~0.998/VA +2 + V1 + 44 and A (0, B')
-X-1,B")>1{0,B') - u(- 1,B’)=0,998/VA - 0.750/YA
=0.248/VA. This also holds for an interval about B’

by continuity. Thus we have proved that AM(~ 1, B)

< (0, B) for this interval. The ground state of H(B) can-
not be an a. e. positive function, because it is orthogonal
to //(0) which contains functions positive a. e.

The fact that the potential V+A/#* +47% is infinite
at ¥ =0 and r == is not crucial for showing that A(- 1, B)
< (0, B). We can take a sequence of finite cutoff poten-
tials, V,, which converge monotonically to V., By Theo-
rems 3.6 and 3. 15, of Kato,® Chap. VIII, any finite
number of lowest eigenvalues of the Hamiltonian with
V, converge to the corresponding lowest eigenvalues
of the Hamiltonian with V.

We remark that it is the specific relation between the
coupling constants of the linear term and quadratic term
in B that make the question of ground state inversion for
H(B) a difficult one. If, for example, the linear term in
B has a large enough coupling constant then the lowest
eigenvalue in /(- 1) will be below that in 4(0, ). We
conjecture that if the potential is radial and attractive
(dV/dy> 0) and if H(B) has eigenvalues, then the lowest
eigenvalue A(0, B) in the w =0 subspace /(3 =0) and
thus the ground state wavefunction is positive a.e.

4. REMARKS ON GENERAL POTENTIALS

It is clear from (0. 2) that in the case of cylindrical
symmetry the ground state energy with no magnetic
field is strictly less than the energy with the (constant)
field present.? Simon has remarked that for a general
potential V the ground state energy does not decrease
with the addition of a general magnetic potential a.’
Another argument for this can be given using the ideas
of Sec. 2B,

Let 7 and a be real locally square integrable vector
fields on IR". Then for ¢ = Cj(IR"),

lv—ia=fo|t=[(v-ia)o|*+ [V f+]|F]|Dp)dx,
(4.1)

where V *f is taken in the sense of the theory of distri-
butions, because

v —ia~pol?=lv-ia e[+ |rol?
— (Ve 9,f0)- (fo,V9)
= w-iae|*- [f-v]el]®
It follows that if V is locally L! and bounded below
and if V= [fl2 =V «f+2, then the quadratic form for
H(a) =~ (V — ia)* + V is bounded below by A, since the
left-hand side of (4. 1) is nonnegative. If u is the

ground state of H{0) with H(0)u =Xu, then f=Vu/u is a
natural choice, for
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2
(4.2)

Thus, (4.1) and (4. 2) would give H(a) > X if it was known

that Vu/u is locally L? and that the formal calculation

(4.2) is correct, This can be done, but it is more con-

venient to consider F =Vu/(u +¢), which is automatically

square integrable, since uc H(H(0))C/){V). We have

Au=(V-Nue L}, % and
Vu 1

Ve ——m = - A -
u+e u+e v Ju

vu |

U+e

(4.3)

This can be justified by taking a sequence u, converging
suitably to ». Then (4.1) and (4. 3) give

eVu
u+€

>

(V—ial+V-

but as €0, [eVu/(u+e)l@lidx —0 for any @<= CF(IR"),
s0 H(a) = X,

Of course, one really wants a stronger result, that
the lower bound increases when the field is added (and
information about how much it increases.) The identity
(4. 1) suggests the following argument for the increase
of the ground state energy unless there is a gauge
transformation which transforms H(a) into H(0). It can
probably be made rigorous, but since it does not give
numerical information we do not attempt this.

Let @ be the ground state of H(a) and suppose the
energy is A; then (V - ia - Vu/u) ¢ =0, or V(p/u)
=ia({@/u), so ¢/u provides the required gauge
transformation.

This indicates that even when the magnetic field is
zero, the ground state energy can rise in the presence
of a vector potential a such that ¢a -d» # 2mn around
some closed path. This points to another physical effect
of the vector potential.?
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We construct extensions for a class of Schwinger functions at noncoincident arguments to symmetric
states on the Borchers algebra. Conditions are given for these states to be strongly positive. For strongly
positive states the relation between uniqueness of the Euclidean measure, polynomial density, and self-

adjointness for the Euclidean field is examined.

1. INTRODUCTION

Success in recent years of Euclidean techniques in
constructive quantum field theory poses questions as to
the general mathematical relation between relativistic
and Euclidean quantum fields. When sharp time fields
exist this connection has been given by Nelson! and
Simon? encompassing the usual models in two and three
space—time dimensions. For more singular theories
expected in four dimensions, in Ref. 3, we showed the
connection to be given by extending the Schwinger func-
tions of Osterwalder and Schrader! to a symmetric,
strongly positive state on the Borchers algebra over the
underlying test function space. From strong positivity,
the existence of a probability measure on real tempered
distributions was derived and the Euclidean field ap-
peared as the related generalized random process. This
was also shown independently in Ref. 5 and in a2 some-
what different formulation in Ref. 6. The central mathe-
matical problem is then extension of a linear functional
from a closed subspace of a nuclear *-algebra to the
whole algebra, subject to requirements of symmetry
and strong positivity.

If one is only concerned with the existence of a mea-
sure, possibly complex, then necessary and sufficient
conditions for the extension have been found by Borchers
and Yngvason® as continuity (¥-continuity) with respect
to a topology weaker than Mackey topology (T-continuity)
for the field algebra. In Sec. 2 we settle an inter-
mediate question by showing existence of symmetric,
positive extensions for all Osterwalder—Schrader
theories which are order bounded. This is also a purely
topological constraint requiring the singularity of the
Schwinger functions at coincident arguments not to be-
come more severe as their order increases. Such is
the case for all presently known models. OQur method
extends a technique first employed in this context by
Yngvason' and leads to a positive state dominated by a
strongly positive state. We show in Sec. 3 that if the
Euclidean field defined by the strongly positive state
is essentially self-adjoint, then the dominated state
is also strongly positive. Here it is necessary for us
to return to the moment problem for the Euclidean mea-
sure to correct and extend results in Ref. 3 due to a
gap in the proof of Lemma 3.4 of that paper. A maximal
measure will be one for which polynomials in the
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Euclidean field are dense in all /,, 1 $p <, and an ex-
tremal measure one with density only for 1 sp <2, We
show that maximal measures are always unique and de-
fine self-adjoint standard representations of the sym-
metric Borchers algebra in the sense of Powers.® The
Carleman criterion leads to a maximal measure and
unique extremal measures arise when the Euclidean
field is essentially self-adjoint. The converse question
is posed in the last section as an open problem.

2. POSITIVE EXTENSIONS

Throughout our notation follows Ref. 3, which should
also be consulted for motivation. Let S
=1{1,8,85,...,8,, °°°} denote a symmetric linear func-
tional on So=®, §(&,), where §(&,) consists of func-
tions in the Schwartz space §,: = S (R*") vanishing with
all derivatives whenever two arguments coincide. §, is
a closed subspa ce of the Borchers algebra §: :65,,3‘,,
carrying the locally convex direct sum topology (T-topo-
logy) inherited from §:=F5,. In terms of finite se-
quencesj :{fO’flifD e 7fm 0’ : ”} in 5’ fOE C: :50;
the product

(f Xg)alxy, ...

n
3xn): :Z:fk(xh ce )xk)gn-k(xkﬂ! e ,xn)’
k=0

,xy) make §

and involution (F*),(x(, .. ,%n) = n(Xns « . -
into a complete nuclear *-algebra with unit 1
={1,0, -<+}. A state Tc S’ is normalized, T(1)=1, and
positive, T(f*Xf)=0for allfe 5. For S€ §;, the ex-
tension problem is to find a s}mmetric, positive exten-
sion for S, In this paper all states will be symmetric
without further comment.

To define the order-bounded topology for § introduce
Hilbert seminorms by

WO(F = 2 [dxgeee dx,
log LNy
1=isn
xfg 1+ “xj]|2)N1|D;"1MoD:‘nf"(x““_,x")|2,

- o
wherein [|x]1> =x§ +x?, Df =2'*!/ax5 axy]i +»» axp,
lal=aq+°°°+a,; and according on § with

AP =CHE A by ¢ =5 )
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with {C,} a sequence of positive numbers and N =
an ordered pair of nonnegative integers.

(Ni’NZ)

Definition 2.1: Te §’ is order-bounded if 1T(f)i
<q'V(f), fe 5, for some seminorm ¢‘*. -

The result of this section is then

Theovem 2.2: Let S §{ be symmetric, normalized,
and order-bounded. Then there exists a {nonunique)
symmetric, positive extension to § with the same or-
der bound, -

Remark: If Ny=0, a Euclidean invariant extension is
obtained by averaging over the Euclidean group pro-
vided S is Euclidean invariant. In this way extS satis-
fies the extended Eucliean axioms (Ref. 3 Definition
2.1).

The proof generalizes a construction due to
Yngvason. ! Denote real functions and functionals by the
subscript R and consider the Gaussian process ¢, on
Sk with mean zero and covariance

(Dol fi)dolfo)): = 8SY(f1 X f,)
= 7 fdx 1+ %% 1D"‘f {(x) D%, (x).

lals
The nonvanishing moments are even and define 8S3,
€ 54y n=1,2, «++, Finally define 35< §’ by the
sequence

GS_: :{XO; 0, )\Zc% ng’ 0,...,0, )\ch?x 6ng 0,° '}5

in which {Az,,} is a sequence of positive numbers.

Lemma 2.3: For every seminorm of the form ¢‘V
there exists 86S€ §’ such that

(a) each 5SJ, is symmetric and suppsSy, < R™/&,,,
(b) 685, =0, n=0,1,2,
(c) 8S(f*xf) = ¢V (f)v s e S.

Proof of Theovem 2.2: We use Lemma 2.3 to prove
the extension theorem. As S;=1 the choice C;=1 will
be made in ¢'*. This means that

n (s
a*(f <3 a)
iyd=0

s(% d h§”>(f,)> (i} d; h§”’(g,~))

(i 2 (1 )1/2(2 240 (g )1/2
i=0
=" 7M(g),

for two suitably chosen sequences {d; lc, <d;dj +j<n}
and {,}. It is easy to see that one may take dy=1, &}
=1+5>1. Now use Lemma 2.3 to find 85 appropriate
to the §'¥’ seminorm where as the proof shows 2,

=(1 +¢)(L +3), ¢>0. Consider the functional §' =S - 2
and let extS’ be any symmetric 7‘M- continuous exten-
sion to §. ‘Setting extS = extS’ + 55 and ¢y =(1 - 8)/(1 + &)
to normalize extS gives the “desired symmetric positive
extension,

*ng)

Proof of Lemma 2. 3: Suppose qo(fy) =c¢qlfy!; then put
Ao = (1 +€y)c? with ¢, > 0, The construction proceeds by
induction with 8S),,; =0 at each step and suitable choice
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of {A,n} to guarantee positivity. The even order distri-
butions are

2n
8Sy, =Ny, CLI1 (1 + || X, [|2)¥1/2
=1

X 25

(Symmetrization of 5(X,— X,,1)56(X .1 —X,,9)
la; <N,

1si<n

Xooo X (X, =Xy, ) Dy @Dy 1@ ox

9D DL e DL ® - c®D5T)

consisting of 2n!/2™! distinct terms. One proceeds
now to catalogue the contributions to 8S3,(f*xf,) which
is to be the dominant positive term at the nth step. For
this purpose it is convenient to use some new
seminorms:

(B (f)|?
IR YD

n 3
le;l=vy fy;1<N2 I5;l<Ng
ls,sn-zk 1<j<K

Xdzy*oodz, dx, *° dx ij @+ |x, 2™
t=

n=2k

X I 3, 2%+ 2, |5 Drs -

® D g D, @ D'} @ 0@ D,

n=2k+2

® DIrf Xy oo, X ag, V1, e or V) D@00

®D,,"z'k%®Dn=zk+1 ®D lope2 @ " ®D

BDRE (X, .o X s ZyrennsZa)e

Without loss of generality it will be assumed in the
calculation that follows that f is symmetric in all argu-
ments and the notation [n/2]=n/2 for »n even and
(n~1)/2 for n odd will be used. After some computation
in which % stands for the number of §-distribution con-
tractions setting variables equal in the set (X,,...,X ),

n
the positive even terms are a sum of positive quantities

[n/2y ' 2
Gszn(f: an):)\zn E <—_—£——T)

r0 \[R12%(n - 2k)!
X (n~20)1 | BEI(£,)]7, (2.1)

where it should be pointed out ¢{* (£)?=18{Y (f,) I*
would be the only terms appearing without the sym-
metrization.

To carry out the induction step n—1 to n, isolate the
highest nonvanishing component in_[:l‘ +f, and assume
an induction hypothesis

8S(F*x )2 (L +e, g™ (f)2

m1 11/2]
+En-1|:§fz IB(N)(]:I)I ] (2.2)

and 0<e,_, <e _,<-°°<e <g,. It is necessary to esti-
mate a positive lower bound for

8S(f* % f)=0S(f* Xf) +8S, (f¥*f,)

+2RedS(f* X f,), (2.3)
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which is accomplished by means of the expression
n=1

27 88, (FE XS

s={n/2}

8S(f* Xf)=
wherein {n/2} =»/2 for » even and {» +1)/2 for » odd.

Repeated use of the Cauchy—Schwarz inequality produces
the estimate

|6S(f*%f,)]
n=1

A2sC2

—=s

s={ar21 (Cy,_,C,)

[(25-n) /21
X 2

k=0

n!(2s — i)l )
(k12ms*2k(y - s + k) (25 —n — 2k)!
X Iﬁéf-)n;k (fzs-n) | |ﬁr(x];vn)-s#k (fn)‘ ° (2 "4)
Substituting (2.1), (2.2), and (2.4) into (2.3) leads to
the induction lower bound (2.3) in which » replaces

n—1 provided the A, are chosen to increase rather
rapidly with ». By distributing the crossterms evenly
among the positive terms, sufficient conditions on the
A, are given by 0 <¢_<e¢ _, and X, larger than any of

the following:

(A +e)/nt, (R1)22%(z - 2k)le, /1) for 1 <ks< [n/2],
and for » even

[(/2 +k = 7)1 P2m22=27 (20 — 2B) Ve /(! P
+ 6n/2¢h-r-0)\§rm("r4+n/ 2N (27’! )2/[Cgrci(k' )2 22;”1

X (27 = 2R)! (€., — €,)]

for each 0<7<n/2-1and 0 <k<r, while for » odd
there is a similar expression with » -1 replacing » and
27 +1 for 2v.

Remark: The combinatorial estimates above illus-
trate that ), increases roughly as exp(x2") and this
rapid growth dominates any increase from ¢,. This is
also the reason why this method yields easily positive
rather than strongly positive extensions.

In order to cast Theorem 2.2 in a slightly different
form, we recall the notion of strong positivity. If
P:R"—TR, is a polynomial and { f;,f,,...,f} €Sz, 2
positive polynomial on §j is of the form P{w):
=P(w,fi),0-.,{@,f))=0for all we 5. A state T is
called strongly positive if T(P)> 0 for every positive
polynomial P. By 6§‘°" denote the linear functional on
S whose components are 555’ =a®5S] | @ real, with
odd components zero; then {},,} may be chosen so that
5S in Lemma 2.3 is strongly positive. This allows

68 = [2dp(a)ss‘™,

where p is a measure solving a Hamburger moment
problem for the moments p,,; =0, p,, =21, 7,
n=0,1,2,---, and leads to bounds for the extensions in
Theorem 2.2

0 < extS(f* X ) < 265(f* Xf).

In the next section we give conditions on 8S which imply
that extS is also strongly positive.
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3. STRONG POSITIVITY AND SELF-ADJOINT
REPRESENTATIONS

In the ensuing discussion the polynomial algebra with
complex coefficients over §; will be written as
P{Sz). Given we 5, ®"w stands for an element of
S r.r Obtained by continuous extension from evaluation
on elements in ®7 ¢, where f(w): =57 _(®"w, f) with
®%w:=1. It is shown in Ref. 3 and independently in Ref.
5 that for each strongly positive state T on () there
exists at least one probability measure u on the o-
algebra f generated by the Borel cylinder sets in §}
such that

(= fl@dple), feS.
In general p is not uniquely determined by 7. Among
such measures two particular types seems to play a
central role.

Definition3.1: A measure u is called maximal if
P(Sg) is dense in / (57,8, 1) for all 1 < p <. When
this is true only for 1 <p<2, u is called extremal.

It should be pointed out that this differs from definition
4.2 in Ref. 3. The alteration is needed as Lemma 3.4
in Ref. 3 contains a gap. After showing polynomial
density for the one-dimensional cylinder set measures
v, €Sk, in/ (R,dv,) for 1 <p<2, we then in-
advertantly assumed they in fact formed a basis and
then used duality to deal with the remaining 2 <p <,
Whether or not N-extremal solutions for v, have poly-
nomials with the basis property for p# 2 is not part of
the Riesz—Nevanlinna theory and appears to be an open
question, For this the condition

sup

N
IF lipal ’I nZ;o w"<F’wn> ”pSM<°O, n=0,1,2,°900,

is necessary and sufficient while the stronger
Z:,o”w"“,,”wn”a/ﬂ‘l < ig sufficient. {w"} are orthonor-
malized polynomials for v,. After these remarks let us
recall Theorems 3.5, 4.3 of Ref. 3:

Theovem 3.2 Suppose each one dimensional cylinder
set measure v;, f e §; is maximal. Then u is unique
and maximal.

We shall shortly show the uniqueness of maximal
measures. In fact the class of maximal measures is
large.

Proposition 3.3: Suppose T is a symmetric, strongly
positive state on § for which 2“;1 Z‘(fzp)-l/ %~ for
each f e §,. Then the measure for T is maximal.

Proof: Notice that if u is a measure for T each
f<§ defines a multiplication operator on /() and
T(f*)/?% =|| fll,,. By Holder’s inequality this is a non-
decreasing function of p so the Carleman quasianalytic-
ity condition satisfies

27l = it and only it 2 (|7 [, ==

for K =0,1,2,---, Suppose v, is the unique solution to
the one-dimensional moment problem associated with
f; then polynomials in fare dense in / (IR, dv,) for
1<p<2 (Ref. 3, Lemma 3.4). Pick some 2<g <= and
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F#0in/ ., for which [F()"dv (1) =0 when
=0,1.2,+++. Now F(s)=Jdv,{/)e’s* F(1} is €~ and
D"F(0)=0. The derivatives also obey estimates

“'Unﬁ(O)fo Hf"”q“F n=0,1,2,+--,

H q/q-1"
and again by Holder’s inequality |l 77 112 = H_)"”‘lHq\\f’”lHq.
This means F is quasianalytic and identically zero by
the Denjoy—Carleman theorem.” By choosing K so that
2% - g, F is identically zero and v, is maximal. The
result now follows from Theorem 3.2.

Rewark: Maximality for Euclidean measures associ-
ated with Schwinger states removes possible pathologies
in the Euclidean field theory. For the weakly coupled
P(¢), Euclidean quantum field theory and the even P(s),
models with half-Dirichlet boundary conditions and a
lower mass gap, Frohlich!® has shown the stronger
analytic vector condition Y7 AT (f?)/p! <= in the case
of both the nonsharp time and time zero Euclidean field.
Hence these theories have maximal measures. For an

application of maximality see Ref. 11,

Associated with T is a commutative, cyclic *-repre-
sentation of § by an algebra of unbounded operators on
a separable Hilbert space //,. If u is any measure for
I, this representation_iilnitarily equivalent to
{//E’ @~1IL» where//EE/)(SR%::[,_,{;u) and

¢>(_f)l (w) :._f(w)d‘(w) videl.
We follow PoweNrs” and denote the closure of this rep-
resentation by ¢ and the adjoint by ¢*. For notation on
the BEuclidean field, see (Ref. 3, Sec. 4). A linear
m:inifold[) U /g is a core for the representation if E)VFD
=¢ and ¢ is essentially self-adjoint if for the domains
D(P) =/)No*). For each u there is an essentially self-
adjoint representation ¢, which extends ¢ in the sense
of an extension out of /f; to /,(p). ¢,(f) is multiplication
by f on the domain

D)=t L ]| frel (0 vrest

and the closure ¢_(f) is the corresponding maximal
multiplication operator on / ,(u). Generally, different
measures p lead to different extensions ¢, . Moreover,
¢, is standard in the sense of Powers® for when

f< Spy ¢,(f) is self-adjoint and the spectral projections
commute. These features of the representation are
related to properties of u in the following way.

Proposition 3.4: Suppose T is a strongly positive
state on § with cyclic representation {//z,7,, 2.} If
7, is self-adjoint, then the measure associated with T
is unique and extremal.

Proof. Powers (Ref. 8, Theorem 7.3) has shown that
for f« Sg, each 7,(f ) is self-adjoint and their spectral
projections, say E;, commute. For linearly independent
{/fi, e ,f,} © 55 define Borel measures on IR" by

dyfl' --ﬂfn([l’ M [n): :(I(Efx(ll) cer Ef"(tn)QT’ QT)“

One readily verifies these define a consistent set of
cylinder set measures satisfying the continuity property
(see Sec. 3 of Ref. 3) and so determine a unique
probability measure ponf. If A=A XA,X+++XA isa
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product of Borel sets on IR, then
A = (B, (4,) o+~ E, (A)2,2,),

where by the spectral theorem Ef (4,) <« Es (A)Q e/ ,.
This means there exists a sequence { P, } C/5'GR) for
which

Xa—-P
b=l

= Efl(Al) oer Efn(An)QT - Py lly ” -0

as K —=. So u is extremal. Uniqueness for u follows
from that for the v, ., which is a well-known prop-
osition for the n-dimensional moment problem.*?

Corollary: For each f S, suppose polynomials are
dense in / ,, (IR, dv,) for some € > 0. Then 7, is self-
adjoint and standard. The resulting measure u for 7T is
unique and 2 (S;) is dense in / ,(u), 1 <p<2+e. -

Proof: Again take a Borel set A=A; XA, X++°XA and
choose a sequence of polynomials PQK(fK),
K=1,2,...,n, such that

”XAK "PaK

2+€

<e/(n Hpal'”PO‘f(-l ” (2+5)(z.e>/s)’ 0<5<e.
Then
”XA - Pctl(fl) e .Po‘,,(fn) “2+5

< 2 ” Pal(fl) °° ep’*l{-l(fz(-l)()(fik'PD‘K(JCK)) N 205 <€

K=1

which is the claimed density for polynomials. Finally,
observe each 7,(f)</ ,(u) for all 1 < p < and hence
for p=2(2+5)/6. This means /2(S,) is a core for the
maximal multiplication operator by f on / ,(1) so 74(f)
is essentially self-adjoint.

Remark: We see in particular that maximal measures
lead to self-adjoint standard representations of § with
the uniqueness of the representing measure for 7. A
converse to Proposition 3.4 is well known for the one-
dimensional case but is open in more dimensions. The
following corrects the Corollary to Theorem 4.3 in
Ref. 3 and may be proved as above.

Proposiltion 3.5: Suppose a strongly positive, sym-
metric state on § determines a unique measure p. Then
P (Sg) is dense in L,(#) for 1< p<2,

Uniqueness for u implies the same for v, and hence
polynomial density in LZ(IR,de).

Finally, let us consider the case in which one state
is dominated by another. The extension Theorem 2.2
suggests a situation for which this might arise.

Theovem 3.6: Let S be a symmetric, positive state
and 7 a symmetric, gtrongly positive state such that
S(f¥XXf)<T(f*xf, feS. Then, if {#,m,,9Q,} is
essentially self-adjoint, S is strongly positive and
{#,.7,, 2} essentially self-adjoint.

Proof. Consider the sesquilinear form .i([* Xg)
=, (f),,(g)) for which IS(f*xg) 1 <ile {1 Nl
We follow the notation in Ref. 3, p. 44, wherein ¢, .
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are respectively cosets in 5/NE corresponding to the
states S,T. There is a unique self adjoint operator B
which is posmve of norm, one, and such that

G, (f), v, ( )—(\LT([) Bir(g)). From (.(f),Br (g)
d)T(h) (WT(g)*le(I BwT(g)) B commutes weakly
with the representation 7. hence when f  §; both B and
VB commute strongly with 7,(f). This means when
flw)=0, we 5,

S(f)=(Qq, Br (1) = (VB Q,,7,(f) VB 2,)=0.

Next suppose b€ Ker('ns(l’)* +4). Then, for all gel,
0=_(,,[7,(f)-ile,(g))
= lim{t,(f,), Blr(f)-ilp(g))

for some sequence ¥ (f,) %% . From VB d)T(f—f ) IIE
=4, (f,~f ) I? one has by c/—/T with BwT(f ~VEB,.
Th1s implies VB, =0; hence, ¥, < Ker(n, (I)* +4) and
I) is essentially self- ad]omt Propos1t10n 3.4 now
requlres uniqueness of the measure for S, one con-
cluding easily that ﬁs is self-adjoint and standard.

Remark: Returning to the construction at the end of
Sec. 2,
it is necessary to show 6S determines a self-adjoint
representation. However any lack of uniqueness in the
choice of p shows up in nonuniqueness for the measure
representing 5S. Certainly by Hamburger’s criteria the

one-dimensional measures for such 6S are never unique.

4. TWO OPEN QUESTIONS

Our discussion in Sec. 3 suggests two problems of
interest for the Schwinger functional moment problem.

(1) For the one-dimensional moment problem on IR is
there a characterization of solutions which are
maximal ?

The class of maximal solutions is certainly large as
indicated by Proposition 3.3 and most likely a descrip-
tion of these must use more than the moments alone.

1917 J. Math. Phys., Vol. 18, No. 10, October 1977

if extS is to be strongly positive by Theorem 3.6

(2) Let u be uniguely determined by a symmetric,
strongly positive state T on §. Then is {#,, 7,8}
self- ad]omt? The heart of the matter here is whether or
not 71T has self-adjoint extensions analogously to the
case of a single symmetric operator. If such extensions
exist, then uniqueness of u implies that there is at
most one, u is extremal, and the extension is
{#,®,1}. Now one needs 7, = ¢ for which a theoretical
criterion exists which is not easy to implement in
practice.

Proposition (Singer, Powers®): Let P :[ ,(u)~/ 1
be orthogonal projection. Then 7, is essentlally self-
adjoint if and only if P (d)(I +1)'Q, /) (7,) for all
JASRTY

The relation between the weak commutant of 7, and
extensions beyond //,, have been examined in the second
paper of Ref, 5.
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The problem of finding necessary and sufficient conditions on the Cauchy data for Einstein equations

which insure the existence of Killing fields in a neighborhood of an initial hypersurface has been considered
recently by Berezdivin, Coll, and Moncrief. Nevertheless, it can be shown that the evolution equations
obtained in all these cases are of nonstrictly hyperbolic type, and, thus, the Cauchy data must belong to a
special class of functions. We prove here that, for the vacuum and Einstein-Maxwell space-times and in

a coordinate independent way, one can always choose, as evolution equations for the Killing fields, a
strictly hyperbolic system: The above theorems can be thus extended to all Cauchy data for which the

Einstein evolution problem has been proved to be well set.

1. INTRODUCTION

In connection with several topics in general relativity
(i.e., evolution, matching problems, propagation of dis-
continuities, stability, etc.) it is interesting to solve the
following problem: T being a nonnull hypersurface in
space—time and C: being a set of Cauchy data on T for
the Einstein equations, how do we obtain the conditions
on C-E which insure the existence of Killing fields in the
neighborhood of = ?

This problem has been considered recently by
Berezdivin, Moncrief, and Coll. Berezdivin® (vacuum
case, no lightlike isometries) starts from the analyticity
of the Cauchy data and of the coordinate system, and
gives no explicit evolution equations for the Killing
fields. The methods used independently by Moncrief®
(vacuum case) and Coll**® (vacuum, perfect fluid, Ein-
stein—Maxwell cases) are essentially the same: We
work in the Gauss coordinate gauge and we obtain the
wanted Killing constraints on CE from an evolution sys-
tem and under suitable differentiability conditions. In an
earlier paper® I have given a coordinate independent
formulation corresponding to a slightly different evolu-
tion system,.

The study of all the above evolution systems for the
Killing fields reveals that their associated differential
operators are of nonstrictly hyperbolic type. This situa-
tion is unsatisfactory for two reasons. On one hand,
this fact means that the results obtained from these
evolution systems are only valid when applied to Cauchy
data ( ;- belonging to a particular class of functions
(Gevrey class: see Ref, 7). On the other hand, it is
generally assumed that, when we are dealing with a
differential system corresponding to a certain physical
situation, their characteristic manifolds represent the
different waves that can propagate in the medium; never-
theless, in the present case, the characteristic mani-~
folds associated with the above evolution systems can
not, in any way, be interpreted as physical waves. Thus,
it seems interesting to analyze when and why the above
“anomalies” appear and, if possible, how to eliminate
them.

In the present article, after such an analysis, we
prove, for vacuum and Einstein—Maxwell space—times
and in a coordinate independent way, that it is always
possible to choose, as evolution equations for Killing
fields, a strictly hyperbolic system. This new evolution
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system is exempt from the above two anomalous
features.

In Sec. 2 we shall select the basic equations and con-
struct the evolution system. Some common arguments
on the initial data for the two cases considered below
are explained in Sec. 3. Sections 4 and 5 are devoted
to proving the strictly hyperbolic character of the evolu-
tion system for the vacuum and the Einstein—Maxwell
space—times, respectively. Both sections conclude with
the more general version (Theorems 1 and 2) that can
be given for the results obtained in the previous papers
(Ref. 1—5) from the point of view of the differentiability
class of the Cauchy data and of the choice of local
charts.

2. EVOLUTION SYSTEM

(a) Let (V,,,,2), n> 1, be a Lorentzian manifold. In
what follows we use a caret ~ for tensors over V , to
avoid confusion with the tensors over the submanifold
% introduced below and, when a distinction between co-
variant and contravariant tensors will seem convenient,
we shall use the superscript * for the latter. On the
other hand, all the expressions are, in general, given
in their covariant form, and it is to be understood that
all the operators used below act over the covariant form
of the tensor fields.

Let us consider in (V,,,4) an arbitrary vector field
§* and denote by L the Lie derivative of the metric ten-
sor ¢ with respect to §*: L=/ (§*)3. The classical ex-
pression for the Lie derivative of the Ricci tensor R in
terms of L may be written

2/ (§)R=AL - [ (6L)g - VdtrL, (1)

where A is the Lichnerowicz laplacian for arbitrary
tensors,® d, V, and & are respectively the exterior
differentiation, the covariant derivative, and the diver-
gence operator (up to a sign), and “tr” means “trace
of.”

The energy tensor T of V. is related to the Ricci
tensor B by the Einstein equations

R=T-4trT-g. (2)
Taking the Lie derivative of (2), we obtain
[EOR=[ (EIT +5tr{lx T - L () T}g - steT-L (3)

because, for any second rank tensor €, we have the
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relation
[£(§%),tr]d = - tr(L X Q), (4)

where X is the cross product (contraction over the even
indices of the tensorial product).

From (1) and (3) we can eliminate the term / (§*)R.
It follows that

AL~ (60)5 —VatrL =20 —tr T+ L +tr(Lx )z, (5)
where we have written
M=/ ()T - e[ (§)T - 3. (6)

Equation (5) is the starting equation for the study of the
propagation of Killing fields. Its complexity comes
essentially from the form of the tensor M which, ac-
cording to the definition (6), depends on the choice of T.
In what follows, we shall assume that M depends only
on L and not on its partial derivatives. Such an assump-
tion is sufficient for the two cases which we examine
here.

Let us consider now Eq. (5) as a differential system of
of (";3) equations in the ("3?) unknowns L, for a certain
T. This system is degenerate (incomplete) in the sense
that its characteristic polynomial vanishes identically;
to see it, it is sufficient, for example, to remark that
the differential operator defined by its principal part is
nothing else but the operator defined in the same way by
the Einstein equations which, as it is well known, is
degenerate.

We are thus led to add, to the system (5), n+1
supplementary conditions: The analogs, in the present
case, of the n+1 coordinate conditions added to the
Einstein equations in the study of the Cauchy problem.
By combination with (5) of the n+ 1 supplementary con-
ditions, we shall obtain a new system which, in general,
will be nondegenerate, Nevertheless, from the point of
view of the applicability of the general existence and uni-
city theorems for partial differential equations, the
appropiate properties of this new system are not yet
insured. For example, in the Cauchy problem for the
Einstein equations, the choice of the Gauss coordinate
conditions gives an evolution system which is not strictly
hyperbolic due to the presence of multiple (double)
characteristic manifolds, those generated by the time-
like geodesics canonically defined by the coordinate
system, whereas the choice of the harmonic coordinate
conditions gives, as it is well known, a strictly hyper-
bolic system.

(b) We must therefore look for n+ 1 conditions for the
system (5) playing a role similar to that played by the
harmonic coordinate conditions in the case of the Ein-
stein system. To do this, let us consider the laplacian
ASof the 1-form § associated by the metric & to the
vector field §*. If we denote by @! the tensor obtained
by matrix transposition of the components of the second
rank tensor §, we may write L = V3§ + (v§)!, d§=V§
~ (V§)! so that trL = — 26§ and L =2V§ + 4§ and it follows
that

AS=(d6 + 6d)§ =d(~ strLl) + 6(2V5 - L). (1)
On the other hand, A§ may be also written as A§=0V§

+1(§*)R and so the term 25V§ in (7) may be eliminated.
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One obtains
A§=58L +Ldtrl +2i($%)R. (8)

We now eliminate 6L between (5) and (8); taking into
account that /[ (dtrL)g=vVdtrl + (VdtrL)!=2vdtrL, it
follows that

AL <[ (8§ = 2i(§%)R)5 - 2M +trT-L —tr(Lx T)3=0. (9)

We are thus led to take, as n+ 1 supplementary condi-
tions, the following ones:

AS -2i(8*)R=0. (10)

Let us denote by # the class of all vector fields
verifying (10). As Eq. (10) is a strictly hyperbolic sys-
tem for §*, it follows that # is never empty. In addition,
it is clear from (8) that all Killing fields belong to /.
For the elements of 7/, Eq. (9) takes the form

AL — 201 +tr L —tr(LxD)F=0 (11)

which is a strictly hyperbolic system in L under the
assumption made on .

3. o CHARACTERIZATIONS

(a) Let us consider, in a domain of (V _,,,8), a one-
parameter family of spacelike hypersurfaces with local
equations @(x) =const. On each hypersurface of the
family, every (covariant) tensor of (V ,;,2) induces a
unique (covariant) tensor of the same rank; in particular,
the tensor g induced by g endows the hypersurface ¢
= const with a Riemannian structure (¢,g).

Let 7 be the unit normal 1-form to each hypersurface:
i(* Wi=g@i* ,7#*)=1, where i( ) stands for the interior
product. It is easy to see that, on each hypersurface
@ =const, every p-tensor § (tensor of rank p) of (V,,,,
2) is biunivocally characterized by the following set of
2% tensors of (¢, g): the () s-tensors (s=0,1,...,p)
induced by the s-tensors of (V ,,, ) obtained taking all
the possible p ~ s interior products of #* with §. Such a
set will be called the ¢ characterization of é.

Thus, the ¢ characterization of a vector §* is the set
{o,s} where the scalar ¢ is given by o=4(7*)§and s is
the covector induced by §. The strict elements of the
¢ characterization of a second rank symmetric tensor
A are {a,a,A} where a=:%(7*)A and  and A are respec-
tively the vector and the (second rank symmetric) tensor
induced by i(#*)A and A In particular, the ¢ characteri-
zations of # and § are respectively {1,0} and {1,0,g}.

(b} Let us consider now a timelike vector field #* and
let ¥ be its canonically parametrized integral curves.
Every pair [¢;/#*] defines, in a natural manner, a class
Cl@,7*] of local charts of V,,, in the following way: a
chart (u,¥) belongs to C[@;m*] if it is adapted simultan-
eously to ¢ and to #*, that is to say if in a neighborhood
of every hypersurface ¢ =const and of every curve y
one has

U({[p=—const] N D)=Rrx{k}, ¥(yMU)={6}¥R,

where « and 8 are respectively two fixed points of IR and
R". Conversely, every “physically admissible” local
chart (U,¥) defines univocally, in the domain U, a pair
[@;mi*]: If x° is the timelike coordinate function of (U,¥),
then @ =x°=const and #* =3/3x°,
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(c) Let {@,*] be the pair defined by a physically
admissible local chart (U,¥) and let {u,m} be the @
characterization of /#*. The three strict components of
the ¢ characterization of the Einstein equations (2) are
equivalent to

Cy: tr(KXK) — (trK)2 + trR = = 27
C,: 5[1{ - (trK)g]=—1¢

b

E,: 8,K=u[R+28 —P]-Vdp+/[ (m*)K,

where K, the extrinsic curvature of ¢ =const, is related
to 8,4 by

E;rd,g=2uK+/ (m*)g,

{r,¢, T} is the (strict) ¢ characterization of the energy
tensor T, R is the Ricci tensor of g, and @, is the de-
rivative along the integral curves v of #w*. It is under-
stood that the operators tr, X, §, and V refer now to
the induced metric g. We have defined

S=KXK -3(rK)K, P=T-§{trT+ 7)g. (12)

(d) A local chart (U,¥) defines a pair [¢;%*], but
@ characterizations are, by definition, independent of
#*. Let us denote by {o,s} and {x,I,L} the ¢ characteri-
zation of § and I:, respectively, and let us consider,
for a moment, a local chart such that #* =§*; in this
chart we have obviously L=/ (§*)§=8,8=>L=0,g and
thus, taking into account equation E,

L =20K + [ (§%)g. (13)

Since both members of (13) relate only quantities and
operations defined on ¢ = const, it follows that expres-
sion (13) of L is also valid when #m* # §*.

On the other hand, as ¢ characterizations are linear
mappings and L =v§ + (v§)!, x and ! must be linear
combinations of o,s, and their partial derivatives.
Denoting by & (++) a linear homogeneous polynomial in
its arguments and by x the set of all partial derivatives
tangent to ¢ = const of a variable x, we may write, for
arbitrary local charts,

r=9¢o,s5 0,5 8,0, 3,5), (14)
[=¢%0,s; 0,5: 8,0, 3,5).

(e) Let us consider the tensor A=/ (#*)L and let
{@,a,A} be its ¢ characterization. In every local chart
associated to a pair {¢,7*] we have / (#*)=3,, and thus
it follows immediately that

a=d%\,1,L:8,)),
a=&'(N1,L58,0), (15)
A=3,L.

Let us suppose now that §* is a Killing vector: then in
a local chart such that /m* =§* we have, from E,,

p =0 where the quantity p is defined by
p=0lR+2S - P]-Vdo+ [ (s*)K. (16)

1t is interesting to relate the quantities p and A. From
the expression of A given by (15), and taking into account
(12) and the commutation rule

[0, [ (s*)]=1 (3,5%)

we have
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A=20,L=200K+ 2870°K+L(s*)ayg—FL(ﬁys*)g. an

The expressions of 2,0 and d,s in terms of » and / may
be obtained from (14): they take the form

3,0=0%(\,1,0,s: 0,5), 3,5s=0°%N,1,0,5;0,5). (18)

On the other hand, equation E, gives a,¢ as a linear
function of 0, s and s and thus Eq. (17) may be written
(19)

The terms 7,5 come in because in (17) there appear the
spatial derivatives of the vector 2,s*. Now, eliminating
between equation E, and (16) the ¢ invariant quantity

R +2S - P, it follows that

200K =2u[p+Vdo -~/ (s*)K]| - 20{Vdu + /[ (m*)K]
=2up +®%o,s; 0,5, 0)

and so Eq. (19) takes the form

(20)

But we know that for every Killing vector field §* <«
{o,s}one has A=0, L =0=>rx=]=L=A=p=0 and thus
the polynomial term of (19) must be of the form

®°(\,1,L: X, I,L).

The terms in L appear because of the terms in G and s
in (20) and relation (13). Hence, the relation between
A and p may be written

A=08,L=2up+&°\,l,L; X, [,L). 21)

(f) Finally, let us consider the ¢ characterization
{8,b} of the vector field b= A§ - 2i(3)R; from (8), it is
evident that it is of the form

B=a(\,1,L: A,I,L: 9,1,8,0,38,L),

ror Y

- 22
b=3"(x,1,L: N,I,L; 8,%,9,1,3,L). (22)

The class 4 of vector fields considered above is just
defined by 8= b=0.

4. THE VACUUM CASE

In the vacuum case, T=0<" R= 0, the evolution
system (11) reduces to

AL =0. (23)

Let T be an initial hypersurface which is covered by
a set of adapted local charts and let (g,K)| . be a set of
initial data on ¥ for the Einstein equations. Suppose that
the equations Li,=0 and pi. =0, where L is given by
(13) and p by (16), have a solution {o,s}!.: then, accord-
ing to (14), we can associate with the pair {o, s}, the
transversal derivatives 2,0l; and 8,5 such that Xig
=1l.=0. Since we now have A =1l =LI.=0, pl;=0,
Eq. (21) gives Al =23,L1;=0. For the class // of vector
fields defined above, which reduce here to

AS=0 (24)

(22) gives 2, Al =0 and 3,L!; =0, and thus from (15) we
have «l,=al_=0. Since ¢ characterizations are iso-
morphisms, it follows that Li.=0 and @,Li, =0 and,

for these initial values, Eq. (23) has the unique solution
I =0 in the neighborhood of T: The pair {o,s}!_ deter-
mines a Killing field.
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Since the systems (23) and (24) are obviously strictly
hyperbolic, it follows that the above argument is valid
for all Cauchy data (g,K)I for wihch the Cauchy problem
for the Einstein equations is proved to be well set. On
the other hand, it is easy to see, from the same argu-
ment, that different solutions of the equations L=p=0
on % give rise to different Killing fields in its neighbor-
hood. This result may be summarized in the following
theorem.

Theorem 1: A necessary and sufficient condition which
insures that the vacuum space—time determined by an
initial set {Z, (¢, K)} admits » linearly independent Kill-
ing fields is that the dimension of the vector space of
solutions of the system

20K+ /[ (s*)g=0,
olR+ 28]~ Vdo+/(s*)K=0,
in {o,s}on T, be ».
5. THE EINSTEIN-MAXWELL CASE

(a) The energy tensor of a Einstein—Maxwell space—
time is given by
[=Yr(FxPg - FxF, (25)
where F is the electromagnetic 2-form.

On the other hand, it is easy to see that, for an arbi-
trary second rank tensor ¢, the commutation operator
[£(8%),tr] is

[£(5%),tr)@ = —tr[L x§]

and that, for two second rank tensors P and é, the
Lie derivative of the cross product may be written

LENPXQ) =L (§¥)PxQ+ Px[(§¥)Q -~ PxLx4§.

From these expressions it follows that the Lie deriva-

tive of the energy tensor (25) takes the form
LEOT=¢HD) + str[Fx /[ ($¥)Flg

~PX[(§)F - [ (§*)FxF, (26)

where, as usual, ¢( ) denotes a linear homogeneous
polynomial in its arguments,

Now, let us introduce in {26) the 2-form G given by
G=/ (55)F ~nxF (27)

where * is the duality operator; the value of the scalar
» is not important here and will be defined below.
Taking into account the well-known identity

Fx* F+x FxF=5tr(Fxx F)g, (28)
one finds

L(EOT=8YL) - $2(6) (29)
with

(G)=FXG +CXF = ttr(Fx8)g (30)

and thus, from the definition (6) of ]171, it follows that
M=&%L)-3%0).

Hence, for vector fields $* belonging to the class #/
defined above, the system (11) may be written
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AL +&4(L) - %) =0.

{b) In terms of the basic variables g, F of the
Finstein—Maxwell space—time, Eq. (31) contains im-
plicitly the scalar ». Its definition will be taken from the
following lemma.

(31)

Lemma: If an Einstein-—-Maxwell space—time admits a
Killing field §*, then the electromagnetic field ¥
verifies

[ (§*)F=n«F (32)

where % is such that d» //T if F is null with fundamental
null vector I, IAdl =0, and " =const otherwise.

For a nonull ﬁ, this result was partially obtained by
Wooley®; Ray and Thompson'® and Michalski and Wain-
wright! have given a proof based on the Rainich theory
and Yaremowicz'? has obtained it as a particular case of
homothetic motions. MclIntosh'® applies this result to
obtain some general properties of certain Einstein—
Maxwell space—times. The extension to the null case
has been given independently by Yaremowicz'? and
Coll. ! Nevertheless, the shortest proof, which is valid
for arbitrary Fis the following one: For a Killing field,
Eq. (31), which is nothing else but / (§*)R=0, gives
$2(6)=0 and from (28) and (30) it is clear that G=x= £
is a solution. That this is the only solution may be
easily seen by writing (30) as a function of the electro-
magnetic components of F and G with respect to an
arbitrary timelike unit vector, Then, taking into account
the definition (27) of G, one obtains (32). The function
" is obtained immediately by taking the exterior deriva-
tive of (32) and its dual under the assumption that F is a

vacuum Maxwellian field, that is
dF=0, 3F=0, (33)

(c) For an arbitrary 2-form ¢, the commutator
[£(6%), ] is given by

[L(5%), *]@=+(LXG ~ XL - 3trL - Q)

and thus, by differentiation of (27) and its dual, taking
into account (33), one finds

AG=—drn*x F, 66 =x (dnn F)+&3(L), (34)
where, as usual, $5(L) stands for terms which are
linear in L. Using the definition of » given by the
lemma, (34) reduces to

dG=0, (35)

8G=&3(L). (36)

From (35) it follows that there always exists a local
1-form & such that

da=G, 5a=0 (37)
and, in terms of &, (36) gives
AG=35(D). (38)
The coupled system {(31), (38)}, that we write as
AL +3YL) - 8%(dd)=0, A4 -65(0)=0 (39)

is now the evolution system for the study of Killing
fields on the Einstein—Maxwell space~times. It is easy
to see that it is a second order strictly hvperbolic sys-
tem with indices s(1)=s(d)=2 for the unknowns and
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indices t(af) =#(ad) =1 for the equations (for a simple
definition of strictly hyperbolic systems, see Ref. 15).

Taking into account the local equivalence of the sys-
tems {(35), (36)} and {(37)}, it is clear that in order to
ipsure the gxistenceA of Killing fields we must take
Lig=0, 8,L1;=0, Gl,=0 as initial data for the system
{(39)}. By an argument similar to that made in the
vacuum case, it is possible to show that the conditions
Li,=0, 3,L1,=0 are equivalent, in terms of the Cauchy
data for the Einstein equations and in terms of the ©
characterization {0, s} of the Killing fields, to

20K +/ (s*)g=0,
olR+2S - P]~Vdo+/ (s*)K=0,

The explicit expression for the condition GIE:O is
somewhat longer to obtain: Let us express the first
element a of the @ characterization {a,b} of G, obtained
by induction of the vector fields a=i(A)G, 6=i(ii)* G, in
terms of 0,s,g,K, and of the ¢ characterization {e,h}
of F, obtained in a similar way to that of G; and then,
let us eliminate the terms in 3,e using the ¢ characteri-
zation of the Maxwell equations (33). The result is

ale,h)=/[ (s*)e —rh
- ol*dh +trK- e - 2i(e)K |+ ildo)* ].

By duality, we obtain b(e,4)=a(h, - e). Since Gl =0
<= {al;=0, bl.=0}, we have the following theorem.

Theovem 2: A necessary and sufficient condition which
insures that the Einstein—Maxwell space —time deter-
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mined by an initial set {Z, (g,K), (e,k)} admits  linearly
independent Killing fields is that the dimension of the
vector space of solutions of the system

20K+ /(s)g=0,

o{R+2S - P]-Vdo+ /[ (s)K=0,

[(s)e=nh +olx dh+trK e —2i(e)K]| - i(do)* R,
[(s)h=re +o[~*de+trK-h - 2i(e)K] + ildo)x e,

in {o,s}on T, be 7.
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Geometric aspects of supergauge theory
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It is shown that the Wess—Zumino supergauge algebra can be obtained from the theory of
automorphisms of a complex structure on spacetime, and that this is related to a formal geometric scheme
of quantization. The geometric interpretation requires h to be proportional to the square of the basic unit

of length.

I. INTRODUCTION

Recently considerable interest has been shown in
supergauge theories, both from the point of view of the
classification of graded Lie algebras"2 and of their
application to geometry and gravity®=%; however despite
the fact that GLA’s first appeared in differential geom-
etry the precise status of supergeometries and super-
gravity remains uncertain, and it is with this question
that this paper is concerned, through the theory of
automorphisms of G-structures.

To date two initially distinct approaches to super-
gravity have been adopted; the first is a Kaluza—Klein
type formalism®® in which the methods of Riemannian
geometry are applied to a superspace possessing a sub-
space of Majorana spinors, while in the second local
supergauge transformations are shown to imply general
covariance and hence gravity. 710 The first method has
proved successful in the theory of unified fields, with a
Weinberg—Salam type unification of gravity and elec-
tromagnetism?® and a possible description of the Yang—
Mills field through the supermetric components g, ,,
where 0 < 14 <3 is a space—time index and o a
Majorana spinor index, while the local supergauge
method gives a consistently coupled Einstein—Maxwell
theory!? and the hope of cancellations of divergences in
the full quantum theory. This difference of approach
mirrors a difference in approach to the ordinary theory
of gravity, namely general relativity versus local
Poincare gauge invariance, 1 and this paper shows how
supergauge transformations arise in a third such ap-
proach and how they are related to a geometric theory
of quantization,

The method used here is one of broken gauge invari-
ance using GL(4,IR)/O(1, 3) which was shown by the
author to arise in the frame bundle description of the
metric and used in a geometric theory of formal quan-
tization. 113 There are two GL(4,IR) groups involved
in the theory of gravity, one is that of general linear
basis frame transformations and the other that of non-
singular infinitesimal coordinate transformations and
it is the breaking of the first of these which describes
the metric field. The local Lorentz transformations
constitute a subbundle of that of general linear frames,
and the effect of requiring invariance of the Lagrangian
under local Lorentz transformations is to relax the
condition that the connection in the frame bundle be
the unique metric connection and thereby to introduce
torsion., Local transformations correspond to elements
of the fibers isomorphous to IR* associated with the
bundle of general affine frames with structure group
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R!®GL(4,IR), but because of the presence of the
canonical 1-form of the frame bundle they have no
dynamical significance in the purely geometric theory
and serve merely to introduce a choice of local coordi-
nates whereas for an arbitrary principal fiber bundle
with isomorphous structure group they would lead to an
independent Yang—Mills vierbein field.

The geometric scheme of formal quantization is based
on the method initiated by Segal® in which the basic
structures required are complex and Hermitian struc-
tures on the phase space of the system to be quantized,
and on Kostant’s closely related theory of quantization
of sections of a complex line bundle. 15,18 guch structures
arise naturally in the frame bundle description of
geometry and were used to outline a formal theory of
quantization of space—time. A complex structure J on
IR} is a linear endomorphism of IR* such that /2 =-1,
where 1 denotes the identity transformation, and de-
fines a reduction of GL{4,1IR) to GL(2, C) where an ele-
ment (A +iB)<c GL(2, €) corresponds to

A B
(-B A) ¢ GL{4, R),

where A and B are 2X2 matrices and J is in canonical
form. The reduction of GL(4,IR) to O(1, 3) defines a
pseudo-Riemannian metric structure g(X, Y), X, Ye R,
and the special feature of this geometry is that this is
Hermitian with respect to the complex structure J im-
plicit in the definition of spinors belonging to the group
SL(2, €). Cohomological aspects of this quantization
scheme can be examined by application of the Kostant
technique?® to sections of the line bundle with structure
group GL(2, €)/SL(2, €). On its own this does not give
a full quantum theory and must be supplemented by
further measures, but it does lead to supergauge trans-
formations as its automorphisms,

In Sec. II the Bose sector of the Wess— Zumino super-
gauge algebra!’ is shown to come from the standard
theory of automorphisms of a complex structure, ¥ while
the subalgebra preserving the Hermitian structure con-
sists of the Poincaré algebra. In Sec, III the use of the
Segal technique for Fermi—Dirac quantization is shown
to be related to a four-component Majorana spinor
formulation of geometry related to local twistor theory,
thereby clarifying the relationship between the Wess—
Zumino supergauge algebra and twistors noted earlier
by Salam and Strathdee, 1® The significance of the Wess—
Zumino transformations is that they preserve the com-
plex structure and hence the distinction between the
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creation and annihilation operators of the formal
geometric quantization theory, while the Volkov—Akulov
subalgebra preserves also the magnitude of the com-
mutation relations.

1. BOSE SECTOR

A G-structure is defined!® to be a differentiable sub-
bundle with structure group G of the bundle of general
linear frames. As mentioned in the introduction the
main G-structures to be considered are the pseudo-
Riemannian metric structure and the almost complex
structure with G =80(1, 3) and GL(2, €) respectively.
The light-cone structure, which is often regarded as
fundamental to quantization, is a CO(1, 3)-structure in
this formalism, and differs from the almost complex
structure by an additional phase factor corresponding
to the one-parameter group of transformations whose
real generator is the almost complex structure J, where
J*=—1. A spinor structure is defined up to a sign as
an SL(2, €)-structure, but if this sign ambiguity is to be
removed so enabling distinetion between positive and
negative energy spinors, the spinor structure must be
defined as a subbundle of the bundle of metalinear
frames?®® with group ML(2, €), where ML(2, €) is the
double covering of GL{2, €) corresponding to the sign
chosen in taking the square root of det(g), g= GL(2,C)
in defining spinor transformations, The close relation-
ship between metric, spinor, conformal (or causal),
and complex structures is unique to the signature of
space—time, and in a Riemannian space—time there
would be no possibility of a covariant Segal-type quan-
tization since O(4) N GL(2, €)=U(2).

Automorphisms are defined for integrable G-struc-
tures, where a G-structure over the base space M is
said to be integrable if every point of M has a coordi-
nate neighborhood U with local coordinate system
(x° . ..,x%) such that the cross section (3/3x’,...,3/8x%
over U is a cross section of the G-structure over U.
Every GL(4,IR)-structure is integrable, but in general
integrability requires the vanishing of some tensor
field; the Riemannian curvature for an S0(1, 3)-struc-
ture, the conformal curvature for a CO(1, 3) structure,
and the Nijenhuis tensor N(X, Y) for a GL(2, €}-struc-
ture, where

N(x, vy =2{lux, gy - dlJXx, Y} - Jix, IV~ X, Y]}, (2.1)

where X, Y« IR!. Since the Nijenhuis tensor is related
to the torsion tensor of an almost complex connection
(2.2) below, a sufficient (but not necessary) condition
for integrability of a GL(2, €) structure is that there
should be no torsion

N(X, Y)=2T(X, ¥) + 2J(T(X, Y))

+2J(T(JX, ¥)) - 2T(JX,JY), (2.2)

where T(X, Y), X, Ve IR*, denotes the torsion tensor.

A vector field X on M is an infinitesimal automor-
phism of a G-structure P if it generates a one-param-
eter group of automorphisms of P, and hence if the Lie
derivative with respect to X of the corresponding tensor
field on M vanishes. Thus for the complex structure
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tensor J

Lxd=0 2.3)
or equivalently

Lx, 7¥l=Jdx, ¥]), ¥Ye DO, 2.4)

where D{M) is the space of vector fields on M.

For the present approach automorphisms are con-
sidered in terms of their local behavior, for which
there is no loss in generality in taking M =1R! so that
any G-structure can be expressed as RIX G, Any
vector field X can be expressed locally as a power
series

3
x:f?o N3/ /axk, (2.5)
where
1 Hu
}\H:Zk) ET Z aﬁj'“ukxuioooxuk (206)

u-1.eu,uk=0

and the coefficients aj....,, are symmetric in the sub-
scripts. X is an infinitesimal automorphism of a G-
structure iff the matrix (93* /3x"), 0<u, v<3, belongs
to the Lie algebra of G, and hence iff for each fixed

Peg ° °° Py the matrix a:f’””k belongs to the Lie algebra
of G. For some groups G thig is trivial in the sense that
the coefficients are necessarily zero for 2> 1, but this
is not always so, and a prolongation of the Lie algebra
G may be defined having a graded structure } ;G,,
3=0,1,2,°°°, whose order is said to be the first posi-
tive integer j such that G; =0, The jth prolongation G;
is defined as the space of symmetric multilinear
mappings

1R4Xo . axm4 _.]R4
(j+1) times

such that for each fixed vy,...,v;= R* the linear trans-
formation v= R* ~ (v, vy, . . ., v;) € IR* belongs to G.

In the cases of Riemannian or pseudo-Riemannian
structures this prolongation is trivial, with G;=0, and
the theory of infinitesimal automorphisms of the G-
structure is that of Killing vector fields (of flat space).
The first nontriviai case is that of a conformal struc-
ture, i.e., G=CO(1,3). Only the dilatation subalgebra
of G prolongs, and G, consists of the four derivations
435 011 of the scale factor 53 ;tf. These four elements
commute with each other and generate the Lie algebra
of special conformal transformations (or “accelera-
tions”), while Gy, can be shown to vanish, 18

The Lie algebra of GL(2,C) regarded as a real sub-
group of GL{4,IR) via the mapping

(A +iB) (fB i),

(where A, B are 2x2 real matrices) is equivalent to
that of CO(1, 3) with the addition of an element corre-
sponding to J.

( 0 12>
7= \_1, 0/
where 1, denotes the 2 X2 unit matrix. This element is
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skew-symmetric, and so does not have any prolonga-
tion; hence the prolonged Lie algebra of gl(2, €) is iso-
morphous to IRI®U(1) S CO(L, 3) BIR*~U(2,2), The
Bose sector of the Wess—Zumino GLA appears there-
fore in the geometric quantization scheme as the in-
finitesimal automorphisms of the complex structure .

Infinitesimal coordinate transformations appear in
this formalism as the elements of the prolonged Lie
algebra of GL(4,IR) which is of infinite type, thus they
generate automorphisms of the bundle of general linear
frames.

iI1l. FERMI SECTOR

In addition to the usual automorphisms of the complex
structure considered in the previous section, it is also
preserved by certain spinor transformations. The
ability of the abstract quantization scheme to treat
bosons and fermions in a unified manner results from
the standard decomposition of the Hermitian metric
g(X, Y) into real and imaginary parts.

g(X, ¥) =S(X, Y) +iA(X, Y), (3.1)
where X, Ye IRY, and

S(X, ¥)=S(Y, X) (3.2)

AX,Y)=-A(Y,X)=~S(JX, T). (3.3)

In principle this means that the metric can be used to
define two formal quantum theories with the commuta-
tion relations

explio()] explio(y)] = expliA(x, v)] explio(y)] expliex)],
(3.4)

D) P(y) +P(p) P(x) =Sx, y) 1, (3.5)

where (3.4) is the Weyl form of the commutation rela-
tions avoiding the basic unboundedness problem of the

Bose operators. These two quantizations were consid-
ered elsewhere? and their significance here lies in the
relation of (3.5) to Majorana spinors.

It was shown'? that as a result of the Cartan isotropic
vector ~—- spinor correspondence in three dimensions?!

3
€ {2y (') = 0} (3.6)

i=
a formal quantum theory (3.5) could be written in which
the Dirac gamma matrices acted as formal quantum
operators for points of 3-D hypersurfaces. The space
of spinors on which the Dirac matrices act is the direct
sum of left- and right-handed €%, where the space of
two component spinors corresponds to the mapping
GL(4,1IR) —~GL(2, €) defined by the complex structure
J. Since J defines a 4-orientation, the two spaces C%
and €% must have opposite time orientation in addition
to opposite chirality. This formalism was compared
with the real Dirac algebra approach to space—time of
Hestenes? in which the physically uninterpreted quan-
tity (Z) in the Dirac equation was represented by v, in
the Dirac algebra, and in the present case €! is the
complexification of the IR! space of Majorana spinors
with respect to ;.
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The Majorana spinors so defined determine a fiber
isomorphous to IR* over each point of space—time, and
together these fibers constitute a spinor bundle of meta-
linear frames with structure group ML(2, C), where
ML(2, €) is the two-fold covering of GL(2, €) corre-
sponding to the choice of sign of the square root of the
determinant of elements GL(2, €) taken for the spinor
transformations. Globally the existence of the meta-
linear frame bundle requires the cohomology condition
H*(M, Z,)=0, where M denotes space—time. 2’ The
Majorana spinor bundle is the spinor analog of the
tangent bundle which is the associated vector bundle
with standard fiber IR* of the general linear frame
bundle L{M) with structure group GL(4,IR). Local
spinor transformations

Yo () = P () + 0y (x) 1< <4
are defined vertically on the fiber 7(x), and so pre-
serve the complex structure J,

Supergauge theory is very closely linked to the spinor
formulation of geometry, as is most evident from the
two-component spinor formations of Ferrara ef al.?®
This includes the basic anticommutator

{SU,SB}ZZU;BP‘“ (3.7

where P, is the momentum operator and 0% the Van
der Waerden symbol where the bar denotes the
Hermitian conjugate, and the relation of dotted to un-
dotted spinors is

Sp=(Sy)*, (Su)*=5,. (3.8)
Formula (2.7) may be inverted to give
P, :UuaESocgﬂ" égumg[saygﬁ]' (3.9)

This is similar to the usual Penrose two-component
spinor description (3.10) of a vector x, except for an
extra term

Xy :Uua?ssagﬂ' (3.10)

Since the spinor components S, ,S; define a basis the
commutator [S,, S,] satisfies

[Saygﬂ]ZGaB’ (3.11)

where €, is the Levi-Civita symbol, so that P, differs
from x, by an extra component in the spin plane of the
spinor. The significance of this is that whereas the
commutator {x*, x, ] vanishes, {x*, P, ] does not, in
accordance with quantum mechanics.

A similar formalism exists for the Majorana spinor
formulation, thus inverting the anticommutator

{be, Y} = (C1y*)ys P, (3.12)

where C denotes the charge conjugation matrix for the
representation chosen, gives

P, = (nc)w{d}a, %} (3.13)

The Majorana spinor formulation of geometry does
not seem to have been fully investigated, and it may be
noted that instead of using the conversions of vector to
spinor formalisms employing a summation over spinor
indices, a homogeneous function approach more
analogous to that of twistor theory may be adopted,
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which is essentially the defining relation for the
Majorana representation.

Using the single complex variable form of the homo-
geneous functions the relationship between the vector
and Majorana representations is given by the theory of
covariant vector operators for SL(2, €).% An operator
T(xiz), where x and z are complex variables, is a co-
variant vector operator if for any pair of functions
b=y and Ye )

)= [ 6(z) T(x|2) v(z) dz (3.14)

is an element of the space [ where x* =(2,2) and if
the operator equation (3. 15) is satisfied

T34 T(x) T = (a0x + ayy)(agpx + ay) Tlx,), (3.15)
where (a;;)= SL(2,C), 1<¢,j<2, and /), with x=(ny,n,)
is the space of homogeneous functions such that for

z)e D,

Tr8(2)
gt a442 + ay
= (a + 1 + n2-t 9 2 .
(a2 + az) (@302 + ay,) (“122+azz> (3.16)

The Majorana representation used here has x, x’

=1 (3, — 3) and belongs to the principal series of rep-

resentations, while the other Majorana representation

series with X=(~ 3, - 3) belonging to the supplementary

series is infinite dimensional and does not fit into the

geometric quantization scheme.*® For the case

X =x(3, ~ 3) the covariant vector operator T{x|z) has

the respective forms
T(x|z)=(z - )V z - %)

(z~x)V?, (3.17)

2
2z
K

Tlx|2) =EF -V ¥z - x) == (7~ )2, (3.18)

kS
where bar denotes complex conjugation.

The formalism presented so far here has not depend-
ed on the essential feature of supergauge theory, namely
that the supergauge transformations should generate a
graded Lie algebra, thereby enabling the possibility of
a unified non-Abelian gauge theory of both bosons and
fermions. L=} .-y L, is a graded Lie algebra with index
set N if given a bilinear map | s Jof LXL —L the fol-
lowing conditions hold:

() [Lk: LI]CL;;on
(b) [X, y] = ("‘ l)kl[ v, x];
(C) [X, [y, Z]]:[[ X, y]) Z]+ (" l)kl[y) [x,v Z]]r where

x< Ly, ve Ly, 22 L,, k,I,m= N, The GLA of Wess—
Zumino has the form L=L,®L B LS LD L,, where
the even elements generate a 16-D algebra isomor-
phous to u(2,2), corresponding to the infinitesimal auto-
morphisms of the complex structure, and the odd ele-
ments are Majorana spinors defined via the complex
structure on the tangent space IR! and also on the dual
space IR of special conformal transformations (or
“accelerations”). The nontrivial feature of this is the
satisfaction of condition {(¢) which leads to use of the
representation!
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A 0 B
0 Xa 0
c 0 - A*
of the general element
A B
c _ax/] of u(2, 2)

on the Fermi sector, where A< gi(2,€), B=B*,
C=C*, and Ay =~ 2iIm(TrA) and * denotes Hermitian
conjugation, instead of the obvious action of u(2,2) on
basic column and row vectors. Since the element u(1)
in the center of u(2, 2) generates automorphisms of the
commutators and anti-commutators in the Segal-type
geometric quantization its eigenstates correspond to
generalized charge eigenstates, so the significance of
the GLA requirement (c) is that the charge of the
Majorana spinors must be three times the value
otherwise expected, in accordance with the commutator

(E, ¥o == (3i/2)(v5) 5, where E< u(1). (3.19)

The other consequence of the GLA requirement is that
the pair of Majorana spinors must define a twistor rep-
resentation under su(2, 2),

A number of different types of twistors have been
developed by Penrose of which that involved in super-
gauge theory is usually regarded as the most trivial;
it results from applying the Penrose construction to the
tangent space at each point of spacetime separately so
giving a field of flat space twistors. Curvature in this
model is described by the position dependence of the
complex structure tensor J, i.e., by the nonlinear
realization GL{4,1R)/GL(2, €), or alternatively by the
complex connection coefficients corresponding to the
nonlinear realization G%(4)/U(2,2), where G*(4) is the
structure group of the bundle of second order frames?®
and consists of elements of the form (a?, ajk), where
aie GL(4,IR) and a}, =a;. One difference from the
Penrose approach to twistors is that according to the
preceding analysis quantum mechanics is already built
into the theory through solving the supergauge commuta-
tion relations for the momentum operator, so giving the
modified spinor formalism (3.9), (3.13) for 3/8x*.

The 14-dimensional subalgebra which generates the
Volkov—Akulov supergauge transformations consists
of the generators of the Poincaré group, together with
the components of the Majorana spinor #,, 1< <4, and
defines the algebra of infinitesimal automorphisms of
the Hermitian metric g, (X, ¥) of space—time. The
geometrical approach to supergauge theory followed
here shows the transition from the Wess—Zumino
supergauge algebra to the 14-dimensional subalgebra
as due explicitly to the breaking of conformal sym-
metry, and has one nontrivial consequence; namely, it
requires p?« %, where p is the basic unit of length used
in the geometric quantization. To obtain the explicit
appearance of the gravitional coupling constant in this
relationship, it is necessary to consider the symmetry
breaking through the Ricci curvature form of the line
bundle with structure group GL(2, €)/SL(2, C) and its
relation to the field equations of general relativity.
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IV. DISCUSSION

The main result of this paper is to show via the theory
of geometric quantization how Wess—Zumino supergauge
theory is related to the spinor and twistor®® formulations
of geometry, subject to the proportionality p? « 7 where
it suggests two extensions of the spinor formalism:

(1) the introduction of quantum mechanics through in-
version of the supergauge commutation relations, and

(2) the use of Majorana four-component spinors in-
stead of the usual two-component spinors. It also shows
how the theory of quantization based on the line bundle
over spacetime with structure group GL(2, C)/SL{2, C)
is related to twistor theory.

Regarding supergravity and the curved space formu-
lation of supergauge theory this theory amounts to one
of local supergauge transformations depending only
linearly on position, but with the definition of the
Majorana spinor depending arbitrarily on position
through the local reduction GL{4,R)/SL(2,T). The
infinitesimal automorphisms of the set of all possible
such reductions GL{4, IR)/SL(2, @) are simply the infin-
itesimal automorphisms of the GL(4,IR) structure it-
self which are the nonsingular infinitesimal coordinate
transformations. This theory is much more restricted
than the Kaluza—Klein type supergeometry considered
by Arnowitt and Nath because the space—time metric
2., determines the definition of the Majorana spinors
and hence also the spinor metric components g, of the
supermetric g 5. Furthermore fields defined on
Majorana spinor space must be related to those on
spacetime through the covariant vector operator
formalism (3.14) for SL(2, ), or more generally by
the relation of quantum mechanical twistor functions
to fields on spacetime. This geometrical interpretation
also limits the scope for unified field theories of the
Kaluza—Klein type, but retains the possibility that gauge
symmetries can be described as due to the invariance
of functions of several twistors under transformations
of the twistors® and hence under the corresponding
supergauge transformations.

The present geometric approach to supergauge theory
corresponds to a very specific attitude to quantum
gravity; namely that much of quantum theory is the
theory of nonlinear realizations of IR* ® GL(4,R). Ac-
cording to this view the reduction GL{4,IR)/GL(2, C)
defines the complex structure underlying all second
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quantization, while remaining unquantized itself, and
the reduction GL{2, €)/SL(2, C) defines a section of the
line bundle which has to be quantized, and is the part
of the gravitational field which couples to T,,. In terms
of the curvature tensor the conformal part which is
determined by J together with a phase factor remains
unquantized while the Ricci curvature has to be quan-
tized: some considerations of this scheme have been
given elsewhere, 12 put it remains to be shown that a
consistent quantum theory can be so obtained.
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Correlations near phase transition in a simple fluid
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Correlations in a system with a weak, long-ranged attractive potential are studied. Using a natural small
parameter, the asymptotic orders of all correlations are established. Explicit leading order solutions are
obtained for all correlations when the system is away from phase change. As it approaches transition, it is
shown that the many-body correlations, even though still small, develop very long ranges and that they
are extremely slowly varying functions over space. As a result all the correlations contribute equally
significantly to the computation of the pair correlation. In an asymptotic region near transition, a
hierarchy is derived in which each correlation is expressed in terms of its immediate predecessor, its
immediate successor and the pair correlation. The pair potential does not appear in these equations.
Instead the correlations are expressed in terms of a Yukawa potential whose strength and range are
related to the density and other parameters but not to the detailed form of the potential. In the leading

approximation, the pair correlation is proportional to this Yukawa function.

INTRODUCTION

The purpose of this paper is to investigate the be-
havior of correlations in a simple fluid in a region near
change of phase. We consider a model in which the
molecular interaction consists of a small hard core
and a weak, long-range atfractive force. The precise
nature of the attractive force is unimportant for the
analysis here and is never used. The only requirement
made is that the integral over all space of the attrac-
tive potential be of order one. The smallness of the
parameter describing the weak nature of the potential
(as well as its long range) is used to obtain a consistent
asymptotic ordering of all correlations. The asymptotic
analysis of this problem away from the region of con-
densation turns out to be the same as that in the so-
called “plasma limit.”! This model resembles that of
Kac, Uhlenbeck, and Hemmer, 4.3 put the actual in-
verse-range parametrization is similar to that sug-
gested by Stell and Theumann* and by Hdye and Stell.®

The usual approach to problems of this kind is to
perform a virial expansion and then resum the sig-
nificant terms. %% Graph-theoretical techniques are
useful and powerful in doing this and as Stell’ has shown,
they can be used to solve the formal closure problem of
expressing the many-body correlations in terms of the
two-body function.

We present here a somewhat different approach.
Starting from the BBGKY hierarchy, we make use of
a small parameter to order all the correlations and
to obtain explicit asymptotic solutions for them, which
would be uniformly valid throughout space. We show
that in this asymptotic limit, the three-body and higher
correlations are uniformly small. Actually, the higher
correlations are succesively smaller, So long as the
system is not close to condensation, the contributions
of higher correlations to the computation of the pair
correlation are succesively more and more insignifi-
cant, As a result one obtains, in an asymptotic limit,
the well known hypernetted chain equation for the pair
correlation function.? But as the system approaches
phase change, ® even though the higher correlations re-
main small, their range becomes large. Therefore,
their contributions to certain integrals become signifi-
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cant. More precisely, every correlation contributes
to the leading order of the pair correlation. For this
asymptotic region, an infinite chain of equations is de-
rived and it cannot be legitimately truncated. This
chain is simpler than the BBGKY hierarchy in two
senses. One is that it contains far fewer terms. The
other is that whereas the BBGKY hierarchy expresses
each correlation in terms itself, its successor and

all its predecessors, our hierarchy expresses each
correlation in terms of its immediate predecessor, its
immediate successor, and the pair correlation. In
other words, whereas each equation in the BBGKY
hierarchy is an integral equation, ours is obtained by
asymptotically solving for each correlation in

terms of its predecessor, its sucessor, and the pair
correlation. The pair potential does not appear in any
of these equations. Thus these results are independent
of the detailed form of the potential. Instead, what ap-
pears is a Yukawa potential whose strength and range
are related fo the strength, range, and the second mo-
ment of -the pair potential. In the leading approximation,
truncation of the hierarchy at the first level gives an
expression of the pair correlation of this Yukawa form.

In Sec. 1, we define correlation functions through a
cluster expansion suitable for our purposes. We pre-
sent the equation for the general s-body correlation. In
the next section the potential and the origin of the small
parameter are described. Using that, all the correla-
tions are ordered and leading order solutions are ob-
tained for the three-body and higher correlations, In
Sec. 3, these solutions are used to derive the hyper-
netted chain equation, away from the region of conden-
sation. Then in Sec. 4, the entire asymptotics is re-
done as the system is assumed to be close to phase
change.

1. BASIC EQUATIONS

The starting point for our analysis is a hierarchy of
equations for correlation functions, derived from the
BBGKY hierarchy through a cluster expansion. No sim-
plifying assumptions are made in this process. The
details and proofs for the derivation are given in Ref. 1.
Here we shall only symmarize the results. It should
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be pointed out that the cluster expansion used here is
different from the well-known one due to Mayer and
Ursell. Also the functions we call s-body correlations
are different from the Mayer—Ursell correlations ex-
cept for s =2, Our functions are related to potentials
of average force.*® The advantages of using such a
cluster expansion are many. Not only can one write
down the sth equation of the hierarchy explicitly, but
all the correlations can be consistently ordered in
terms of a small parameter. It can be shown that for
s> 2, all the s-body correlations are uniformly small
throughout space. Under certain conditions, this leads
to a legitimate truncation of the hierarchy and one can
obtain explicit solutions for the three-body and higher
correlations, These solutions are functionals of the pair
correlation and do not depend upon the detailed nature
of the potential. +%1¢

Consider a spatially homogeneous system of identical
particles, each of mass m, interacting through a two-
body potential ¢. We shall assume that the bulk limit
exists and that the system is being described in that
limit. Let » be the number density of particles. We
shall denote by {p}S (1 <p<s—-r+1), a set of p parti-
cles chosen from the set (,»+1, ,8)of s—r+1
particles, f(p}s will stand for the p partlcle ‘reduced”
distribution fuhction!! for the set {p}. Sometimes we
shall find it convenient to name some or all the parti-
cles. Then we shall use the notation f,, ., ... Jpps tO
stand for the (g + p)-particle reduced distribution of the
q particles, ay, a,,...,a, and the p particles belonging
to the set {p}S. For example, f3 will stand for the two-
body reduced distribution of the particles 3 and 4. We
shall denote by {p/i’}S a set of p particles from the set
obtained by removing the jth particle from
{r,r+1,.. .5 Sh

Then we have, for s =2, 3, °°° the well-known BBGKY
hierarchy,

2 s 2 1 <’ 96, @
— + L. J— ol ¥ Y
[at Z v % " m F5 k. av, ) T
n 2 fl
= ;; Z_; a;{s f(s-vi}s"1 dxs+1 dvs+1- (ln 1)

Here X; and v; denote the position and velocity, respec-
tively of particle #, ¢;; denotes the potential between
particles ¢ and j and a/axi and 3/3v; stand for the gradi-
ents with respect to the position vector and velocity
vector, respectively, of particle 7,

We define the s-particle correlation U5, for s=2,
through the following equation:

(S
° (Hf“}f) [1 + (Y(s);] .

(1.2)

- Ofts-ty ftsaf
Nfisa Mfisng

Jisi§ =

Here I1f,,s stands for the product of all distinet p-
particle distribution functions that can be formed from
the s particles 1,2,...,s. This product will contain
(;) factors, If one neglects Argys (1.2) can be thought
of as a generalization of Kirkwood’s superposition ap-
proximation. For s=2, 3, and 4, for example, the
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correlations are defined by
fa=fifl(l+agy),

S123 -—I‘}%}?fz— (1+ agy),

Tsfuhafa
Frafi3f1uSasfafu fifofsfull + Cpa)-
Gy, is what is usually known as the pair correlation
function, As for the distribution functions,

Cagyagenrag (1S will stand for the (g + p)-particle correla-
tion functlon of the set of particles denoted by the
subscripts.

fia3=

In thermal equilibrium, all the correlations are inde-
pendent of velocities and are functions only of positions.
Also,

3/2 2
{7 _ _my
f1= (anT) exp < kT ) ’

where % is the Boltzmann’s constant and T is the tem-
perature. In that case, we can substitute for the dis-
tributions the expressions (1.2) and (1. 3) and obtain
from the BBGKY hierarchy, the following hierarchy for

(1.3)

correlations:
__ 1 99y n
g o e == g o - [ By
X (a23+a123+a23a”3)dx3. (1.4)
For s =3,
d n a9
— e 1s 541
o, log(1+ a(s}:) 5T 7%

X(1+a1 5*1 2 Ha(kli s+19 (1.5)
where the summation is over all products satisfying
the following conditions:

(i) The sets {p;}§ occurring in each product are
distinct,

(ii) If p; =1, the particle 1 is not a member of {p;}.
(iii) Let UT, {pl§={pf. Thenp=s—-1orp=s,

(iv) If p=s~1, the particle 1 is not a member of
{p}.

This means that, for example, for s=4, terms such
as Oy50,35 and 0y,c0935 cannot occur in the sum, the
former because of (iii) and the latter because of (iv).
These statements are proved in Ref, 1.

2. THE POTENTIAL AND ITS EFFECTS ON ORDERING

In order to obtain useful solutions to the hierarchy
[(1.4), (1.5)], we look for methods of simplifying it, If
there is a small parameter € natural to the system, it
can be used to estimate the orders of the correlation
functions and one can attempt an asymptotic solution
of the hierarchy. For this purpose, let us suppose that
the potential consists of a small hard core and a weak
long-ranged attraction. The small parameter will be
related to the ratio between the range of the hard core
and that of the attractive potential. There is a natural
length scale in the problem, namely, »n-1/3. We shall
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uge this as a standard of reference. For the sake of
facility of expression, sometimes we shall refer to a
distance as being of a certain order instead of saying
that ratio of that distance to n-1/? is of that order. The
symbols O and o will be used in their usual sense. We
shall say that two quantities y(e) and z(¢), are precisely
of the same order and denote it by y~z if y =0(z) and
z=0(y).

The radius of the hard core will be assumed to be of
the order of €#/? where ¢ is 0(1). The exponent  is
chosen so that the effect of the hard core would be sig-
nificant in an asymptotic region near phase change.

The attractive part of the potential will be assumed to
have a range of the order of ¢! and its strength for
distances of its range to be of order ¢%. Outside the hard
core, ¢(») will be assumed to be a smooth, negative,
increasing function of » such that

1 ° ~
o [ ) Y dr~ 1,

where 0 is the radius of the hard core. The analysis that
follows is independent of the detailed form of the poten-
tial. For the purpose of visualizing it, however, one
could think of the attractive part as something like

— e*A exp(—efv)/», where A, f~1,

Under these assumptions, away from the region of
phase change, the asymptotic analysis turns out to be
similar to that in the so-called “plasma limit.” The
technique employed is one of successive estimates and
consistency arguments, It can be summarized as fol-
lows,. Suppose that the asymptotic orders of oy for
j=1,2,...,5s~1 are known. In the equations for a s,
all the terms involving a s+ are neglected and the
order of a;,s is estimated. Then in the equation for
@i5.5*1; all the terms containing the (s +2)-particle
correlation are neglected and this estimate of a4 and
those known for lower correlations are used to esti-
mate the order of a 43+, This is then put back in the
full equation for g to check if it affects the original
estimate. Finally, after having found the orders of all
the correlations, as a result of this ordering procedure,
one can obtain explicit solutions to the leading order
for all correlations, away from the region of phase
change. The consistency argument is completed and
verified by observing that these solutions concur in
order with the earlier asymptotic estimates.

To illustrate this, let us start with (1.4). Neglecting
@443, Suppose one seeks a solution to the resulting
differentio-integral equation,

3 1og(alx1+ o) _ kl_T aa_‘f{:z _ 'kn_T ?ﬁﬁ (1 + ay3) oy dx,
(2.1
by iteration. One would start by setting
dlog(l+af) 1 3¢y @.2)
9%, RT 2% ’

solve this, substitute it for ay; and a,; inside the inte-
gral in (2.1), and solve it again and so on. If the itera-
tion converges or if it is asymptotic (i.e., yielding suc-
cessively smaller correction terms as € —0), the solu-
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tion to (2. 2) will be a good pointwise estimate of the
solution to (2.1). Integrating (2.2) with the condition
that oy, ~0 as %, ~x,| —= we have

afy =¥y =~ 1+ exp(- ¢;,/kT).

For |% - X, | =0(¢¥/3%), ¥;,~1 and if 1% -x,1~1 or
larger, W¥y,~ ¢o/kT =0(1). Substituting (2, 3) in (2. 1),
we find that the integral term becomes

J
ox, /q’ta‘pza dxs.

(2.3)

A n

Let X, — X =r and X, - X; =£. Then,
n [ Wyl dxy~n|E |2 ¥(|E))¥(|r-E]).

If lri~€é/3) the major contribution comes from [£|~¢?/3
and this term is of the order ¢!, Hence the iteration is
asymptotic yielding the virial expansion, with succes-
sive terms of higher order in ¢, Therefore, for Ir!
~e/3 a,~1. For Ir!{~1 or bigger, ¥;,~ ¢y,/kT. When
Iri~1/e, i.e., the range of the potential, with [£1~1/e,
the right-hand side of (2. 4) becomes precisely of the
order of ¥(r). In other words, the integral term is sig-
nificant to the leading order when lx, —x,!~1/e. Dif-
ferentiating the logarithm in (2. 1),

(2.4)

oa 1 9¢
Bag, 1 3¢y
ox, BT ox Gt

n d
- T (1+ ayy) f—a%lu (1 + ay3) aygdxg.

Since oy, in the first estimate is ¥,, which is o(1) for
|X; — %, 1~ 1 or larger, and since the significant con-
tribution to the integral when !X, - X,| ~1/¢, comes
from |X;- X1 ~1/¢, we can write the above equation
in the form

Bt [ - P [20]

9%, 9%, BT oy 9%,
Observe that this equation is valid for all distances.
When 1%, —X,1~€¥/?, the integral term is small, but
when |%;—x,1~1/¢, it is significant. The operator on
the left side of (2. 4’), acting on the pair-correlation
function, is linear, The term o(dc,,/23X;) will generate
an asymptotic iteration. The rest can be integrated
to obtain

(2.4%)

(2.5)

Since ¥y; =~ 1+ exp(— ¢4;/RT) and ¢y, outside the hard
core is assumed to be a negative, monotonically in-
creasing, integrable function, ¥y, is square integrable.
Therefore, so long as the quantity

uzl—nf‘llide2

is a fixed positive number (~ 1), by classical Fredholm
theory!? the jteration converges everywhere. Thus the
order of @y, as given by (2. 3) remains unaltered, and
we have

Qg —n [ Wygnydxs =¥y, +o(ag,).

(2. 86)

a;,~ ¥y, everywhere. 2.7

Now we go to Eq. (1.5) with s =3 and set ay,3 to zero,
The leading iterant is

2 1og(1 + odys) n o0
CAVeN T Y287
gax1 E=- T F,E:A (1 + ayy) agy 05, dx,.
(2.8)
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Using (2. 7) and the definition of ¥,, as given by (2. 3)
and integrating with the condition that a;,; =0 as the
particle separations tend to infinity, we get the
estimate,

log(1+ aly)~n [ ¥4, ¥V, dx,. (2.9)
Let Xy - X, =T, X;~X3=£, and X; — X, =7. Then the right
side of (2.9) is of the order

nln|* () ¥(|x=n|)¥(g-n).

It is easily verified that for all values of r and £, this
quantity is O(¢®). Hence o453 =0(1) and we can write
(2.9) as

0 - ~ 6
afpy~n [ Uy oy ¥y dxy~ .

(2.10)

Since oy, ~ ¥y, everywhere, in the equation for ay,; all
terms which are integrals over products of pair corre-
lation and three-particle correlation are o(dayy;/9%;)
and we can write (1.5) for s =3, after setting a4,y to
zZero, as

e 0w
Py f oy, ax,

¥ o
— ikl +o | =421 |
n / 3 Qg O3y dXy o[ 5%, ]

(2.11)
As before, so long as u=1-n[¥,,dx, is a fixed positive
number, the iteration converges and the estimate (2. 10)
remains unaltered.

Now we have to put this estimate in (1. 4) and verify
that (2. 7) still remains valid. This is immediate, since
from (2. 10) aq,3 =0(¥y,) everywhere and from (2. 11) the
integral terms in (1.4) containing a,,; are o(3¥,,/0%,).
But 9¥,,/9%, is the leading iterant and hence ayy; will
make asymptotically small contributions to the iteration.
This completes the argument for the pair-correlation
and partly for the three-body correlation. Next one
proceeds to the equation for a3, estimates it and
verifies that it contributes asymptotically small terms
to &4,3. In general one can show that for s= 3,

5

Ay~ J }31 ¥, 01 dXsus (2.12)
This result is demonstrated by a different argument in
Ref. 2. It is easily seen from (2.12) that for s> 2,
(g =0(1) for all values of its argument. In particular,
if every pair of particles is separated by a distance of
the order €2/3, a{s)§~€2 and if every pair is separated
by a distance 1/¢, viz., the range of the potential,
a (s}§~es"'3. It should be pointed out that the range of
every correlation is of the order of the potential. In
other words, if any pair of particles is separated by a
distance much larger than the potential [i.e., 1/¢
= of(distance)], a(qj, where {s}§ contains this pair, es-
sentially vanishes as fast as the potential. This is
obvious from the estimate (2.12). This is due to the
fact that we have assumed that p~1, If p is sufficiently
small, however, as we shall see in Sec. 4, the range of
each correlation is much longer than that of the
potential.

It should be emphasized that in all these ordering
arguments, e is considered to be an infinitesimal in the
strict asymptotic sense. In other words, the sum of
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any finite number of infinitesimally small terms is still
an infinitesimal,

Now for the final step of obtaining leading order solu-
tions let us first illustrate this with oy, and ayy3. The
equation (2.5) can be solved by taking Fourier trans-
forms and it is easily verified that ay, is of the same
order as ¥,,. The leading order equation (2.11) for
Q4,3 can be integrated and written as
Upps =1 [ Uyq Oy dX,

=n f‘l"14 01240134dx4 +O(a123). (2.13)

Substituting for ¥,, on the right side from (2.5) and
rearranging terms, we have

Qg =1 [ 0yyQy a5 dX,
—n [ Wylagy —n [ ay0550,5dxs]dx, = olayy,).

From a well-known uniqueness theorem for Fredholm
equations we conclude that

Qppg=n [ 04,005 A%y +0(493). (2.14)
Similarly, one can show that
Uyo34 =N f 045 (01 g5 0 g5 + Qo Qlyys
+ Qg5 + g5 ly55) dXs +0(Clp3). (2.15)

In general for s >3,
m
agi=n [ oy, L @50 d%eug +0(C ), (2.16)

where the summation is over all products such that
(i) In any one product all the {p,}’s are distinct,
(i) p;<s-1,
(i) Uiy {pt={s - 1},
(iv) all the {p,};’s are pairwise disjoint.

A proof of this is given in Ref. 1. The symmetry of the
expression (2. 16) under permutations of subscripts can
be verified., The term consisting of p; =1 for all j along
with the fact that a4, ~ ¥y,, corroborates the estimate
(2.12). It may be noted that the potential does not appear
explicitly in (2. 16). Thus all the correlations are ex-
pressed as functionals of the pair correlation.

3. THE HYPERNETTED CHAIN EQUATION

This is obtained by retaining terms up to and includ-
ing the leading order in @4y, in Eq. (1.4). Since ay3~1
only for distances of order ¢2/3 and o(1) for longer
distances, the term [ (do3/3%;) ay30455d%s is o] [(36y3/
0X,) a5,3dxX;] and hence can be neglected to this order.
Substituting for o4,; its leading order solution (2. 14),
(1. 4) now becomes

3 log(l + ayy)
9%y

1 2¢ n 0
——— 2 ha s
=T %T 3%, kT /axl (1+ ayy) g3 %y

- f izl'~'-1§(1+oz ) Qg0 0g dXydX,
kT ax1 137 714243 O™ .

Note that the last term on the right side is of a higher
order than 2 log(1l + ay,)/9X,. Therefore, we can sub-
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stitute to this order,
n o¢
- oF /-5,?:3 (1 + ay3) oy, dxy

=2 log(1+a“)+~1— 994 +o[?—oil4—]

%, T 0% 0%y
to obtain
+ /ﬂog(al———x:—aﬁ 014 Olgy A%y
+7:1T_ /%%114 048y dXy +0 [63 %%:2] .

This, upon simplification and integration, yields the
hypernetted chain equation,

log(l+ ayy) =~ —g’-;,—z— n /(%‘Tﬁ +log(l+ay) - ozm) Q3 dX;.

(3.1)

The last two terms on the right side are o(a”) if p~1.
As u becomes small, however, they become significant.
Specifically we shall show that when g ~¢ they are of
the same order as the terms retained. It is easily veri-
fied that the range of oy, is of the order of e''u-1/2 and
its magnitude in its range is of the order ¢’ ut/?, Sup-
pose that p <«<1, and let |%X, ~x,!~etu1/? g0 that the
particles are separated by distances much larger than
the range of the potential. The contribution to the in-
tegral from the hard core will be 0(620112) and hence is
insignificant to the leading order in «,,. So we can re-
place ¢43/kT by — ¥,;53=1— exp(- ¢;3/2T) and expand the
logarithms to obtain,

o -n [ W30y dXs=— ¢y3/kT + 50 | algoy;dx,.
(3.2)

Let X, -X=r and X; - X3 =§. If ir!>1/¢, the range
of the potential, (rl>> [£] in the integral term on the
left side. We can expand a,y=a(r —£) in a2 Taylor series
around r,

2
(63
T ...

8, v (3.3)

Qg =gy~ &; air, ag+ 3 &k
where the subscripts 7, j denote components and the
summation convention is used. Because of the spheri-
cal symmetry of ¥,;, all the odd derivative terms inte-
grate to zero. So if one keeps the second derivative
terms, the remainder is of the order & 14(d*/
dlr*) a(irl). We anticipate that (@/diriYa(irl)
~a(lrl)/Ir!t, Since ¥ has a range of 1/¢, and is of
magnitude ¢ in its range,

S ¥y | xy~ x4 dxy~ 1/6k

Therefore, the remainder term upon integration is of
the order a(ir!)/ir|%* which is much smaller than the
second derivative term which is of the order a(lrl)/
ir|%% Now (3.2) can be written as

n n
oy -5 Vza12f\x1—x3|2\1113dx3: 3 fa%3a23dx3.
(3.4)
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The ¢4, term does not appear because Ix;—x,! > 1/,
If one neglects the right side, which arises from ay,;,
the solution is

€A exp(-evirl)

= T oIrl ¢ (3.5)
where

€V =pn/ [|x - x5|?¥y5dx, (3.6)
and

A=— 1615: d(1)e?, (3.7)

The constant A is determined from the matching condi-
tion that when Iri~1, a(lrl)~- (1/kT)6(Irl). It is
easily verified that both terms on the left side of (3. 4)
are of the same order.

Also from (3.6), one has

v~ /e, (3.8)
Now we can estimate the right side of (3. 4) to be of the
order €’a,,. Therefore, when pt~¢, the right side of

(3. 4) becomes significant. Finally it can be readily
checked that if oy, is given by (3.5), Viay,~ a4,/

IX, — X, |? as anticipated.

4. REGION OF PHASE CHANGE

In the last section we showed that «,,5, even though
small, makes a significant contribution to the leading
order to a,, if g ~€*. This implies that the asymptotic
analysis presented in Sec. 2 is not valid as g — 0 with
€. In this limit, the range of o, becomes infinite and so
does the compressibility., Hence we refer to the region
u~e€® as the “region of phase change.” In this section
we redo the asymptotics on the BBGKY hierarchy in
this limit.

In particular, we study the behavior of the correla-
tion functions as p — 0, when the particles are separated
by distances much larger than the range of the potential.

The calculations presented in the last section indicate
that in the equation for the s-particle correlation, one
must retain the (s +1)-particle correlation. The corre-
lation functions themselves are small in magnitude
but because of their long range, integrals over them are
significant. Therefore, if we seek a solution to the lead-
ing order for e(;i, we can still neglect all those terms
containing products of «;  with other correlations. We
can replace log(1+ a(”{) by Ay We should, however,
retain the term containing Qg4 singly. Thus (1.4)
and (1.5) for s =3 become in this limit,

GLe o
—Lax12 -n /_—Lax: O3 dXg

¥ o ov
:a—lz-+n ./-a—lI§ 01123dX3+0('8—‘12-) 5 (4.1)
2%y X *
¥
9%z -n /__1_8 4 oyg dx,
0%y 0%y
ov v Ja
=n /—a—}—qﬂ Qgy0lg, dXy + 1 ‘/-Rﬂ g3 dXy +o(—a£12f3> .
(4.2)
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In general, for s =3,

s
if'.‘_‘ﬂl —-n fa_‘l,laﬁl oy gysH dx
0%

A, .,
=n ‘/-‘aji;iiz Ha(Pj};,s*l

n o, o,
+§ f__ix_l_s a(s,,“-;d dxs~1+0 (a‘s’”fd)’ (4.3)

0%y
where the summation is over the same products as
given by (2.16). Notice that we have replaced 3¢,,/9x,
(1+a,;) by 3¥,;,/3x;, because these two quantities are
equal to the leading order, inside the hard core, and
outside it, ¥;;~ ¢;; and @;; is small. We shall assume
that p~e? and 1, — %) | ~1/€?, Let Loyy3=ayy,
—n [ W40, dX,. Expanding o,y around 04,3 in a Taylor

series it is readily seen that
La123~“a123:0(0{123)- (4. 4)

Hence to this order,
B\Ilj 8\111
/ axi Oyg3dXy =1’ ﬂ ax13 Wy Qg3 dXy dXg

o
= nz / E’X‘:A ‘1’130234 dX4 dx:;

(by interchanging 3 and 4)

0
7%, ff‘lf13‘1'14a234dx4dx3

0
7, ’/‘\I/13 0p3dX; [from (4.4)].

1l

IS EW

[

Substituting this in (4. 1), and integrating it we have
Qqy =1 /‘1’130‘23617‘3

:‘1’12"'% [‘1’130‘123dx3‘*‘0(a12)- (4.5)

Similarly in (4. 2) we replace @53, by 7 [ W50, dX;,
interchange 4 and 5, and integrate to obtain

Qg3 -1 f‘I’14aza4dx4

n
=n f‘l’14az4a34dx4+§ /‘P1401234dx4+0("123)-
(4.6)

Just as we did in the last section, we expand a,; in
(4.5) and @,y in (4.6) in Taylor series and retain the
second derivative terms. The proof that in each case
the remainder is small is the same as presented ear-
lier. Then we have

(4
2 4
Vit —€ 3 Oq

62
==-5 Vu-5y [ Yiousdrg+oleay), (4.6

v? 18 o
1%23 =€ 7 %23

2
€n
=-xnr f‘I’14"‘24°‘34 dx, - 53 Wy Cypzq A,
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+0(e2ayy3). (4.7

Here we have set

2
©=€0, A:%—n f]:q—x,z'z‘lfudxg, 6~1, A~1.
(4.7

Define

Gra(%) ~ %) = expl~ €(6/0)1? |, - x| ].

_r
ar X - % |

(4.8)
Then (4.6’) and (4.7’) are solved by

€ en
Ap=75 fcis‘l’za ax; + ™ Gy ¥ 3y 0y30 dXy A%y + 0(yy),

en
Qa3 = 5~ G5 W50y 0y dXy dXs

2
'n
o /fcis‘l’:tsams dx, dXs + 0(0t4y3).

Note that G has a range of the order of 1/¢%. This, to-
gether with the fact that n [ ¥, dX, =1+0(1), can be
used to simplify the above equations as

2 2
€ en
Az =3 G+ 5y f/c14‘1’34“234 dx,dx; +o(ap), (4.9)

2
€
Ca3= fG,4a24a34dx4

€2
+§7¥ f f Gys ¥ 4509345 dXy dXs + 0(ayy3). (4.10)

In general for s =3,

2
€
a{SH:— Y /Gi,s+1zna(ﬁj}§,s*1dxs+l

2
€n
- ﬁf/Gi,s+2‘1’s+1,s+2a(sd)§*2 dxs+1 dxs+2

+olags), (4.11)
where the summation is over all products given by
(2. 16).

It can be easily verified that if ,,; is of the same
order as the first term on the right side of (4.10), then
the integral term in (4.9) is of the same order as Qyy
and hence cannot be ignored. Similarly, the equation
for ayy34 can be written as

2
&
Xa3 = 3 fcxs(azsa35a45 + Qg5 Qg + Olgg Qggg + Qg5 ygs) AXs

2

én
*tax ffcis‘l’ssa234sed"5dxs +0(ag3).

(4.12)

By following an argument similar to the one in Sec. 2,
we presume that

0y, ~ Gy~ et when |x-x|~e?, (4.13)
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A3~ € [ Gyyop 0 dx,~ b (4.14)

Then in the equation for Qygy, 0p:as:05~ €%, whereas
g5 0g4c ~ €40 and hence the former can be neglected and
we have ay,3 ~ €, This is the same order as when all
the particles are separated by distances of order 1.
Now we can show inductively that a(y5~€*. Consider

a product Ha(,j,g'sd of Eq. (4.12). Suppose that this
product has n terms with indices py,...,p, respective-
ly, 2sp,<s-2and J5y pp=5-1, so that it satisfies
all the conditions given for (2.16). If we assume that
agy~ e for j=2,...,s -1, the order of this product is
(81" Qince p, < s -2 for each k, this quantity is larg-
est when =2, i.e., when the product has only two
terms. Therefore, (4.11) is simplified to

S
fct,s+1 g Ay, 50 ¥ (s2/95, 504
€

2
n
+taox '/‘Gi,sﬁ‘l,s#‘l,s*‘l O (5013 5% 0Ky ARy + 0(0‘(3);)-

(4.15)
Here {s - 2/j'}§ stands for the set of s — 2 particles ob-
tained by removing the jth particle from the set
2,3,...,5.

LY

__€
ECTIPY

Using the fact that G has a range of the order of 1/é
it is immediately seen that o s~€®, This completes
the induction argument. It can also be easily verified
that the integral over the (s + 1)-particle term is of
the order €, For let I% ~ Xy, |~ 1/, X, - X5~ 1/e.
Then since the (s + 1)-particle correlation is of the
order ¢25*2) | the integral term containing it in (4.15)
is of the order

1 1
e e gece

(2542) :6250

As an example, suppose that the attractive potential
is of the form ~ €A exp(~ eB¥)/». From the estimate
(2.12) we see that, when the system is away from the
region of phase change, if every pair of particles is
separated by a distance of order 1, a(s,re“ for s> 2.
From this value it decays to €3%*% ag the particle separa-
tions increase to the order of e}, Near phase transition,
however, it stays to be of the same order even when
every pair of masses is separated by a very large dis-
tance, viz., of the order ¢, This suggests that for
s=3, Qqshf is a very slowly varying function of its argu-
ments. Note that this is not necessarily true for s=2,
because the pair correlation is qualitatively like a Debye
potential and its order varies with the separation, This
property of extremely slow variation of the three-body
and higher correlations can be exploited to simplify the
hierarchy (4. 15). We expand these higher correlations
around configurations obtained by replacing X;,; by X;.
Further, using the fact that p <1, we obtain the
following:

2

€t €
= Gt gy [ GisliydXy+olag), (4.16)
Q@
A3 = 3 /6140‘240‘34 dx,
2
€
+ 'Z—X fG14a1234 dX4+o(0!123), (4. 17)
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and for s> 3,

s
a(s) = _X' Z) C1(&‘-1/}'};; /61,3‘10‘,',“1 dxsq

2
+ % fGi'sdoz(s,“fd dx,. +o(a‘s,;). (4.18)

By truncating this hierarchy at various levels by
neglecting a(smf“ it is possible to solve all the equa-
tions in terms of the pair correlation and obtain single
nonlinear equations. The convergence and/or asymptot-
icity of this procedure as s —« is being investigated.
Convergence may not be as relevant here as asymptot-
icity. If € < pu <«1, it might be asymptotic.

As an example, suppose one neglects ay,. We then
get, on substituting for ay,; in (4. 16),

&
a”‘:xﬁ G12+ /C13a23dX3, (4. 19)
where
4
€
Cu= 53 G /zeazadxa- (4.20)

CONCLUSION

We have derived a hierarchy for correlations in a
region near change of phase in a simple fluid. This is
an infinite chain of equations given by (4, 16)— (4. 18).
Each correlation function is expressed in terms of its
immediate predecessor, immediate successor, and
the pair correlation function. We have shown that the
magnitude of the correlation functions becomes suc-
cessively smaller as one includes more and more parti-
cles but their range is very large. As a result all cor-
relations contribute to the leading order in the computa-
tion of the pair correlation. It is also shown that the
correlation functions vary extremely slowly over all
space. It may be possible to utilize this fact to obtain
approximate solutions to the hierarchy. One could con-
ceivably obtain formal solutions of it by truncating it
at the sth level and letting s go to infinity. But in order
to do this one perhaps should approach the region from
large values of 6 [defined in Eq. (4.7)]—i, e., approach
from the gaseous state—and obtain an asymptotic ex-
pansion in terms of 8, Work along these lines is in
progress.
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Structure of the Azzarelli-Collas representation for the
scattering amplitude and generalization to the Rice
representation and the Euler-Pochhammer representation
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The Azzarelli-Collas integral representation for the scattering amplitude is extended to the Rice
representation. The latter representation in turn is viewed as an example of the Euler-Pochhammer

representation.

. INTRODUCTION

Recently, Azzarelli and Collas have derived a new
integral representation for the scattering amplitude.!
The representation originated from their study of
Coulomb scattering in the parabolic coordinate system
where the Schrodinger equation is separable and the
wavefunctions are expressible as a superposition of
products of Whittaker functions. A general derivation
is obtained' by recasting, in the partial wave expansion,
the Legendre function in terms of the Bateman function, ?
It appears that the partial wave amplitude smeared over
by the Bateman function is a much smoother function in
the new variable, Usual Regge poles in the angular
momentum plane may now appear however as zeroes
in this new formalism,!

We study here the structure of the Azzarelli—Collas
integral representation and the generalization thereof.

The Azzarelli—Collas representation may be viewed
as a special Mellin transform. It so happens that the
same relationship exists between the Bateman function
and the Legendre function,? This last fact permits
the kernel in the integral representation (or the ex-
pansion coefficients in the power series expansion via
a Sommerfeld—Watson transformation) to be simply
related to the partial wave amplitude.

In their derivation of the integral representation,
Azzarelli—-Collas used an identity between the Legendre
function and the Bateman function, and cited the re-
ference to Rice.® Rice has actually studied a generaliza-
tion of the Bateman function, which we shall refer to as
the Rice function., The use of the Rice function in place
of the Bateman function gives an immediate generaliza-
tion of the Azzarelli—Collas representation to a new
representation which we shall refer to as the Rice
representation,

The Rice representation may be viewed further as an
example of the Euler—Pochhammer representation. *
Previously, other examples of the generalized Euler—
Pochhammer representations have been found in the
study of Feynman amplitudes, ®* Veneziano amplitudes, ©
angular momentum recoupling coefficients, ” and SU(N)
basis functions, ®

For the sake of readability, we give briefly in Sec. II
a derivation of the Azzarelli—Collas representation
from first principles. In Sec. III, we emphasize the

1935 Journal of Mathematical Physics, Vol. 18, No. 10, October 1977

Euler—Pochhammer aspect of the representation. In
Sec. IV, we generalize the Azzarelli—Collas represen-
tation to the Rice representation, The Euler—
Pochhammer structure is manifest.

Although the Azzarelli—~Collas representation owes
its origin to the analysis of the Coulomb scattering
in the parabolic coordinates, the heuristic argument
presented in Ref, 1 regarding the asymptotic behavior
of the Whittaker functions does not seem to provide a
deeper insight to the raison d’ éfre of the integral
representation. One possible interpretation from the
group-theoretic point of view would be as follows,
The spherical functions pertaining to the rank-one O(3)
group and labelled by the angular momentum ! (beside
the third component label ») belong to the family of
the Gauss hypergeometric function [such as P,(z2)=
F(=1,1+1; 1;(1 - 2)/2]. The case of the Coulomb
scattering admits, as is well known, the group O(4),
which is of rank two, Therefore, it is quite conceivable
to arrange, at least, for some of the representation
functions to correspond to the higher-hierarchy general-
ized hypergeometric functions [such as ,F,(~1,1+1,
v;1, p; z) whence the Bateman and the Rice functions] to
accommodate the extra label. In this spirit, it would
be interesting to view the generalized Euler—Pochham-
mer integral representation as natural for the cases of
underlying symmetry groups of higher ranks,

Il. AZZARELLI-COLLAS INTEGRAL
REPRESENTATION AS A MELLIN TRANSFORM

The Azzarelli—Collas integral representation for
the scattering amplitude can be derived from first
principles as follows.

Step 1: Expand the scattering amplitude A (s, 2) into
partial wave amplitudes

A(s,2) =2 (21 +1)a,(s) P,(2). (1)
1=0
Step 2: Recognize that the Legendre function P, is
a special case of the Gauss hypergeometric function
F
2+ 1

P(2)=,F, (-1, 1+1;1; ¥(1-2)) (2)

and that the Bateman function F, is a special case of
the ,F, function,

F=20-1)=,F,(=1,1+1, v; 1,1;1). (3)
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Step 3: Recall that there is a Euler—Pochhammer
integral relation between ,,,F5,, and ,Fp.*

anFpa (@), c; (), d;w)

- I"{c)FISg -¢c) Jodtt (- tyre  Fal(a); (w0,

(4)

where (a) and (b) are shorthand notations for the two
sets of parameters a,, ..., a, and b,, ..., by respec-
tively., Applying (4) to (3) and (2) for the case A =2 and
B =1 gives the Euler—Pochhammer representation

for the Bateman function, namely

F-2v-1)

sinmy

Sadttv i1 =tV ,F (=1, 1+1;1;51)

=S [l a1~ Py (1 - 20) (5)
_ _sinty re ym1 . 1-1
=—=—= [, drT 1+ 1) P(1+T>, (6)

where t =7/(1 + 1) in going from (5) to (6). Equation (5)
is complementary to the contour representation Eq. (B1)
quoted in Ref. 1.

Step 4: Equation (6) may be viewed as the Mellin
transform of (1 + 1y*P((1 - 7)/(1+ 7)). The inverse
Mellin transform gives

(1472 P (1‘7>

1+7

1 roeiw —WF;(—ZU—I))

T2mi Y oi dvr < sinmy ’ )]
where (1~ 17)/(1+ 7)=z=cos@. This is the Eq. (3)
quoted in Ref. 1 and attributed to Rice.?

Step 5: Substituting (7) into (1) gives the Azzarelli—
Collas representation
1-71
-1
1+7'A (S, ——~1+T)

m L [erieg, (ﬂb—(f—”)) (8a)

211V omiw sinmy

=21 b(s, V(- 7), (8b)

v=0
- TTb(S, U) (= ~u=1 -1 i-7
—sﬁ%—_fo drret(L+ 7 A s, ) - (8¢)

Equations (8a) and (8c) may be viewed simply as the
Mellin transforms between (1 +7)*A(s, (1 - 7)/(1+ 7))
and —nb(s, v)/sinwv, This b(s, v) is simply related to the
partial wave amplitudes a,(s) in the following sense,®
As the folded sum of a,(s) with the Legendre functions
P,(z) gives A(s, z), the folded sum of a,(s) with the
Bateman function F,( - 2v - 1) gives b(s, v),

b(s, ) =2y (2L +1)a,(s)F,( - 2v~1). @)
1=0
Equations (8b) and (8a) are related by a Sommerfeld—
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Watson transformation. A convenient way to remember
the structure of the Azzarelli—Collas representation
(8) is that setting b(s, »)=1 formally in (8b) gives

A =1, and Eqgs. (8a) and (8¢) then merely confirm the
fact that (1 + 7)"! and 7n/sin7y are a Mellin-transform
pair.

ll. EXTENSION TO THE EULER-POCHHAMMER
REPRESENTATION

In terms of the variable t=7/(1+17), Eq. (8c) reads

T(1)

b(s, V)zl"(— V(1 +v)

x [ldtri1 -ty Als,1-28). (10)

This is a special case of the Euler—Pochhammer
representation

I'(d)

g(z6 D =5y T —d

. (11)
1 d=c=1 .

X f 2 dEie (1 - 1Ye £ 2)

evaluatedat c==~vp, d=1.

Examples of the representation (11) and the general-
ization thereof to multiple integrals have been cited
by the statements in the Introduction. It is expected
that such a generalized Euler—Pochhammer integral
representation would occur, for example, in the mul-
tiple scattering.

IV. THE RICE REPRESENTATION
In place of the Bateman function (3), the Rice func-
tion?® is given by
RI(Vyp9z)Eg‘Fz(_l’l+1a V;l,p;Z), (12)

The Bateman function is recovered in the limit p=1
and z=1,

R,(v;;1)=F,(-2v=-1), (13)

The remarkable feature of Rice’s analysis is that
the integral relation (4) between ,F, and ,F, is actually
invertible, namely

2Filay, ay5052)

_ r(a ) 1 bg =1 @g=bo=1
TT(b,)T(a,~b,) fo duw’z™ (1 - u)'s™2
xst(an g, @53hy, b3 2u). (14)

This implies that from the relations (1), (2), and (14),
we have

A(s, 1 -2w)

_—_Zi (21 +1) a,(s) P,(1 - 2w)

r
= r(p)r((l:/)_p) f: duur N1 = uf">tr(s, v, pun), (15)
(s, v, p;y)
=2,(21+1)a,(s) Ry(v,p,) (18)
1
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— y(2) 1oy w1 vel
=TT —p) Jo @ A-07TAG =290,y

Equation (16) is the generalization of (9) while Eq. (17)
is that of (10), On the other hand, unlike the Azzarelli—
Collas reprentation (8a) which is merely a Mellin
transform, Eq. (15) is also in the form of the Euler—
Pochhammer representation,

1T, Azzarelli and P. Collas, Phys. Rev. D 12, 3237 (1975).
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A group G associated with the n-dimensional anisotropic harmonic oscillator is constructed : G is
essentially a group generated by the position and momentum observables, the identity operator, and the
Hamiltonian of the system. All the quantum mechanical irreducible representations of G are evaluated,

using Mackey’s theory of induced representations.

1. INTRODUCTION

In an attempt to gain a greater understanding of acci-
dental degeneracy in quantum theory, a study has been
made of the n-dimensional anisotropic harmonic oscil-
lator.

The basic object studied is a group, G, associated
with the n-dimensional anisotropic harmeonic oscillator:
G is essentially a group generated by the position and
momentum observables, the identity operator, and the
Hamiltonian of the system.

In the present paper, all the quantum mechanical ir-
reducible representations of the group G are evaluated
(up to unitary equivalence). This is done by using
Mackey’s theory of induced representations. The rep-
resentations of G calculated here are used in a later
paper where the accidental degeneracy of the n-dimen-
sional anisotropic harmonic oscillator is discussed.

In Sec. 2, the Lie algebra L of G is defined. Next, it
is shown how a heuristic construction leads from 1 to
the definition of G, and its simply connected covering
group G. Some properties of the groups G and G are
listed in Sec. 4. Those parts of Mackey’s theory of
induced representations needed to construct the repre-
sentations of G and G are summarized in Sec. 5. The
theory is then applied to finding the representations of
é, and hence those of G.

2. DEFINITION OF THE LIE ALGEBRA [ OF G

The quantum mechanical #-dimensional anisotropic
harmonic oscillator is a particle of mass m with Hamil-
tonian

Hos. :j‘; E}/h— (P? +'m2w? Q?),
where w,, w,,...,w, are positive constants (the fre-
quencies), and{Q,:j=1,2,...,n} and {P,:j=1,2,...,n}
are sets of self-adjoint operators corresponding to posi-
tion and momentum observables respectively, and satis-
fying the commutation relations

[Q,, P,)=ifid,I (1<j,k<n).

To avoid unimportant constants, and to construct a
Lie algebra associated with these operators, define the
skew-adjoint operators:
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/2
E=il, B,:i<—”ih°fi> Q)

. 1 1/2 ‘Hosc
A(m) Py T=t=

Then
(A5 B ]=0,E, [T,By]=w,A,,

[T’An]z -w, By, [BijJ: 0, (1)
[AJ,EJZO, [(T,E]=0.

Therefore, E,B,,B,,...,B,, A,,A,,...,A,, and T
form a basis of the Lie algebra defined by the above
commutation relations. This Lie algebra will be de-
noted by L.

3. HEURISTIC CONSTRUCTION OF THE GROUPS
G AND G

Every real Lie algebra is isomorphic to a subalgebra
of some gl(m, R) (where gl(m, R) denotes the Lie algebra
of all real m X matrices]; therefore, there is a ma~
trix representation of the Lie algebra [ by elements of
some gl(m, R).*

One straightforward representation to use is the ad-
joint representation. However, since E commutes with
E,B,,B,,...,B,, A,A,,...,A,, and T, it follows that
adE is the (2n+2)X(2n+2) zero matrix. A significant
property of the Lie algebra L is that [A;,B,]=0,.E,
where E is possibly not the zero operator. Hence many
important features of the Lie algebra £ would be lost
if the adjoint representation were used. It is therefore
necessary to look for some other matrix representation
of L.

Let E,, denote the (2n + 2) X (27 + 2) matrix with 1 at
the intersection of the jth row and kth column, and
zeros elsewhere. Define a mapping = of the chosen
basis elements of L into gl(2z+2,R) by

E~E=2Ey ., sne2>

B;~B;==E, ., ;T Epijonee (1=<jsmn),

Aj"A‘A-‘j:EZn+1,n+'+Ej,2n+2 (I<js<n),

3
n
T~T=2, WilE; quj~Epe; ;)
i=1
The mapping ~ may be extended by linearity to the
whole of L. It is easily verified that the mapping ~
gives a matrix representation of the Lie algebra /.
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Thedefinition of the mapping ~ and the following heu-
ristic construction of G are generalizations of ideas
used by Streater? for the one-dimensional case.

Now consider the set of matrices formed by taking
products of exponentials of the representative basis
elements. A typical element of this set is

where 6€R, B=(8,,8,,.-.,B)€R", a=(a,a,,...,a,)
e R", and 7€ R. (The notation and the order of the ex-
ponentials have been chosen to fit in with those re-
quired in a later paper.)

A straightforward calculation, using the explicit ex-
pressions for E,B,,B,,...,B,, A ,A,, ... AT, gives

- - -~ ~ that
(0,8, @, 7) = exp(oE)exp(B,B,)exp(B,B,) « - - exp(8,B,)
xexp(a, A, )exp(a,A,) « « « expla, A)exp(rT),
J
i "
rcoswlT sinw, 7 0 o
COSW,T 0 sinw,T 0 0| a,
0 . 0 .
cosw,T sinw,T 0 a,
-sinw, 1 COSW, T 01 B,
(0,B,a,1) = —sinw,7 0 cosw,T 0 0 B, 2
0 . : *
~sinw,7 cosw,T 01} B,
<o, ~Bycosw, T - asinw, T, ¢ | 00, =B;8INW, T+ @ 08w, T, 0 1| 20-0a.3
0 0 e olo 0 ces 0l0]f 1
- '

The composition law on this set of matrices is taken
to be matrix multiplication. It may be shown that

(o.l, BI’ al’ T’)(O, B, a’ T) - (O.II’BII’ all’ 7_II) ,

where

Bi-af .
g'=0'+0+ i [;2—1 cosw, 7’ sinw; 1’
=1

$..2 1 7 7 3 ?
~a;B;sin*w; 7'+ o} (B,co5w, 7" — a;sinw,T )] )

"_ 1 3 ’4 /
Bj=B;cosw;7" = a;sinw; T’ + B},
" __ 3 ' ’ 7
aj =B;sinw;7’ + a;cosw; T "+ o,
and 7” satisfies

cosw,T "= cosw, (7' + 7)
@)

sinw; 7" =sinw, (1’ +7) (l1<j<n).

The ambiguity in the definition of 7” arises from the
fact that a Lie algebra determines a Lie group only
up to local isomorphism. From (3), 7 must be ex-
pressible in the form

"= 7'+ 7+ 217,/ w,,

for each j, where »,7,,...
Hence the 7,’s must satisfy

,7, areappropriate integers.

r, ¥
k==L g y,eZ (1<k,lsn).
w w

kR i

When each pair of w,’s is rationally related, it fol-
lows that condition (3) is satisfied if and only if the
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common value of 7,/w, (1< k<n)liesinthe set{As:s€Z},
where X is the smallest positive number which is inte-
gral on multiplication by any w;. Hence 7" is deter-
mined modulo 27X by 7, 7' and condition (3). Also, in
the matrix representation of (o, 8, a, 7), values of 7
which differ by integral multiples of 27X give the same
matrix.

When each pair of w;’s is rationally related, this sug-
gests regarding 7 and 7’ as elements of (~7A, TA], and
defining 7" € (=7, 1A] by 7”7 =7/ + 7(mod21})). (0,8, a, 7)
is then regarded as an element of the set R XR"XR”?

X (=7, 7A], rather than as a matrix.

An alternative procedure for removing the ambiguity
in 7" is to define the set G to be

{(6,B8,a,7):0€R, B,acR" TER}
and to take 7”7 =7’ + T in the composition law.

If any two of the w,’s are not rationally related, each
¥, can take only the value zero, and 7”7 is then uniquely
determined as 7/+ 7. In this case, each 7 €R defines a
different matrix. This suggests defining G (and &) to be
the set

{(0,8,0,7):0€R, B,aeR", 7T<R}.

4. DEFINITION AND PROPERTIES OF G AND G

If each pair of w,’s is rationally related, the set G is
defined to be
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G={(0,B,0a,7):0eR, B,acR", re (-t M}, (4

with A the smallest positive number such that each Aw;
is integral.

If any two of the w,’s are not rationally related, the
set G is taken to be the set G defined below.

Whatever the values of the w,’s, the set G is defined
to be

G={(0,B,a,7):0€R, B,acR", 7eR}. (5)
Define the composition laws for G and G by
(o', B, a', 7' )0, B, a, T) = (0", B", ", T"), (8)
where, for G and G,

Y 82~ a2
o"=0'+0+ i: [—’2——’ cosw; 7' sinw, 7’
J=1

- in2 ’ Iy [ : ’
o;B;sin*w; 77 + aj(B;cosw,; 7/ ~ a,;sinw,T )J ,
"o z 1 + I3
Bi =B;cosw; T - a,sinw; 7" + B},

aj =B;sinw, 7' + aycosw, T’ + af
and, for G,

" =7+ r(mod27)) ,
whereas, for G,

=147,

It is readily verified that, with these composition
laws, the sets G and G are groups.

Furthermore, when the w,’s are rationally related,
G is a homomorphic image of G under the map

vi(o, B, a,7) (€C)~(0,B, a,?) (€G),

where T€(-mA, 7A}, and is given by # =7tmod27). Hence

¢=G/z, (n

where Z ={(0, 0, 0, 2nxs):s € Z} =7, with = denoting iso-
morphism,

G is given the usual topology of R®"*2, and, when
the w,’s are rationally related, the topology on G is
then chosen to be that inherited from G under the above
map v:G ~G. It follows that G and G are connected Lie
groups.

it remains to check that the Lie algebras of G and G
are isomorphic to the Lie algebra /.

The left-invariant vector field X,, say, correspond-
ing to the one-dimensional Lie subgroup (i) of a Lie
group L is given by

(5, 0D = 57 S|
t=0

where I€L, ¢=C”(L}). Now every element of the Lie
groups G and G can be specified by assigning values to
the (2n + 2) parameters, 0,8,,8;,,...,8, 0, 0,y .
For each such parameter p, let u(#) be the one-dimen-
sional Lie subgroup formed by those group elements for
which the value of every parameter except p is zero.
Then, for both G and G, using (6),
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ce, O, T,

X Q;COSW, T 2 +COSW;T 2 inw J
=a, — — s T —
B~ I 80 3788, i ee;’

Xy, = —a;sinw -r——a— - sinw 1-—8—— +cosw-‘ri
i g i ag it ap, Taay’
2
T et
Direct calculation of the commutation relations for
these X,’s then shows that the Lie algebras of G and G
are each isomorphic to L.

Moreover, since G is simply connected, and G and G
are connected I_Jie groups with isomorphic Lie algebras,
it follows that G is the simply connected covering group
of G.

Now, from (6), an arbitrary element of G (or G) may
be expressed as

(0,8, a,7)=(0,8,0,0)0,0, a,0)(0,0,0,7). (8)
It then follows, using (8), that
G=NOM=(Y®X)®M, G=NOM=(Y®X)eM, (9)
where
N=Y®X ={(0,8,a,0::0€ R, B,ac R
is a normal subgroup of G and G;
Y={(0,8,0,0):0€ R, BeR"}
is a normal subgroup of N, and is isomorphic to R"*!;
x={(0,0, @,0): cR"}
is a subgroup of G and G, and is isomorphic to R";
M={(0,0,0,7):Te R}
is a subgroup of G and is isomorphic to R;
M={(0,0,0,7):7 € (-mr, 7A|}
is a subgroup of G and is isomorphic to R/Z.
5. MACKEY'S THEORY OF GROUP
REPRESENTATIONS

From here onwards, a representation will mean a
unitary representation on a separable Hilbert space.

A. Induced representation (Ref. 3)

Let G be a separable locally compact group, and let
H be a closed subgroup of G. Let p be a unitary repre-
sentation of H on a separable Hilbert space &,. Suppose
there exists an invariant measure g on G/H, and let
L*G/H,d,,u) denote the space of functions from G/H
to ©, which are square-integrable with respect to the
measure 4. From each coset x €G/H, choose a coset
representative A(x)€ G so that A:G/H—~G is a Borel
function. Then the representation U of G induced by the
representation p of H may be expressed in the form

W{g)P)x)=plA(x) " 'gA(g™'x)) Ylg ™ %), (10)
where g€G, x€G/H, v € LXG/H,®,, 1b) .

The representation U will be denoted by p(H) G, or,
when there is no risk of ambiguity, by p4#G. The nota-
tion x(G) ¥ H, or x ¥ H, will be used to denote the restric-
tion of a representation y of G to a subgroup H.
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In Mackey’s theory of group representations, induced
representations are used to find all irreducible repre-
sentations of a certain type of group from those of
proper subgroups. The basic result which is needed in
this paper is the following.

B. Theorem (Ref. 4)

Let G =N @K be a separable locally compact semi-
direct product group. Define an action of K on the rep-
resentations of N by

(kx)(n')=x(k™'n"k), (11)

where ke K,n’ €N and y is a representation of N. Let
N denote the set of equivalence classes of irreducible
representations of N. Suppose there exists a Borel
subset of N which meets each orbit of N (under the ac-
tion of K) in exactly one point.

(a) General case

Let x be an irreducible ordinary representation of N,
K,={k€ K:kx=~x}and G, =N ®K,. (K, is known as the
little group of x, and G, as the isotropy group of X-)
Then there exists a projective representation W of K,
satisfying (kx)(’)=W(k)"'x (n')W(k), for each k€K,
n’'€ N; W and the multiplier y of W are unique up to
multiplication by trivial multipliers. For each irreduc-
ible 1/y representation 5 of K, , the representation of
G induced from the ordinary representacion xW Q nnk
- xmW(k)®n(k) of G, is an irreducible representation
of G.

Every irreducible ordinary representation of G is
unitarily equivalent to one induced from a representa-
tion of the form xW &nnk -~ xm)W(k)®n(k), where the
orbit of the irreducible representation y of N is uniquely
determined, the projective representation W of K, is
determined up to trivial multipliers by y, and the ir-
reducible projective representation n of K, is deter-
mined up to unitary equivalence.

(b) Case when N is Abelian

Let x be an irreducible ordinary representation of N,
K,={k€ K:kx = xt and G, =N ®K,. Then, for each
irreducible ordinary representation i of K, the repre-
sentation of G induced from the ordinary representation
Xqnk~xmn(k) m €N, ke K,) of G, is an irreducible
representation of G.

Every irreducible ordinary representation of G is
unitarily equivalent to one induced from a representa-
tion of the form x ,:nk ~x(®Wn(k), where the orbit of the
irreducible representation y of N is uniquely deter-
mined, and the irreducible representation n of K, is
determined up to unitary equivalence.

6. THE IRREDUCIBLE REPRESENTATIONS OF
THE GROUP NV

All the irreducible representations of G =N @A? may
be found by using Mackey’s theory for the general case.
In order to do this, all the irreducible representations
of N must first be evaluated; since N=Y®X (where Y
is Abelian), this also may be done by applying Mackey’s
theory.

The group law of N is, from (6),
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(¢’,8',a’,0)(0, 8, @, 0)
=(c'+o+a’ .B,B' +B,a'+a,0). (12)

Since Y is isomorphic to R™!, each of its irreducible
representations is of the form

Xv.u (0,8, 0,0) = exp(ivo +u.8) , (13)
where (0,8,0,0)€ ¥, v€ R, and u € R".

The action of (0,0, @,0)€X on y, , is, by definition
(11),

(0,0, a,0)x, ,)(0,8,0,0)
= ¥y (0,0, @, 0070, 8,0,0)0,0, a, 0)]
=Xo,-votu>
from (12) and (13).
The orbits of ¥ under the action of X are therefore
Oy={Xy w#ER"} (v#0,0€R),
0,={x0..t WERM.

Firstly, consider the representations of N arising
from orbits of the form 0, .

(14)

As a representative point of the orbit J,, choose Xv,0
The little group of x, , is just the identity (0,0, 0, 0),
whose only irreducible ordinary representation is, of
course, the one-dimensional identity representation.
Hence the corresponding representation of N is given by
inducing the representation x, , of Y [= Y ®(0,0,0,0)] to
N.

An explicit expression can be given for x, ,(¥Y) tN
once coset representatives of N/Yin N have been
chosen. Now (0,5, a,0) and (0’, 3', o', 0) belong to the
same coset of Y in N if and only if o= o, denote the
coset to which (o, 8, @, 0) belongs by a (€ R"). Then the
natural action of N on the coset a e N/Y is given by

(o', B, a",0la=a’+a.

Since the coset representatives A:N/Y - N must satisfy
A(a)0=«, a possible choice for A is Ala)=(0,0, a,0)
(eN).

1t follows, from (10), that the representation of N in-
duced by y, , is

[U%(0, B, a, 0)y](x) = expiv(c - x.B)d(x - a), (15)
where v (#0) € R, and ye L*(R", C).

Secondly, consider the representations of N arising
from orbits of ¥ of the form U, [(14)].

0, is an orbit consisting of the single point x, ,; the
little group of x, , is the whole of the subgroup X. As
X=~R", each of its irreducible representations is of the
form

74:(0,0, a, 0) ~ expit.a,
where t€ R”.

Since the isotropy group of y, , is the whole of N, the
representation of N obtained from the representations
Xo,« Of Y and 5, of X is just their product,

U%%o, 8, @, 0)=expi(u.p+t.a), (16)
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where u, t€ R"

Hence, up to unitary equivalence, each irreducible
representation of N is of the form (15) or (16).

7. THE IRREDUCIBLE REPRESENTATIONS OF
THE GROUP G

As the next step towards obtaining all the irreducible
representations of G =N©I\;I, consider the action of
(0,0,0,7) € M on an irreducible representation U} of N.
From (6), (11), and (15),

([(0,0,0,7)U (0, B, a, 0)y){x)
= exni ( i [Ol? -3 .
=expiv(o+ 3 | S5 coswTsinw,T

- Bja;sin’w,r-x,(8,c08w,T + ajsinwj'r)]

xp(eor, x;+B;8INW,T = @;CO8W,T,*** ). (17

Since Uy is an irreducible representation, so is
(0,0,0,7)Uy. Restricted to the subgroup {(c, 0,0, 0)},
(0,0,0,7)UY is just the phase expivo. It follows that
(0,0, 0, 1)U} must be unitarily equivalent to Uy, since
Uy is the only irreducible representation of N which has
the required form on restriction to the subgroup
{(c,0,0,0).

Hence there exists a unitary operator W(7), dependent
on 7, such that

(0,0,0, ) Up=W (D) 'UW(r), (18)
for each (0,0, 0, 7) € M.

Each orbit of {UZ:v(# 0) € R} (CN) under the action of
M thus consists of a single point Uy; the little group of
Uy is_the_whole of M , and so the isotropy group of Uy is
N®M =G.

In order to obtain the corresponding irreducible rep-
resentations of G explicitly, the operator W(r) must be
found. From Mackey’s theory, W is a projective rep-

resentation of A, and is unique up to trivial multipliers.

Since M~ R, and R hasno nontrivial multipliers,* W may
be taken to be an ordinary unitary representation of the
one-parameter subgroup M. Hence, by Stone’s theo-
rem,® there exists a unique skew-adjoint operator J
such that

W(T)=exptJ . (19)

It remains to find this operator J, which is deter-

mined by

[(0,0,0, UL} ) = exp(~7J Uy exp(7d) . (20)

Now each element (o, 3, @, 0)EN can be expressed as
a product of elements of one-parameter subgroups,
using (12), by

(0,8, @, 0)
- (0,0,0,0) T] (0, B,e,, 0, T (0, 0, a;e;, 0), (21)
i=1 i=1

where ¢; (€ R") is a unit vector with 1 in the jth position
and zeros elsewhere.

For each one-parameter subgroup p(f) of N, the map
u(t)~[(0,0,0, YUz )(1(¢)) is an ordinary unitary repre-
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sentation. Hence, by Stone’s theorem, there exists a
unique skew-adjoint operator Z,(7) such that

[(0,0,0, UM ()= exptZ (7). (22)
So, for each y,
exptZ (1) = exp(—1J)exp|tZ ,(0) | exp(7J) . (23)

Differentiating with respect to ¢ and putting ¢{=0, and
then differentiating the result with respect to T and put-
ting 7=0 gives

dzZ (1)

72 =(240,) (24)

,a,).

The existence of a skew-adjoint operator J satisfying
(24) follows from the existence of W(7)=exp7/.

Conversely, suppose J is a skew-adjoint operator
satisfying (24). To investigate the uniqueness of J, let
J'=J -J. Then [Z,(0), J']=0 for each ;. The operators
Z,(0) give the representation of the Lie aigebra of N
corresponding to the representation Uy of the Lie group
N. Since Uyis an irreducible representation, it follows,
by Schur’s lemma, thatJ’ is a scalar multiple of the
identity operator; since J' is a skew-adjoint operator,
J’ must equal £I, where £ is imaginary.

for each pef{o,B,,...,B,, 0,...

Hence every skew-adjoint operator J satisfying (24)
also satisfies (23), and (24) determines the skew-adjoint
operator J up to an imaginary constant.

Now, from (17) and (22),

24, (1)#x) = 5 ((0, 0,0, DUFNO, te,, 0, 009) ()

t=0

. . &
= (-wxjcoswj-w sinw, 7~ > Plx) .
7

Similarly,
-~ ; : a
Z (1= <—wxjsmw,7 - coswj'ré? ,
Z 1) =dv.

Hence, from (24), J must satisfy

O=liv,d], w,

Py =|-dvx;,Jd |,

j
. <) .
-ww,x,:[——— ,J], for each j=1,2,...,n.
8x;

A solution of these is
= i 1 8 2>
75 ey st os)

With this J, and any imaginary constant &, W(r)
= expr(J + £I) is an ordinary representation of M satisfy-
ing

(0,0,0, T)UL=W(T)"UsW (7). (18)

It follows from Mackey’s theory that UsW:(o, B, a, T)
-~ U0, B, o, )W(7) is an irreducible representation of
N®M=C.

Now every irreducible representation of M(~R) is of
the form
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(0,0,0, 1) - expilr, whereleR.

Hence, from Mackey’s theory, every irreducible rep-
resentation of G obtained from U?Y is unitarily equivalent
to one of the form

(U2 "0, 8, a, )P (%)

=Uo, B, @, O)W(7)expilty(x)

. , 3
=expwo| Iexp(—wﬁjxj)l | exp<—ai§—>
j j

i=1 J=1

. 1 1 52
X exprr[h+§ i: w; <—-; o vxf)] ¥x), (25)

i=1
where =1 -i§ can take any value in R.

In the irreducible representation Uj'f [given by (16)],
the generator of the subgroup{(s,0,0,0):¢ €R} is rep-
presented by the zero operator, and it is easily seen
that this is also true for the irreducible representations
of G obtained from U%* by Mackey’s method. Among
the commutation relations of [ are [A;,B,[=0,,E (1<7],
k<n), Hence, when E is represented by the zero oper-
ator, the representatives of A; and B, must commute,
for all j,k=1,...,n; this implies that the representa-
tives of all the momentum and position observables
commute. This situation corresponds to the classical
case; since it is the quantum mechanical case which is
of interest here, the representations arising from U;"
will not be considered further.

8. THE IRREDUCIBLE REPRESENTATIONS OF
THE GROUP G

When the w,’s are not rationally related, the group G
is just the group G, so the quantum mechanical irredu-
cible representations of G are given by (25). When the
w,;’s are rationally related, the quantum mechanical ir-
reducible representations of G may be obtained from
those of its simply connected covering group G in the
following way.

From (7),
é

GzZ

, where Z ={(0, 0,0, 2mAs):s€Z}.
Hence UZ * defines a single-valued representation of G

if U2'* has the same value on each element of the sub-
group Z. Now, for s € Z,
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[U2*(0, 0,0, 27As)y] (x)

, 1 9
= expzZnAs[h»r %; w,.(- > E’E + vx?ﬂ W(x).

Asabasis for the representation space L*R", C) of U'é-" ,.
take the set {y :m=(m,, m,,...,m,)eZ"}, where

me(x)zﬁ umj (Ivlllzxj) ’
J=1

with U, B Hermite function of order m;.
| +1 if v is positive,

Then, with sgnv=%
~1 if v is negative,

[Ug *(0,0,0,27rs8)y, ] (x) = expi 2TAs [h + ngnv jzr;l “’:} Ynlx)

since Aw; is integral for each j. Hence U? * defines a
single-valued representation of G only if

sgnv

n
% 5— 2 w;, for somer€Z.

i=1

h=

Therefore, every quantum mechanical irreducible
representation of G is unitarily equivalent to one of the
form

[ugr(o, 8, a, 7)9)(x)

3
= exXpive ﬁ exp(-ivB;x;) ﬁexp (—aj Ex_\)
§

3=1 =1

[ 1 92
X expz-r[x +5 i w, <--5 P +vx% - sgnvﬂ (x),

=1
(26)

where v(#0)eR and » € Z.
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On the accidental degeneracy of the anisotropic harmonic
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A group G associated with the n-dimensional anisotropic harmonic oscillator is shown to be embedded in
a semidirect product L of the Weyl group N and the symplectic group Sp(2n,R). A particular induced
representation of the group L, when restricted to G, is proved to be unitarily equivalent to

®,d,, Uy "=, where d,, is the degeneracy of the energy level E

of the n-dimensional anisotropic

@,

harmonic oscillator with frequencies (w,, ®y,...w,) =, UL """ is an irreducible representation of G, and
s may be regarded as indexing all distinct energy levels of the system.

1. INTRODUCTION

In an attempt to gain a greater understanding of acci-
dental degeneracy in quantum theory, a study has been
made of the n-dimensional anisotropic harmonic oscilla-
tor.

The quantum mechanical »-dimensional anisotropic
harmonic oscillator is a particle of massm with Hamil-
tonian

L1
_ 2 1,20 42M)2
H,. = 2 I (P%+m’wiQ?),
j=1

where w,, w,, ..., w, are positive constants (the frequen-
cies), and {@,: j=1,2,...,n} and{P,: j=1,2,...,n} are
sets of self-adjoint operators corresponding to position
and momentum observables respectively, and satisfying
the commutation relations

[Q,,Pl=ild,,I (1<j k<n).

To avoid unimportant constants, define new self-ad-
joint operators:

A [mw,\V? - 1 \M? ~ H
= cz | ———e X =98¢
e < 73 ) @ Py (mh’wj> Py, 4 [

giving
A~ n ~
H=2H,,
j=1
where

Hj=%wj(sz+Q3') and [@jypk]=i6ﬂ¢1'

The eigenvalues of H, are w (m;+3), where m;cZ,.
Hence each eigenvalue, or energy level, E of H  is
of the form

n
E=h’2wj(n'zj+%) .
j=1

It is helpful to distinguish two cases:
(a) Suppose there exists a finite positive number u such
that each pw, is integral; let A be the smallest such
number u. (Inthis case, the w,’s are said to be ration-
ally related.) The possible energy levels of the n-dimen-
sional anisotropic harmonic oscillator with rationally
related frequencies (w,, w,, ..., w,) are therefore
E, =¥ < s +%i w )
W,s A H

° i
J=1
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where s (€Z,) is expressible in the form 7\2’;=le m; for
some m = (m, m,, ..., m)eZ".

The degeneracy d,, ; of the energy level £ _ is the
number of distinct ways of choosing i = (m,, m,, ..., m,)
€Z7 so that the relation s =277 w.m, is satisfied.

(b) Suppose no finite positive number u exists such that
each pw; is integral. The possible energy levels of the
n-dimensional anisotropic harmonic oscillator with
nonrationally related frequencies (w,, w,,...,w,) are

n
1
E,, =¥ w;0m;+3),
j=l
. R . o 1
where ¢ is expressible in the form J,=1w].(111j+ z) for
some m = (g, 1wy, ..., m,) LN,

The degeneracy d, , of the energy level £, is the
number of distinct ways of choosing m = (g, n1,, . .., m,)

€77 so that the relation e=2’}=1wj(mj+’-ﬁ) is satisfied.

There have been a number of studies of the accidental
degeneracy of the anisotropic harmonic oscillator. As
is well known, geometric symmetry of a Hamiltonian
leads to degeneracy of its eigenvalues, and to a repre-
sentation on each eigenspace of a group of operators
which commute with the Hamiltonian. When such a rep-
resentation is reducible, sets of eigenfunctions belonging
to separate irreducible representations coincide in en-
ergy; it was suggested that this extra (or accidental) de-
generacy occurs because there is more symmetry pres-
ent than just the obvious geometric symmetry. The
group formed by the obvious geometric symmetries and
these additional “hidden” symmetries would have a rep-
resentation on each eigenspace of the Hamiltonian; if
each such representation were irreducible, then the ac-
cidental degeneracy would be regarded as being ex-
plained. Most studies of accidental degeneracy have
therefore concentrated on symmetry properties.

In 1940, Jauch and Hill' found classical constants of
the motion for the two-dimensional anisotropic harmonic
oscillator with rational frequency ratio, but when these
constants were quantized in a reasonable way, they did
not form a Lie algebra. In 1965, Dulock and McIntosh?
extended these classical constants to the n~dimensional
case with arbitrary frequency ratios, but because of the
transcendental nature and multivaluedness of the con-
stants, it was not possible to form their quantum me-
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chanical analogs. They showed that their classical con-
stants generated a group isomorphic to SU().

Demkov,? in 1963, investigated the particular two-di-
mensional case with frequency ratio 2:1. He showed
that the eigenfunctions of the Hamiltonian may be divided
into two sets, of even and odd energy values respective-
ly; to each even value there corresponds an irreducible
representation of SU(2), and each irreducible represen-
tation of SU(2) occurs in this way; the same applies to
the odd values of the energy. Hence the eigenfunctions
are grouped into two systems of irreducible representa-
tions of SU(2). I’kaeva,* a student of Demkov, dealt with
a rather more general situation. Cisneros and Mclntosh®
extended these results to the two-dimensional case with
rational frequency ratio %,:%, (where %k, and k, are mu-
tually prime integers). They showed that the eigenfunc-
tions may be grouped into k,k, systems of irreducible
represeniations of SU(2). Recently, a somewhat differ-
ent approach has been taken by Louck, Moshinsky, and
Wolf.® They determined the canonical transformation
that maps the classical two-dimensional anisotropic
harmonic oscillator with rational frequency ratio %, :%,
onto the isotropic one. Since the latter has a symmetry
group of linear canonical transformations that are a rep-
resentation of SU(2), these can be combined with the
canonical transformation giving the mapping, to obtain
the symmetry group of the classical anisotropic harmon-
ic oscillator. Using the classical situation as a guide,
ladder operators can be constructed in the quantum pic-
ture; these have different forms for the %2, different
systems of eigenfunctions. From the ladder operators,
the generators of the SU(2) symmetry group responsible
for the accidental degeneracy can then be determined.
These results were later placed in a more general con-
text of groups of canonical transformations responsible
for accidental degeneracy in two-dimensional quantum
mechanical problems.”

Less attention has been devoted to the n-dimensional
anisotropic harmonic oscillator with rational frequency
ratios (the n-dimensional rational oscillator) for »>2.

In 1968, Vendramin® showed that, in general, the degen-
eracies of the energy levels are not equal to the dimen-
sions of any irreducible representations of SU(z). The
following year, Maiella and Vilasi® constructed operators
which commute with the Hamiltonian of the three-dimen-
sional rational oscillator, and which generate SU(3);
they showed that to any energy level there corresponds
a reducible representation of SU(3). Cisneros and M¢In-
tosh,® generalizing their analysis of the two-dimensional
rational oscillator to the n-dimensional case, found that
each eigenfunction belongs to one and only one of several
systems, each of which forms a basis for the symmetric
tensor irreducible representations of SU(z). However,
for n>2, all eigenfunctions of a given energy level may
not belong to the same system; hence, the representa-
tion of SU(n) corresponding to a given energy level may
be reducible.

The approach adopted to the problem here is rather
different. Symmetry groups are not considered; nor
does the classical situation enter the picture directly.
Instead, the basic object studied is a group, G, associ-
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ated with the z-dimensional anisotropic harmonic oscil-
lator: G is essentially a group generated by the position
and momentum observables, the identity operator, and
the Hamiltonian of the system. (Such a group G can be
constructed whether the frequencies are rationally re-
lated or not,) The next step is to show that G can be
embedded in a semidirect product, L, of the Weyl group,
N, and the symplectic group, Sp{2z,R). The anisotropic
harmonic oscillator is then studied by examining repre-
sentations of the groups G and L. All the quantum me-
chanical irreducible representations UZ" of G were
evaluated in Ref. 10.

In the present paper it is proved that the degeneracies
of the energy levels of the n-dimensional anisotropic
harmonic oscillator occur in the following way (whether
the frequencies are rationally related or not). A parti-
cular induced representation R of the group L, when
restricted to G, is unitarily equivalent to

ve=(semv)s
6Bdm,guc:' ’
s

when v#0, whered, . is precisely the degeneracy of the
energy level £ ; of the system, UYy-sew)siganirreduci-
ble representation of G, and the summation may be re-
garded as over all distinct energy levels of the system.

A feature of the approach taken here is that, from the
outset, the emphasis is on the use of Lie groups (and
their representations), rather than on Lie algebras.
One advantage of this is that Mackey’s theory of induced
group representations can be used to find all the irre-
ducible representations of G (as shown in Ref. 10), and
to help in the analysis of reducible representations of
G; the corresponding results for the Lie algebra of G
would then follow from those for the group G.

The definition of L and of the representation R* are
from a paper by van Hove' (which is mainly concerned
with a possible method of quantization). The parts of
this needed for present purposes are outlined in Secs.

2 and 3. In Sec. 4, the representation R® of L is de-
scribed explicitly as an induced representation. This
enables R"¥G in turn to be expressed as an induced rep-
resentation, using Mackey’s subgroup theorem. I G
were a compact group, the usual form of the Frobenius
reciprocity theorem could then be applied to find the de-
composition of this representation. However, G is only
locally compact. Nevertheless, a formal application of
the theorem is still of some help since it suggests what
the result may be. Other methods are then used to
prove that this suggested result is, in fact, correct.

2. DEFINITION OF VAN HOVE'S GROUP I' AND SOME
OF ITS SUBGROUPS

Define a differential form § on the vector space of

real (2n +1)-tuples: {(s,ql,qz, s bny D1 Pas o - 5D
ERzm-l} by

n
g =ds —Epjdqj=ds ~p.dg,
i=1

. ’qn)’ pz(Ppng cee ,pn)'

Let T be the family of invertible C* transformations
of this space, {(s, g, p)}, into itself which leave the differ-

where g ={g,,45, . .
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ential form § invariant. It can be shown that I' is a
group, and that every element of I is a transformation
of the type

a'=q'lq,p), p'=p"lg,p), s'=s+7(q,p), 4y
where p’.dq’ —p.dq =dn.
The following finitely-generated subgroups of I are of
special importance. (In each case, the topology on a

subgroup with m generators is taken to be that inherited
from the usual topology on R™,)

The center C: This is the subgroup given by transfor-
mations of the form

q'=q, p'=p,
where c€R. As van Hove shows, the group I'/C is es-

sentially the group of invertible classical canonical
transformations.

s'=s+0, 2)

The subgroup N: A simple transformation of the
space {(¢g,p)} is that of translation,
q'=q+8, p'=p+a, (3a)

where 8, €R" (retaining van Hove’s choice of notation,
both here and for the other subgroups he mentions).
This implies

s'=s+a.q+0, (3b)

where ccR. This set of transformations is a subgroup
of I' of which a typical element will be written (0, 8, @,I)
(for reasons which will soon become apparent). The
group law is

(o', 8, a’, I)o,B,0,D)=(c",B",a”,I), 4)
where

c’=0’+o0+ 0’8,

B"=8'+8,

a’=a'+a.

It follows, from Ref, 10, Eq. (12), that this subgroup is
isomorphic (as a topological group) to the subgroup N of
the oscillator group G. N can therefore be identified
with a subgroup of T.

The symplectic group Sp(2n,R): Another simple trans-
formation of the space {(g,)} is that of linear transfor-
mation,

n
q;'=k21(djqu+cjkpk)\ q'=Dq+CP
n or , (5)
p;:?(b,qu+a,kpk) p'=Bg +Ap
=1
with
S=<A B>
Cc D

Y LT
. dp

< GL(2n, R) (the group of all 2nXx 2« real nonsingular ma-
trices). This leads to a transformation of {(s, g, )} be-
longing to I' if and only if 25} _,(p} dg; - p,dq,) is a per-
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fect differential. This condition is equivalent to the
condition that S belongs to the group Sp{2n,R) of 22 % 2x
real symplectic matrices. The resulting subgroup of T
is isomorphic to the direct product of C and Sp(2n, R);
in particular, Sp(2n,R) can be identified with the sub-
group of I' to which it is isomorphic.

The subgvoup L: The subgroups N and Sp(2x%, R) may
be combined by considering transformations of the space
{(g,p)} of the form

q’'=Dg+Cp+B, p'=Bg+Ap+a, (6a)

where B,acR", (4 B)= sp(2n,R). (As before, only the
subgroup Sp(2x, R) of GL(2%n, R) leads to transformations
belonging to I'.) It follows that

s'=s+3Ap.Cp+3Bg.Dg+Bg.Cp+a.(Dg+Cp)+0,
(6b)
where o @ R. This set of transformations, L, is a sub-
group of I' of which a typical element may be written
(0,B,,S). The group law is

(o', B, &', 8" (o, B, &, S)= (0" B”", a”, S"), 1)
where
o"=0'+0+3A'Q.C'a+3B'8:0'8
+B'g.C’a+a'. (D'B+C'a),
B”=D'B+C'a+B’,
a”’=B'B+A'a+a’,
S”=5'S.

An arbitrary element of L may be expressed in the
form

(O’,B,a,s)-:(O',B,Q,I)(0,0,0,S). (8)
It is then easily verified, using (7), that
L=N@®Sp@n,R), (9)
where

N={(0,8,a,I):0€R, B,acRY
is a normal subgroup of L, and
sp(27,R)=1(0,0,0,8)€ L}.

[The previously mentioned identifications of N (CG) and
of Sp(2xn,R) with the corresponding isomorphic sub-
groups of L have been used here.]

The subgvoup G: The isomorphism of the subgroup
N (C G) with a subgroup of L raises the possibility that
G (or G) is also isomorphic to a subgroup of L. The
heuristic construction of G'° suggests consideration of
the subset of L given by {(o, 8, @,5(7))}, where S(7) is a
symplectic matrix with

a;, =0 cosw,T, b,=0,sinwT, (10)

€= ~dysinw;T, d,=8,cosw,;T.

If the w,’s are rationally related, then the subgroup
M (of G) ={(0,0, 0,7): 7€ (=7, 7A] } is isomorphic to the
subgroup (of L) {(0, 0,0,5(1)): 7&(~7x,7A]} under the
map T — S(7). It then follows that {(c,B,a,S(1)): ¢
€R,B,¢€R" 7e(~mx,7\]} is a subgroup of L and is
isomorphic to G.
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If any two of the w,’s are not rationally related, then
{(0,8,a,5(1)): ¢€R, 8,acR", 7eR} is a subgroup of
L isomorphic to the group G (=G, in this case).

3. THE REPRESENTATIONS R AND R OF I’

Van Hove introduces two types of representation of I':

(i) To simplify the notation, let z denote a point of the
space {(s,q,p)} and let dz denote a volume element
dsdg, " +dq,dp,* " dp,. The volume element dz is invari-
ant under transformations belonging to I'. Let 9,,,, be
the separable Hilbert space of complex-valued, mea-
surable, square-integrable functions on {(s,q,p)}, with
scalar product defined by

(6,2)= [ ®&)Z(2)dz .

where the integral is taken over the whole space
{(s,q,p)}, and — denotes complex conjugation. Define

REy)®)e)=2(r2),

where y cI', <€ 9,,,,, and ¥z denotes the image of z
under y"!, Since d(yz)=dz, R is a faithful, unitary rep-
resentation of T ou the space $,,,,.

(ii) Let  denote a point of the space {(g,p)}, and let
dw denote a volume element dq, - +dq,dp,** *dp,. For
convenience, write the transformation y € I" in the form

s'=s+7r7(u'), w =yw . (11)

The volume element du is invariant under transforma-
tions belonging to I'. Let §,, be the separable Hilbert
space of complex-valued, measurable, square-inte-
grable functions on {(q,p)}, with scalar product defined
by

(¢, )= [ ¢ G)t(w)da

where the integral is taken over the whole space {(q,p)}.
Define

(R*(»)o)w) = explivm (v~ u))p ("), (12)
where ye T, veR, and ¢ €9,,. Usingd(yw)=dw, and

Ty @) =T G0) 47, (r00) {13)
it may be verified that R® is a faithful, unitary repre-

sentation of I', when v #0, and a faithful, unitary repre-
sentation of I'/C when v=0.

The reason for introducing the representations RY is
that the representation R is unitarily equivalent to a di-
rect integral of them.!*

4. EXPRESSION OF R"| L AS AN INDUCED
REPRESENTATION

The representation R” of the group I' can be expressed as
R ))aw) =mb,v)p (y'w),
where
mw, y) = explivn, (y"w)] . (14)

This is similar in form to the explicit expression for an
induced representation p(#)4 G of a separable, locally
compact group G,
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W(2))x) = p(A{x) gA(g ) (g™x),

where g€ G, xe G/H, ¥ <L*G/H,9,, 1) [Ref. 10, Eq.
(10}]. However, induced representations are usually de-
fined only for separable locally compact groups; the
group I is not locally compact, but its subgroup L is
locally compact, and separable. From now on, atten-
tion is therefore restricted to the subgroup L of T'. It
will be shown how R”¥ L can be expressed as an induced
representatibn.

The space {(g,p)} is transitive under the action of the
subgroup N (of L), and hence it is transitive under the
action of L.

Let u, be an arbitrary point of the space {(g,p)}, and
let H be the closed subgroup of L which leaves w, fixed.
Then the space {(g, p)} is L-isomorphic to the space
L/H, Since R’ is a representation of L, m satisfies the
so-called cocycle condition

m e, v, ¥,) =m, ¥y Im(yihe, vy, (15)
for each w <{(g,p)}, 7,,%,€L.
In particular, for w=w, and hy,h,c H,
m g, Rk ) = (g, b Geg, y)

Hence, since mf{w,, k) is a complex number of unit mod-
ulus, h—m (@, k) is a unitary representation of H.

The representation of L induced from this representa-
tion of # is

W)Y a) =m g, M)y Aly~"w))p (v ™) ,

where yeL, ¢ = L3(L/H,C), weilg,p)}, and A: L/H-L
satisfies A@)uw,=w.

Now, from (15),
mbogy, Alw) v Aly))
=m (g, Aw) ™ Ym @, VIm(y 2w, Ay w)).

Since m (w, v) is a scalar, R'¥ L is the induced repre-
sentation U if w, and A can be chosen such that

m g, Ay Ymly™w, Ay u))=1,
for all yeL, weilg,p).

If v=0, this is the case for any choice of w, and A. If
v #0, this holds [from (13) and (14)] if

T A Wo) =const, for all we{(g,p)}.

A simple choice of w; and A which satisfies the above
condition and AQe)w,=w is

wy=(0,0), Awd=d+w, 7,,0=p.4,
where w = (g,p) and # = G, p).
This proves the following result.

Theorem: The representation R* L is a representa-
tion of L induced from the representation

D: (0,0,0,5) - expivo (16)

of the subgroup H =C X 8p(2r,R), with choice of coset
representatives

L A T A
Awhl=d+w, 7yq@0=p.§.
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5. EXPRESSION OF R| G AS AN INDUCED
REPRESENTATION

RVG=(R*'VL)YG=(DH)AL)¥G.

Hence R”¥G is the restriction of an induced representa-
tion of L. Now G and H are closed subgroups of the sep-
arable locally compact group L; also, L can be ex-
pressed as a single double coset G(0,0,0,I)H, and, tri-
vially, {(0, 0, 0,I)} is a Borel set in L which intersects
this double coset exactly once. Mackey’s subgroup the-
orem' may therefore be applied, giving

(DHEHAYLIYG=(DH)YGNH)N*G. (17)
So
R*¥G=D(GNH)1G,

where GNH={(c,0,0,S()), and D: (0, 0,0, S(T))~ expivo
is an irreducible representation of G N H.

6. FORMAL DECOMPOSITION OF R"| G

When v =0, the generator of the subgroup {(c, 0,0, I):
ocR} of G is represented by the zero operator in the
representation R? [ from (12)]. This corresponds to
the classical case, and so will be ignored.

Suppose p is an arbitrary irreducible representation
of G. A formal application of the Frobenius reciprocity
theorem? yields

(R¥¥ G, p)g=(DGNH)AG,p)o={p¥ (GNH),D(GNH)

dont -

(18)
This suggests that p occurs in R’ ¥ G the same number
of times that D(G n H) occurs in p¥ (G N H).

As explained in Ref. 10, Sec. 7, for a classical irre-
ducible representation p,, of G, p, (0,8, ®,S(7))is inde-
pendent of the parameter ¢, and so p, ¥ (GN H) cannot
contain the representation D: (0, 0,0, S(1))— expivo of
GNH, when»#0. This suggests that no classical irre-
ducible representation p,, can occur in R’V G,

(a) Suppose the w,'s are rationally velated

Then, from Ref, 10, Eq. (26), every quantum mechan-
ical irreducible representation of G is unitarily equiva-
lent to one of the form

[U%7(@,8,a,ST)W](x)

n n a
= expiuo [ exp(—iuB;x)) 1T exe (-aja—x—>
i=1 i

i=1
. VY n 1 52 2
X expz’r[—i +3 Z w"<_1—1 @ +ux’? - sgnu) | P(x),
i=t (19)
where u(#*0)eR, rcZ, ¥ ¢ L*(R",C).
It now remains to find how often the representation
D(GNH) occurs in U%T¥ (G H),

As a basis for the representation space L*(R",C) of

U%™, take the set {zllm: m=0ng,my, .. .,m,) 7", where

) =TTt (a7 ), (20)

j=1

with #,, a Hermite function of order .
J

Then, from (19),
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[U%7"(o,0,0,S(T)),) (x)

= expiue expz"rl:g +(sgnu)l W, mJ} P lx) .

i=1
Therefore,

ULy (G NH) =%?xu, r+}‘(sgnu)[,';’___1wjmj ,

where x';’; is the irreducible representation of G NH
given by
- - T\ . -
x*“": (0,0,0,S(1))=~ expiuc exp<T> @R, 7).
Hence the representation D: (o, 0,0,S(7))~ expivo of
G N H occurs in U%" ¥ (G NH) if and only if
H=uv,
and
n
1’+7\(sgnu)2wjmj=0 for some m /7. (21)
j=1
Suppose that, for fixed » €Z, there are f, , distinct
ways of choosing 1 so that (21) is satisfied. Then
D(G N H) occurs f, , times in U%"4 (G M H) provided «
=v. Hence (18) suggests that U%" occurs in R* ¥ G if and
only if w=v, and that, in this case, it occursf, , times.
Therefore,

R*yG=(f,, ,Us" (formally), (22a)

where the summation is over all distinct values of »
which are expressible in the form

n
¥= _)\(sgm))z w;m; (m ez, (23a)

i=1

and, for fixed », f, , is the number of distinct ways of
choosing m = (ni,,m,, ..., m,)€Z" so that {23a) is satis-
fied.

(b) Suppose the w’s are not rationally velaled

A similar argument, using the representations U%*
[Ref. 10, Eq. (25)] instead of the representations U%"
[Ref. 10, Eq. (26)] shows that

RG> f, Uy (formally), (22b)

where the summation is over all distinct values of &
which are expressible in the form

h=—(sgnv)s w,(m;+3) (m;e7,), (23b)

j=1
and, for fixed &, f, , is the number of distinct ways of
choosing m = (m,,m,, ..., m,)=Z" so that (23b) is satisfied.
7. PROOF OF THE DECOMPOSITION OF R' | G
Alternative expression for R°¥G
Since every element of G can be written in the form

n

(0,8,a,5(7))=(0,0, O,I)I_{ (0,8,e;,0,I)

n

xJ1(0,0, ,e;,IX0,0,0,S(r)) (24)

[from (4) and (8)], the representation R* %G may be ex-
’ P
pressed as a product of representations of one-dimen-
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sional Lie subgroups of G. These representations may
be calculated explicitly by using (12), together with (6),
(10), and (11), and Stone’s theorem,

[R*(,0,0,0¢])(g, p) = expivop (g, p),
[R(0,8,¢e,,0,)¢]lg, p)=d(g -B,e;,p)

9
=exp<—l3]5;><b(q,ﬁ) s

[R*(0,0, @,¢,,1)¢)(g, p) = expliva g )olg,p - a,e,)
g ]
= expa,<wqj - a—P—>¢ (q,p),

[R*0,0,0,5(r )¢ ]la,p)
= exp[-ivﬂs r )-1(¢1,P)]¢(S(T)"(q, F)

.|n Qi".bi~w.r 02
=exp| v 4 5 SINW,T COSW,T + P,q,8in°w,T

X ¢+ ,q;C05w,T +p sinw T, ...

, =g, Sinw,T

+p c08W,T, 0 *)

Y a2 8 3
=exp‘r@wk['2—(<1k—l’k )+Pk aq, =4 apk}>¢(Qyp) .
Therefore,

[R*(,8, @, S(T))](g,p)

n =}
= expivoH exp (—B, 5;;)

i=1
2

xT1 expozj(ivqj - W)expT(Z w, [l—zg(qi -p3)

j=1 J k=1

a9 a9
oz -qup—k])p @, (25)

@) Suppose the w/s ave rationally velated

Alternative expression for B f, Ua”
r

For fixed », thef, , copies of Uz" arise from the f, ,
distinct ways of choosing m = (m,, m,, . .., m,) €Z7 so that
(23a) is satisfied. The summation in &,f, Ug" is over
all distinct values of » which are expressible in the
form —A(sgnv)z';:lemj (m;€2,). Therefore,

@[, UgT= @ Ugmemhaem, (26)
;i

meZR

Now, from (19),

[Ug Moo Ligw im0, 8, @, S(7) W] (x)

i n . n a
= expon» exp(-wﬁjx,)H exp(_oz} 877)
3

j=1 i=1

X expiT l:—(sgnv)z w,(m;+3)
j=1

1 1 9®
+2) w,(—z—);x—zj-\uvx?)}zp(x).
j=1

The summation over m of such representations can be
simplified by taking U2 -2se®)L}, 0;m; t5 act on the space
L*R",C)Y,, [where ¢, is defined by (20)]. For each m cZ",
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exp [—iT (sgnv)i w,(m; +‘§)} P9

T <& 1 92
exp] -5 3 (-5 gy +3) a0
Fed 7

Now the set {zpm: m € Z7} forms a basis of the space
L?R",C) of functions from {y € R"} to C; so the set
‘{wmm(x)lﬂm(z,(y): M 1y M (2) €Z"} is a basis of the space
L2R2",C) of functions from {(x,y) €R*} to C. Hence,
from linearity, it follows that, with £ e L?(R*",C),

(&1, U870, 8,a,S(M))N)x,y)

n n
= expivo ] exp(<ivB,x )] exp

j=1 j=1

i & 182
xem?{z:wj[(—;a—x—i+vxj>

=1

@ 3
T ax,

_<—-i—a—i%+vy§>]}§(x,y).

The unitary equivalence of R°YG and @ f, Ug”

27

If the representations R*+ G and @,f, ,Uy" are unitar-
ily equivalent, there exists a unitary operator V such
that

VRV OV = @f,, UL

For each p €{0,8,,8,,...,8,,@,%,,...,a, T}, let
i () be the one-dimensional Lie subgroup of G formed
by those elements for which the value of every parame-
ter except p is zero. Let Y, Y} be the representatives
of the generators of u(f) in the representations R+ G
and @,1,,,,Ug", respectively. Then

R”%G:I} exp(pY,) and er}fw,,&’g":Hexp(pY;)
i

(28)
(where the parameters in the product occur from left to
right in the order ¢,8,,8,,...,8,,0,,0,, ..., T).

Hence, if V exists, it satisfies

11 exp(uY))= IV exp(pY )V=I] expu(V2y,V),

by Stone’s theorem. So Y, =V™Y,V for each u. Con-
versely, if V is a unitary operator such that ¥, =VY V
for each u, then @, f, Uu™=VHR*¥G)V. Therefore,
to demonstrate the unitary equivalence of R*¥ G and

P, f,,UgT, it is sufficient to show that there exists a

unitary operator V satisfying
Y, =V1y, vV, (29}
for each p c{0,8,,8,,...,8,, @, %, ..., &, Th

Explicitly, V must satisfy, from (25) and (27)-(29),

when y =0,
iv=V1G)V; (30)
when p =8,
) 40
ivx;=V a—q—;V; (31)
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when p=a

9 9
a—x—j-: <-—-ZUCI +apj>vv (32)
when =7,
BIEENHEER)
§ gy e Y 2 la}‘2+y
A& iv 9 8
=V1<Ew,[5(ﬁ—1)3)+1’;55;—%5p—j]>V- (33)
j=1

From the form of these relations, it should be possi-
ble to express V, if it exists, as a product of operators
V.V, <V, where V, transforms operators dependent on
one or both of x; and y; into operators dependent on one
or both of g; and p;, and the action of V, on operators
which are independent of x; and y; is simply to take
them into the operators obtained by replacing x,, v, by
G P, respectively (k=1,...,j-1,j+1,...,n). More-
over, if {= L?*(R?*" C) is a function defined on the space
{vy, ooy vy, ..., ¥) R?Y then £ is measurable and
square-integrable when considered as a function of x;
and v; only, and hence, in this way, ¢ can be regarded
as an element of L?*(R*,C). 1t follows that V, can be
considered as an operator on a space L?(R?*,C). Fur-
thermore, if V; is unitary when regarded as acting on
L3(R?%,C), then V, is unitary as an operator on
LZ(RZ",C),

This reduces the Eroblem to showing the existence of
a unitary operator V, defined on L?*(R?,C), which satis-
fies [since, trivially, (30) is satisfied by any V]

in,\’:f/'l%f}, (34)
a ~ N A
a—y:V“(—im]+55>V, (35)
i 1 8 5 1 8?2 ,
§[<—5a2—+vx)—<-;5&—z+vy>}
[0 pyap g 27
=V [2(q —p)+paq ~45p V. (36)

The existence of the operator V will be shown by ex-
plicit construction, in two stages.

First, let £ = L%(R%,C) be a function from the space
{(x,y)=R? to C; define a Fourier transform F, of { into
the space L#(R*, C) of functions from the space
{(g,p)eR% to C by

(F D, p) = ( )/2 [ explivea)ete, phax (37)

By Plancherel’s theorem,’® F. is a unitary operator.
3 1

Let ¢ € L*(R?,C) bea function from the space{(q, p)eR%to
C; then F]' maps ¢ into the space L*(R? C) of functions
from the space {(x,y) € R?* to C, and is given by

v\ -
(FII¢)(x,y)=(§I:7>1 zf exp(-ivg)plg, y)dq .

Then
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<}
a4 % 5 -1¢; __2
F; 57 F,=dvx, F{'(ivg)F, = Pl 8
9 . .
Fllgf;Fl:g;)’ Fll(Z'l}p)Fl=ZUy.

So, for the operators occurring in (34) and (35),
-1 a .
F7 é; F =ivx,

and
Fr ] 8
< ll)q+ P) 1= é_)—(-+@'
Hence the introduction of the operator F, reduces the

problem of finding a unitary operator ¥ satisfying (34)
and (35) to that of finding a unitary operator U satisfying

jvx=U"tGvx)U, (39)
8 _../8 @
Define an operator U on L*(R?,C) by
((~J§)(x,y)=€(uux TV, Uy X +p ), (41a)
where u,, U5, Uy, Uy € R,
U is unitary if [A[=1, where A=u, Uy — Uy oty .
U is given by
T ey v) = £f 22, M “21 Uy
(o §)(A,})—£<A 2y, ~Zx+ Ay>. (41b)
It follows that
"(zm)U— (uzzx Uy,

i (2 2\ 8 3 a )
5% Yov 3y Sungy +u218y Uiyt 5y

Hence, when u,; =1, u,,=0, u;; =-4, and u,,=4, U sat-
isfies conditions (39) and (40). To make U unitary, A
may be taken as 1.

Therefore, when X-/:FIU, with

(UO) x, )= Llx, —x +y), (42)

conditions (34) and (35) are satisfied. It may be veri-
fied that, with this choice of V, the remaining condition
(36) is also satisfied.

A unitary operator V satisfying (30)-(33) can now be
constructed. Let { € L?(R*",C) be a function from the
space {(x,y) € R*"} to C, and define the operator V map-
ping ¢ into the space L2(R®*",C) of functions from the
space {(g,p) € R®" to C by

Vg, ... VP

( )n/zf f expr}x 43 C0cy, ..., %y,

—X,+ppdx, dx

)qﬂ’pl) AR

Ky Dy ey (43)

ne

From the properties of f/, it follows that V is a uni-
tary operator on L?(R?",C) satisfying conditions (30)-(33).

M.E. Major 1950



Hence Y, =V~'Y V, for each

pefo, 8,8, ... ,8,,0,,a,, ...,a, 7 this implies that
Il exp(pYl)= V'll: 11 exp(uYu)] V.
H [*3

Therefore,

VARGV = B £, UL, (44a)
T

where V is the unitary operator defined by (43).
{b) Suppose the w’s ave not rationally velated

An alternative expression for EB,,fw,,,Ug"‘ may be ob~
tained by a method similar to that above, using the rep-
resentations U2" [Ref. 10, Eq. (25)] instead of the rep-
resentations U%” [Ref. 10, Eq. (26)]. It follows that,
when the w,’s are not rationally related,

(D fu,nUe" 0,8, a,8(71))6)(x,y) may be expressed in the
form of the right-hand side of (27), where now 7€ R.
The same argument as above then gives that

VYR Y G)V =@ f, U%", (44b)
h

where V is the unitary operator defined by (43).

8. THE SIGNIFICANCE OF THE DECOMPOSITION
OF R G

(a) Suppose the w's ave vationally velated

R G=f, U7,
r

where the summation is over all distinct values of »
which are expressible in the form -A(sgnv)z_‘_/:=lenzj (m,
€7,), and, for fixed », f, , is the number of distinct
ways of choosing m = (m,, m,,...,m,) €Z" so that »

= _)\(sgmv)z'j':le m; is satisfied.

For fixed » occurring in the summation, let s=—»/
sgnv. ThenscZ,, andf, , is the number of distinct
ways of choosing = (i, m,,...,m,) €Z" so that s
= AZ):.:lenzj is satisfied. Hence f, , is precisely the de-
generacy d,, ; of the energy level £ _ of the n-dimen-
sional anisotropic harmonic oscillator with rationally
related frequencies (w,, w,,...,w,); moreover, all en-
ergy levels of the system occur in this way.

Therefore,

RV G E@dw sU1();,--(:agnv)s , (45a)
s '

where d,, , is the degeneracy of the energy level E . of
the n-dimensional anisotropic harmonic oscillator with
rationally related frequencies (w,, w,, ..., w,), and the

summation may be regarded as over all distinct energy
levels E, ; of the system.

(b} Suppose the w/’s ave not vationally velated
RYG z@ fw,r-UZ’h ,
h

where the summation is over all distinct values of &
n

which are expressible in the form —(sgnv)Emwj(mj

+32) (m,;e7,), and, for fixed &, f,, , is the number of

dis‘tinct ways of ihoosing nz =.(m1, Myy ... ,m,) €L 50

that k= -(sgnv)Eij(mﬁ z) is satisfied.

For fixed % occurring in the summation, let e=-h/
sgnv. Thenf  , is the number of distinct ways of choos-
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ing m=(m,,m,,...,m,)€ZL" so that e=>_-):=1wj(mj+é) is
satisfied. Hence f, , is precisely the degeneracy d,, ,
of the energy level £, of then-dimensional anisotropic
harmonic oscillator with nonrationally related frequen-
cies (w,,w,,...,w,); moreover, all energy levels of the

system occur in this way.

Therefore,

Ry G=Bd, Uy lsswe, (45b)
e 1

whered,, . is the degeneracy of the energy level £, . of

the n-dimensional anisotropic harmonic oscillator with

nonrationally related frequencies (v, w,,...,w,), and

the summation may be regarded as over all distinct en-

ergy levels E, , of the system.

In conclusion, the degeneracies of the energy levels of
the anisotropic harmonic oscillator can thus be viewed
as multiplicities of irreducible representations of G in
the decomposition of the representation R” of L re-
stricted to G.

The group G is intrinsically related to the anisotropic
harmonic oscillator, since it is essentially a group gen-
erated by the position and momentum observables, the
identity operator, and the Hamiltonian of the system.
On the other hand, the group L has no direct relation to
the anisotropic harmonic oscillator: L is simply a
semidirect product of the Weyl group, N, and the sym-
plectic group, Sp(2r, R). As such, it would be considered
a part of quantum mechanics, rather than classical me-
chanics. Nevertheless, it should be pointed out that the
group L/C (where Cis the center of L) can also be re-
garded as the group of invertible inhomogeneous linear
canonical transformations in classical mechanics. The
representation R* of the group L will be analyzed in
more detail in a later paper.
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A semidirect product of the Weyl group N, with the special unitary group SU(n), is proved to be a
possible noninvariance group for the n-dimensional isotropic harmonic oscillator. In order to obtain this
result, a method is developed for finding the representation W of SU(n) which intertwines the
representations U}, and (4 + iB) Uy of N [where 4 + iB&SU(n)]; it is also shown that W=®7_W,,
where W, is an irreducible representation of SU(n), of dimension equal to the degeneracy of the (a + I)th

energy level of the n-dimensional isotropic harmonic oscillator.

1. INTRODUCTION

In the literature, the term “symmetry group” or “in-
variance group” is sometimes used with little explan-
ation. However, most authors, in talking about such a
group, mean a degeneracy group, defined as follows.
Let D be a subgroup of the group of all unitary operators
commuting with the Hamiltonian of a guantum mechani-
cal system; then the eigenfunctions of each degenerate
energy level form the basis for a representation of p.!
D is a degeneracy group for the system if:

(i) to each energy level of the system, there corre-
sponds an irreducible representation of D;

(ii) no irreducible representation of D corresponds to
more than one energy level of the system, but some ir-
reducible representations of D may not correspond to
any energy level.

In general, once such a group has been found for a
system, the accidental degeneracy is regarded as being
explained. In particular, SU(r) is a degeneracy group
for the n-dimensional isotropic harmonic oscillator.?

For some systems in which the accidental degeneracy
can be explained by means of a degeneracy group, larg-
er “approximate” symmetry groups have been studied.
Those irreducible representations of a degeneracy group
of a system which occur as representations on the eigen-
spaces of the Hamiltonian are collected into one irreduc-
ible representation of a larger group. Such a larger
group is known as a noninvariance group. Precisely, a
noninvariance group for a system is defined to be a Lie
group G,; with the following properties:

(i) Gy contains a degeneracy group D of the system as
a subgroup;

(ii) the Lie algebra of G, includes certain “noninvari-
ant” generators which do not commute with the Hamil-
tonian;

(iii) Gy, has an irreducible representation whose re-
striction to the group D is unitarily equivalent to® p,,
where p,, is an irreducible representation of p of dimen-
sion equal to the degeneracy of the mth energy level of
the system, and the summation may be regarded as over
all energy levels of the system.

The concept of such a group was apparently first sug-
gested by Barut,® in 1964; in 1965, Mukunda, O’Raifear-
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taigh, and Sudarshan® reported that SU(z, 1) is a nonin-
variance group for the n-dimensional isotropic harmonic
oscillator.

The main result proved in this paper is that a semi-
direct product of the Weyl group, N, with the special
unitary group, SU(n), is a possible noninvariance group
for the n-dimensional isotropic harmonic oscillator.

First, all the quantum mechanical irreducible repre-
sentations of N(8) SU(n) are found explicitly, using Mack-
ey’s theory of induced representations. In order to do
this, a method is developed for finding the projective
representation W which intertwines the representations
Uy and (A +iB) U of N [where A +iB € SU(n)|. Some of
the simplest of the quantum mechanical irreducible rep-
resentations of N(8) SU(n), when restricted to SU(n), be-
come just the representation W of SU(r). It is proved
that W =17_,W,, where W, is an irreducible representa-
tion of SU(n), of dimension equal to the degeneracy of
the (@ +1)th energy level of the n-dimensional isotropic
harmonic oscillator: These results show that N(8) SU()
is a possible noninvariance group for the n-dimensional
isotropic harmonic oscillator.

2. THE LITTLE GROUP OF THE REPRESENTATION Uy

A typical element of the semidirect product N(8) SU(n)
of the Weyl group N and the special unitary group SU(n)
is denoted by (5,8, a, U), where g <R, B=R", a € R",
and U« SU(n); the group law is taken to be

0,80, UNo, By, U)=(a",B",2",U"), (1)
where
o" =¢’ +0 +1A'B.B'B-3A'a.B«a
-B'B.Ba+a .(A'B-B'a),
B"=A'B ~B'a+8',
o"=B'+A’a +a’,
ur=u'u,
with U’ =A’ +iB’" SU(n), and [/ <~ SU(). [This definition
is just the restriction to the subgroup N(8) SU(n) of the
group law of N(§) Sp(2n,R) (=1), introduced in Ref. 5;

SU(r) has been identified with a subgroup of Sp(2r,R)
under the isomorphism
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A
A +iB [€ SUW) ]~ ( B) (< Sp2n, R)].]
~-B A

Every quantum mechanical irreducible representation
of N is unitarily equivalent to one of the form [Ref. 6,

Eq. (15)]
(U0, B8, a,1) ] (x) =expivio —x . B) ¥lx ~ ), 2
where v(0) € R, » ¢ LAR",C).

The action of A +iB € SU(r) on U}, is, by definition
[Ref. 6, Eq. (11)],

[((4 +iB)UE) (0,8, a, ) 4] (%)
=[U2((0,0,0,(A +iB)™")
X (0,8, a,1)(0,0,0,A +iB)) §](x)
=expiv{oc + 3(ATa.B a0 —ATB.B"B)-B"8.8%a
~x. (ATB+BTa))ylx +B"B~ATa), (3)
from (1) and (2), with T denoting transpose.

(A +iB) U} is an irreducible representation of N. Re-
stricted to the subgroup {(¢, 0, 0,/)}, it is just the phase
expivg. Hence (A +iB) U must be unitarily equivalent
to Uy, since U, is the only irreducible representation of
N which has the required form on restriction to the sub-
group {(s, 0,0, 1)}.

Therefore, there exists a unitary operator W{4 +iB),
dependent on A +iB, such that

(A +iB)UL=W(A +iB)"*ULW(A +iB), 4)
for each 4 +iB < SU(r).

In order to obtain all the irreducible representations of
N(® 8U{n) explicitly, the operator W must be found (Ref.
6, Sec. 5).

3. AMETHOD OF FINDING THE OPERATOR W

A. General approach

Since SU(») is a separable, compact, connected and
simply connected group, it has no nontrivial multipliers?;
hence W can always be chosen to be an ordinary repre-
sentation W, of SU(). The following method of finding
W, depends on the use of one-parameter subgroups of N
and SU(n).

Let # be an r-dimensional connected Lie group. It may
be proved that every element of ¥ can be expressed as a
finite product of the form

h =h 1(711)}1 2(721) " 'hr(Trl)hl(T.lz)h 2(722)
Xooel (r,5) o hylT i ) holry ) oh (),

where i (7),4,(1), ... ,h,(r) are independent one~param-
eter subgroups of #.? For convenience of notation, this
will be written as

h=T1T1%{7;)
F

(where the order of the terms is important).

Since SU(n) is a connected Lie group, every element
of SU(n) can be expressed as a finite product of the above

1953 J. Math. Phys., Vol. 18, No. 10, October 1977

form, with » =dimension of SU#) =n — 1.

Since W, is an ordinary representation of SU(x),
Wolh) =TI Wolh (T ;D). (5
i

Hence, in order to find W,, it is enough to determine
the restriction of W, to a set of {n — 1) independent one-
parameter subgroups of SU(n).

For each i, the map i, (7) = Wy(%,(r)) is an ordinary
unitary representation of the one-parameter subgroup
#,(r) of SU(r). Hence, by Stone’s theorem,® there exists
a unigue skew-adjoint operator J, such that

Wolh (7)) =expTd; . (6)

1t is thus sufficient to find the J,’s corresponding to a
set of (n — 1) independent one-parameter subgroups of
SU(n).

For each one-parameter subgroup 4 (r) of SU(r), the
unique skew-adjoint operator determined by W, (% (7))
=exprJ satisfies, from (4),

(YUY ")
=exp(~7J) Uln’) exp(7J), for eachn €N. {7

Some of the properties of the operator J will now be ex-
amined: This will indicate how the operator J can be
calculated,

Now each element (7,8, @,I) € N can be expressed as
a product of elements of one~parameter subgroups, us-
ing (1), by

(O':B: 0451)
={s,0,0,I) H(O,ﬁjej,o,z)H(o,o,ajef,l), (8)

where ¢; (£ R") is a unit vector with 1 in the jth position
and zeros elsewhere. For each parameter y € {o,8,,
BosowesBpy Qs Uay o5, }, 1ot u(2) be the one-dimension-
al Lie subgroup of N formed by those group elements
for which the value of every parameter except j is zero.
For each such one-parameter subgroup p{f), the map
p(t) =(r) UL () is an ordinary unitary representa-
tion. Hence, by Stone’s theorem, there exists a unique
skew-adjoint operator Z,(7)such that

(D) U (D) =expiZy(7) . (9
So, for each u,
(10)

Differentiating with respect to ¢ and putting ¢ =0, and
then differentiating the result with respect to r and put-
ting 7 =0 gives

dz ,(7)
.

expiZ ,(7) = exp(-1J) exp(iZ ,(0)) exp(zJ) .

5 =[Z (0),J]

T=0

(11)

for each .

The existence of a skew-adjoint operator J satisfying
(11) follows from the existence of Wy(r) =exprJ.

Conversely, suppose J is a skew-adjoint operator sat-
istying (11). To investigate the uniqueness of J, let.J’
=J -J. Then [Z,(0),J’]=0 for each ;. The operators
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Z,(0) give the representation of the Lie algebra of N
corresponding to the representation U}y of the Lie group
N. Since U} is an irreducible representation, it follows,
by Schur’s lemma, thatJ’ is a scalar multiple of the
identity operator; since J’ is a skew-adjoint operator,

J” must equal £, where ¢ is imaginary,

Hence every skew-adjoint operator J satisfying (11)
also satisfies (10}, and (11} determines the skew-ad-
joint operator J up to an arbitrary constant.

Therefore, for each 7, the ordinary representation
W h,i(T)-expT(fi +£,1) of the one~-parameter subgroup
(1) of SU(n) satisfies the restriction of (4) toh,(r)
[where j,. is a skew-adjoint operator satisfying the con-
dition analogous to (11)]. However, because of the arbi-
trary constants ,, the map

W T~ TTTT expr,;(J, +£,0)

may not be an ordinary representation of SU(). To en-
sure that W is an ordinary representation of SU(n), the
constants £, cannot be allowed to be arbitrary, but must
be appropriately chosen. If W is an ordinary represen-
tation of SU(r), it must give an ordinary representation
w of the Lie algebra of SU(n); this leads to constraints
on the values of the constants ;.

B. Detailed calcuiation

In order to find a set of independent one-parameter
subgroups which generate SU(n), a basis for the Lie
algebra of SU(n) is first obtained. Now the Lie algebra
of SU(n) is the algebra of all nxXu complex skew-adjoint
matrices of trace zero, denoted by su(n).'®

A basis for su(n) is the set of (n*=1) elements,
R{=i(E;, +E,;) (1 <j<k<n),

RO=E,,~E, (l1<j<k<n), (12)

1
H, =i<Ekk —71"> (2<k<n)

{where E,, is the nx# matrix with 1 in the {I,m) posi-~
tion and zeros elsewhere, and ], is the nX#n identity ma-~
trix].

B k(1) =Al7) +iB(1) =(a,,(7) +ib;,(r)) is a one-param-
eter subgroup of SU(z), then, from (3) and (9), the rep-
resentatives of the generators of N in the representa-
tion 7 (7) U2 of N are

Z (1) =iv,

. . 2
Zs, (1) =—iv i: a;, (1) %, +§; by (1) vt 13
=1 &= Xr 13

n
-y _2’; 8
Zo,_j(‘r) iv kgﬂ by (7) %, 2 a;. (1) ox,

From (11), J must satisfy
when p =g,

0=[iv,J],
which is satisfied by any J;
when 4 =8,
. 9 .
._wiaj'k(O)xk +2: b1,(0) ~——=[—wx,,J],‘ (14)
&1 £ %y,
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when . =a;,

. 3 2
—_ i ' (0 - ' (0 ___._=( —_— ]
i =t 05 (0)x, ; a}(0) ax, ax; »J

(where ’ denotes differentiation with respect to 1),

(15)

() The operator J for the subgroup genevated by RY,

Suppose, with the above notation, thatR'Y is the gen-
erator of the one-parameter subgroup (1) =A(7) +iB(r)
=(a,,(7) +ib,,(r)). Then

R =A7(0) +iB’(0) =(a;,(0) +ib!,(0)) .

In this case, the only nonzero elements of A’(0) and
B’(0) are

b (0)=1=b/,(0).
Hence the conditions (14) and (15) become

for j#1 or m,

. - 9
0={—ivx,,J] and 0=[—- ox) ,J];
for j =1 (zm),
. . 9
Py =[—ivx,,J] and —wxm=[:—a;—,J];

m

for j=m (#l),
3 . . 3
Hﬁ[—wxm,ﬂ and —ivx, =[—-5}:,J].

These relations are all satisfied by the skew-adjoint

operator
2

1
J=w(RY)=—

g [¢8]
- +ivx,x, +E T 16a
iv X0, 1¥n Foinl s (162)

where £t is an arbitrary imaginary constant.

(il) The operator dJ for the subgroup genevated by RZ

Similarly, the operator J for the subgroup generated
by R{? must satisfy

for j#! or m,

. a
0=[~ivx;,J] and 0=[—§-'—,J];

I

for j =1 (#m),

J)
H

3 3
—ivx, ={~ivx,,J] and -~ =l:————-
VX oy [ 13 ] ox,, 3%

for j=m (21),

and —-8—=[— J J].

ivx, =[—z?vxm,J] ax
m

These relations are all satisfied by the skew-adjoint
operator

3 8
T =w(RE) =y~ ~ s 2=+ &0
1

16b
Y (16b)

where £(2 is an arbitrary imaginary constant.

(iii) The operator J for the subgroup genevaled by H

The operator J for the subgroup generated by H, must
satisfy
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1y
L and L2y, =[-2 ;)
n 9x; [ wx,,J] n7 [ ox; 7717
for j=m,

1\ o . 1 > 3 ]
1-— = = d —~ip(l -— = |- .
< n) o [-ivx,,J] an zv( 7 )¥n [ pont®
These relations are all satisfied by the skew-adjoint
operator

m

] 1 52 2>
2n E= < v 8x,f o ) +End, (16¢)

where £, is an arbitrary imaginary constant,

(iv) Calculation of the values of the constants £ &2
and &,

It may be shown that the commutation relations of
su(n), in terms of the basis R{Y,R®@, H, [see (12)], are

R, RY 1==(5,,R? +5,R®, +5, ,RD +6,,R?)
(RS2, RE1=

[R§2, R%1=

ékaf"]i) +6kl REIth - 6ij§zll) +5i1R£1an ’
5ka§'21) +8y, R§27)n +GimR(2) 6 Rfezrzt ’
1
[Rg‘i?’ Hy)= (8, = 6kl)R§i)’
(R, H,1=(5,, - GJI)R%:):
[HI 2 Hm ] = 0 ?
where, for convenience of notation, define

R(l) =R®

ki’
H1=_EH,'5
is2

RW=2H,,

R@=-R®?, forj>k;

R®=0, forj=1,2,.

Since w is to be an ordinary representation of su(x),
w(RY), w(R?), and w(H,) must satisfy the commuta-
tion relations of su(z). Explicit calculation shows that
this implies

Bim £7 +0,,E2 +6;,, £2 +6;,£2 =0 (18a)
Bum 57 = Onr E5m +0;m £67 = 051 £ =0, (18b)
Spm £2 = 6,82 = 5, £2 46,62, =0 (18¢c)
(=8;, +8,,) £72 =0 (18d)
(=8, +6;,) % =0 (18e)

where, for convenience of notation, define

D=t f@=r@ forjsk;
n
E1==0385
i=2
E(l)— Ej! g‘(i?:()’ forj=1,2,...,n

Conditions (18d) and (18e) give that £ =0=£? for j<k
{and hence for j >k as well). Condition (18b) gives that,
whenj=1, k=m (j<k), £~ P=0, so &; =£,; but 77_,¢;
=0, so ¢§;=0for allj=1,2,...,n.

1955 J. Math. Phys., Vol. 18, No. 10, October 1977

Hence the condition that w is an ordinary representa-
tion of su(n) is sufficient to determine the £’s uniquely:
They must all be zero. Therefore, the ordinary repre-
sentation W of SU(z) satisfying (4) is uniquely deter-
mined. W{A +iB) can be written down explicitly, once
A +iB has been expressed as a product of elements of
the one-parameter subgroups of SU(r) generated by R$Y,
Rﬁ)’ and H,.

Note: An alternative expression for W(A +iB) can be
obtained as follows. Since SU(n) is a connected, simply
connected, exponential Lie group,'’ the ordinary repre-
sentation of su(n) determined by w [(16)] with all the £’s
zero exponentiates to an ordinary representation of
SU(n); ** moreover, this representation is precisely the
representation W determined by (4).

Therefore, if A +iB € SU(r) is parametrized by 713,
72, 1,€R (I<j<k<mn), so that

A +iB =exp{ >

1sj<k=n

GPRW+ 1 BRD) + 3 1, Hk] ,
k=2

then

W(A +iB)

vxi)}} (19)

is the unique ordinary representation of SU(n) satisfying

(4).

4, THE IRREDUCIBLE REPRESENTATIONS OF N®SU(n)

It now follows from Mackey’s theory for semidirect
product groups (summarized in Ref. 6) that every quan-
tum mechanical irreducible (ordinary) representation of
N(8)SU(n) is unitarily equivalent to one of the form

3
i axj>
XW(A +iB) 9n(A +iB), (20)

where (o, 8, a,A +iB) € N(S)SUn), W is the representa-

tion of SU(n) defined by (19), 7 is an irreducible repre-

sentation of SU(#), and the operators in the first part of
the inner Kronecker product are defined on a dense sub-
space of L%R", C).

Uswon: (0,8, a,A +iB)

—expivioc - x .B) exp (——
Ji=1

5. THE DECOMPOSITION OF THE REPRESENTATION
W OF SU(n)

Some of the simplest of the quantum mechanical ir-
reducible representations of N(8)SU(x) [(20)] are those
for which n is the one-dimensional identity representa-
tion of SU(): n(A +iB) =1 for all A +iBESU{n). The re-
striction of UYW ®7 to SUfn) is then just the representa-
tion W of SU(n).

In order to decompose W into irreducible representa-
tions, the closed subspaces of L*(R",C) which are in-
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variant and irreducible under W will be found. Suppose
w is the representation of su(x) corresponding to the
representation W of SU{xz). Then a closed subspace § is
invariant under W if and only if the dense subspace of Q
on which w is defined is invariant under w.'® Hence it is
sufficient to find the subspaces of L#R", C) which are
invariant and irreducible under the representation w.

As a basis for the representation space L*R",C) of
W, take the set{y, : m=(m,m,...,m,)EZ"'}, where
) =ITu, (1 0112x,),
i=1

with Up, & Hermite function of order m;.

From the properties of Hermite functions, it follows
that the function ¢, (x) =u, (| v|}”2x) satisties

% (’% 5:2 *”"2>¢m‘x) =(sgnv)(m +3) pp(x),  (212)

X, x)= Tijl—/z[(—;iy/z%_l(x) + (1"_2L1_ >1/2¢m +1(x)} ,

(21b)
L=l o[ (3] st - () o],

(21c)

Therefore, from {19) and (21),
w(R$})$,(x)
=i(5gnv)[ Vi, (mk + I)(bmj—l(x;‘) ¢mk +1(xk )

+ '(mj +1) my ¢m,-+1(xj) ¢mk-—1(xk )] II ¢ml (xz) ’ (22a)
1=%j,k

w (R ()
= (sgnv)[ - VI, m, + I)‘ij—l(xj) ¢mk+1(xk )

+ mj + m;¢mj+1(xj) (pmk-l(xk )] H ¢m,(x1)’ (22b)
1

=i,k

w(H,)P,0x) =i(sgnv)(mk —%im,) D). (22c)

1=
Hence the representatives of each of the basis ele~
ments of su(z) transform any L%R", C) basis vector
B (2,)* + Dy, (%,) with 2 im,; =q into a linear combin~
atiun of L*R", C) basis vectors, each of which has the
sum of the subscripts of the component functions also
equal to a.

Therefore, the subspace ©, of L*R", C) spanned by
the set

{z,bm 2”) m; =a:}

contains a dense subspace on which the representation
w of su(n) is defined, and which is invariant under w. It
follows that, for eachacZ,, @, is invariant under the
representation W of SU(z). Hence

W=é°; W, , (23)

a=0
where W, is the restriction of W to the subspace Q,.

The representations W, must now be decomposed into
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irreducible representations. This will be done with the
aid of two preliminary lemmas.

Lemma A: Any one-dimensional subspace of , which
is invariant under the subalgebra generated by w(H,)
(e=2,3,...,n) consists of scalar multiples of some
Plx) =Py (%)) O, (x,), Where 737 m; =a.

Proof: From (22c¢), each 3, spans a one-dimensional

subspace which is invariant under the subalgebra gen-
erated by w(H,) (¢ =2,...,n).

Suppose ¢, S, also spans a one-dimensional subspace
of ©, which is invariant under the subalgebra generated
by w(H,) (k=2,...,n), Then, for each2=2,...,n,

w(H,) ¢, =hyt,, for someh,=C. (24)

Now since {,EQ,, {, can be expressed in the form

£,=71Cnbn, for somec,cC, (25)

where the summation is over all m such that}; 7 m; =a.
Hence, using (22c),

w(H,) & =Y ¢ w(H,) Y,

=i(sgnv) ¢, m, —a/n)y, .
Also, from (24) and (25),
w(H) 8o =y 25C b -
Since the y,, are linearly independent, it follows that
i(sgnv) ¢ ,(m, —a/n) =h,c,,

for all m =(m,,...,m,)< 7! such that 3,7, m; =a. So
either ¢, =0, or m, =a/n —ih,. Hence all nonzero terms
in the sum Y} ¢, ¢, must have the same value of m,, for
each k=2,...,n; moreover, since };}.,m,; =a for each
term in the sum 3} c,, ¢, it follows that each term must
have the same value of m, as well. Hence ¢, =c,¢,, for
some y,, satisfying 377, m; =a.

Lemma B: Each g, is contained in an irreducible in-
variant subspace under the representation W.

Proof: Choose m=(m,,...,m,)c Z" arbitrarily.
Then y,&8,, where a =37 m,. Suppose £, splits into
s{a) irreducible invariant subspaces under W,

sa)
S-za = @ Qar b
r=1

where §,, is an irreducible invariant subspace under W.
Then

s(a)
me = E gar H Where é‘a'rE;Qar ‘ (26)
r=1

So

sfa) sla)
W(H) =05 w(H) 80y =25 Ll s
r=1 r=1
where ¢/, =w(H,) {,, = 8,,, since Q,, is invariant under
W, and therefore under w(H,). Also, from (22c) and
(26),

sla)
w(H,) ¥, =i({sgnv) (m, —a/n)Z,: Lar-
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Since ¢,, and ¢, € Q,,, and the @, (v =1,...,s(a)) are

disjoint subspaces, it follows that
g =w(H,) &g, =i(sgnv)(m, —a/n) &, -

Hence ¢,, spans a one~-dimensional subspace of Q,,
which is invariant under the subalgebra generated by
w(H,) #=2,...,n). So, by Lemma A, ¢, =cis, for
some ¢ €C and @, satisfying 3,7, (71); =a. Since the
#’s are linearly independent functions, it follows, from
(26), that the chosen y,, is itself of the form g,, (for
some #), and S0 ¢,EQ,,.

Proposition: For eacha< 7., , is an irreducible
invariant subspace under the representation w.

Proof: Choose a =7, arbitrarily. From Lemma B,
Y 0,. . ..0) belongs to an irreducible invariant sub-
space, © say, of Q,. Now, from (22b),

w(BD) Yo, .. 0 )
=~(sgnv) \/—a_wa—l(x.l)zpl(xz)wo(xs) RN

unless @ =0. I a=0, theny, , . . =%, Spans the one-
dimensional subspace, Q,, invariant under W. If a =0,
then ¥, ,,... <9, since © is invariant under W and
therefore under w(R®). Using (22b) again,

W(R(lzg) w(a—1,1,0, BN (x)
=(sgnv)[-v2(a - 1) Yau2(6y) Palxs)
+ﬁ¢a(x1)¢o(x2)]wo(x3) v "/)o(xn) .

Since ¥, 5, . €9, it follows that, unless a =1,
P@-2,2,0,...,0E0 as well. Then, by induction, the in-
variant subspace © containing y, , .., 2lso contains

Ya-i ivo,... .00 fOTj=1,2,... a.

Now choose arbitrarily m =(m,,...,m, )< Z" satisfy-
ing 337 m; =a. Since Y, , . . 4<0, itfollows, from
above, that g _,. .. 0....,0 €0. A similar argument to
that given before, using R instead of R%, gives that
Viammp=mg, mas mgr0, . . .00 Similarly, using R®, (¢
:-4, ... ,n) it follows that y, _ oy mp mgamge s my)E O 50,
since 337 m; =a, Yiny o my, . .., m, €©. Hence O contains
all the basis functions y,, for which 37 m; =a, and so
© =Q,. Therefore, Q, is an irreducible invariant sub-
space under W. (This completes the proof of the prop-
osition.)

It follows, from (23), that the decomposition of the
representation W of SU(x) is

w=pw,,
a=0

where each W, is an irreducible representation (namely
the restriction of W to the subspace 2, ).

6. N®SU(n) AS A NONINVARIANCE GROUP

The dimension of ©, is the number of distinct ways of
choosing m =(m,...,m,)& Z7 such that 337 m, =a.
This is precisely the degeneracy of the (g +1)th energy
level of the n-dimensional isotropic harmonic oscillator,
The results of Secs. 4 and 5 then lead to the following.
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Theovem: For each v(#0)E R, the ordinary represen-
tation Uy W of N(8)SU(n), given by

Urw :{o,B,a,A +iB)

~expiv(c —x . 3) exp (— i; a, —a—>W(A +iB)

7
e 3%

(27)

[where W is the representation of SU(z) defined by (19)
and the operators are defined on a dense subspace of
L*R",C)l], is irreducible as a representation of

N(ESUHn).

The restriction of Uy W to SU(n), which is a degener-
acy group for the n-dimensional isotropic harmonic os-
cillator, is

(ULW)+SUGR) =W = DW,, (28)
a=0
where W, is an irreducible representation of SU(), of

dimension equal to the degeneracy of the (e +1)th energy
level of the n-dimensional isotropic harmonic oscillator.

Therefore, N(8)SU(n) is a noninvariance group for the
n~-dimensional isotropic harmonic oscillator.

Note: Each irreducible representation of SU(n) may
be described by means of a Young tableau. (There is a
review article on this subject by Itzykson and Nauen-
berg.'') By examining the highest weight of the repre-
sentation W,, it is readily seen that

when v>0, W, =[]~ ]=(,0,...,0), (29a)
R S
a boxes

when v<0, W, = n-lrows=@,...,a,0).
_
N —
a columns

(29b)

IM. Hamermesh, Group Theory (Addison-Wesley, Massa-
chusetts, 1962),

’G.A. Baker, Phys. Rev. 103, 1119 (1956),

SA.0. Barut, Phys, Rev. 135, 859B (1964),

N. Mukunda, L. O’Raifeartaigh, and E.C.G. Sudarshan,
Phys. Rev. Lett, 15, 1041 {1965).

SM.E. Major, J, Math. Phys. 18, 1944 (1977).

SM.E. Major, J. Math, Phys. 18, 1938 (1977).

K.R, Parthasarathy, Multipliers on Locally Compact Groups,
Lecture Notes in Mathematics, Vol. 93 (Springer, Berlin,
1969),

81..8. Pontryagin, Topological Gvoups (Gordon and Breach,
New York, 1966).

°K. Yosida, Functional Analysis (Springer, Berlin, 1965).

198, Helgason, Differential Geometry and Symmetric Spaces
(Academic, New York, 1962,

¢, Itzykson and M, Nauenberg, Rev. Mod. Phys. 38, 95
(1966).

I2E, Nelson, Ann. Math, 70, 572 (1959).

13M. A, Naimark, Linear Representations of the Loventz
Group (Pergamon, Oxford, 1964),

YK, Gottfried, Quantum Mechanics (Benjamin, New York,
1966}, Vol, 1,

M.E. Major 1957



On the accidental degeneracy of the n-dimensional

anisotropic harmonic oscillator. Il

M. E. Major

Mathematics Department, Queen Elizabeth College, London W8 74AH, England

(Received 22 September 1975)

In an earlier paper, a group, G, associated with the n-dimensional anisotropic harmonic oscillator was
shown to be embedded in a semidirect product, L, of the Weyl group N and the symplectic group Sp(2#,R).
A particular representation R' of L, when restricted to G, was proved to be unitarily equivalent to

@, d,, UL~ " | where d,, is the degeneracy of the energy level E,, of the n-dimensional anisotropic
harmonic oscillator with frequencies (w,,w,,...,.»,) = o, UL~ s an irreducible representation of G and s
may be regarded as indexing all distinct energy levels of the system. In the present paper, the
representation R* of L is shown to be unitarily equivalent to the representation U,W® W of L, where

Uy is an irreducible representation of N, W is the projective representation of Sp(2#,R) which
intertwines the representations Uy and S U} of N [where S € Sp(2n,R)}, and W is the complex conjugate

of W. This alternative form for the representation R’ of L enables it to be decomposed, into two

irreducible representations.

1. INTRODUCTION

In Ref. 1, a group G associated with the n-dimensional
anisotropic harmonic oscillator was constructed: G is
essentially a group generated by the position and mo-
mentum observables, the identity operator, and the
Hamiltonian of the system.

G was shown to be embedded in a group, L, which is
a semidirect product of the Weyl group, N, and the
symplectic group, Sp(2n, R).® A particular representa-
tion R” of L, when restricted to G, was proved to be
unitarily equivalent to ®d,, Ug ", where d, , is
precisely the degeneracy of the energy level E ; of the
n-dimensional anisotropic harmonic oscillator with fre-
quencies (w,, w,, ..., w,), UL "™ ig an jrreducible
representation of ¢ and the summation may be regarded
as over all distinct energy levels £, of the system.”

In the present paper, the representation R® of L is
studied in greater detail. R® is shown to be unitarily
equivalent to the representation U} W& W of L, where
Uy is an irreducible representation of N, W is the pro-
jective representation of Sp(2n, R) which intertwines the
representations U% and SUY of N [where S € Sp(2n, R)],
and W is the complex conjugate of W. This alternative
form for the representation R’ enables it to be decom-
posed, into two irreducible representations.

In Secs. 2-4, the quantum mechanical irreducible re-
presentations of L are obtained, using Mackey’s theory
of induced representations (summarized in Ref. 1), In
Sec. 5, various informal arguments which suggest the
unitary equivalence of R* and Uy W®W are given. The
result is proved in Sec. 6. The decomposition of the
projective representation W of Sp(2n, R) is found in Sec.
7, and, from this, the decomposition of the representa-
tion R” of L is obtained.

2. THE LITTLE GROUP OF Uy
From Ref. 2, Eq. (7), the group law of L is given by
((7’, B,, CYI, SI)(U’ IB, OI,S) - (O’" R B” ’d” s S” ) , (1)

where
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o"=0"+0+3(A'a.C’a+B'8.D'8)
+B'B.C'a+a’ . (D'B+C'a),
B”"=D'8+C'a+p8,
a” =B'S+A’a+a’,
5" =5's,
with 8’ = (5. 5.)=Sp(2n, R) and S =Sp(2x, R).

Every quantum mechanical irreducible representation
of N is unitarily equivalent to one of the form [Ref. 1,
Eq. (15)]

[Ux (0, B, a, Y] (x) = expiv(0 - x.B)b(x - a), (2)
where v(#0) €R, ¥ < L*(R",C).

The action of S=(3 &) =Sp(2n, R) on U} is, by definition
[Ref. 1, Eq. (11)],

[(SUR(a, B, a, D)](x)
=[U3((0,0,0,8)™ (0, B, @, 1)(0, 0, 0, )] (x)
= expiv(o+ 3(-DTa.CTa -BTR.ATB)+ BTB.CTa
-x.(ATg - CTa)(x+ BT -D7a), ®3)
with T denoting transpose, using (3 3)™'= (_DCTT 'f:), to-
gether with (1) and (2).

SUY% is an irreducible representation of N. Restricted
to the subgroup {(o, 0,0,1)}, it is just the phase expivo.
Hence SU% must be unitarily equivalent to U}, since U
is the only irreducible representation of N which has the
required form on restriction to the subgroup {(c, 0, 0, 1)}

Therefore, there exists a unitary operator W(S), de-
pendent on S, such that

SU% = W(S)'ULW(S) for each S eSp(2n, R). (4)

The orbits of the quantum mechanical part of N under
the action of Sp(2xn, R)thus consist of single points Uy}.
The little group of U under the action of Sp(2n, R) is
the whole of Sp(2x, R), and so the isotropy group of U}
is N@ESp(2n,R) (=L).
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3. THE OPERATOR W FOR THE GROUP Sp(2n, R)

A. General approach

In Ref. 3, a method was developed for finding the
operator W for the group SU(r) [which can be regarded
as a subgroup of Sp(2n, R)]. This method depends partly
on the fact that SU(x) has no nontrivial multipliers, and
so W can be taken to be an ordinary representation of
SU(n). Now, the group Sp(2n, R) possesses nontrivial
multipliers, and so it is possible that W is a projective
representation; hence the method of Ref. 3 cannot be
applied directly in the present case. Nevertheless,
since Sp(2n,R) is a connected semisimple Lie group,
every multiplier is locally trivial;* it follows that the
(possibly) projective representation W of Sp(2n,R) can
be chosen in such a way that the corresponding repre-
sentation w of the Lie algebra of Sp(2x,R) is ordinary.

Suppose k,;(7) is a one-dimensional Lie subgroup of
Sp(2n,R). For each one-parameter subgroup u(f) of N,
let Z,,(7) be the unique skew-adjoint operator defined
by

(r(NURNL(2)) = exptZ,;(7) [cf. Ref. 3, Eq. (9)]. (5)

Then [cf. Ref. 3, Eq. (11)] the skew-adjoint operator
dWh,(1))/d7 | ., is determined up to an arbitrary imag-
inary constant &; by

daz (1) _l: dW(hg(T)) }
Iz PP e
for each we{0, By, ..., B, ayye-., ayt. (6)

[The proof of this result is similar to the correspond-
ing one of Ref. 3, Sec. 3 A, with exp7J replaced by
W(h;(T))]

Since the operators dW{k,;(7))/dT |,., can be chosen to
give an ordinary representation w of the Lie algebra of
Sp(2n,R), there are constraints on the constants
&,; as will be shown, these are sufficient to determine
the constants &; uniquely.

Since w is an ordinary representation of the Lie alge-
bra of the connected group Sp(2n,R), w exponentiates to
an ordinary representation, 7 say, of the connected,
simply connected, covering group Sp(2#n,R) of Sp(2n,R ).}
Sp(2n,R) is the image of Sp(2xr,R) under a homomor-
phism & whose kernel is a discrete central subgroup of
Sp(21,R): Sp(2n,R)=Sp(2n,R)/kers. It is possible to
show that 14 maps kerd into the unit circle, and hence
W determines the required projective representation W
of Sp(2»n,R).* However, for what follows, it is not ne-
cessary to know Wexplicitly, it is sufficient that the or-
dinary representation w of the Lie algebra of Sp(2xn,R)
is known in detail.

B. Detailed calculation

The symplectic group Sp(2u,R) is the set of matrices
S €GL(2r,R) for which S7JS=J, where J =27}, (E; ;..
-E,,, ;) [with E;, a 2xnx 2»n matrix having 1 in the (4, k)
position and zeros elsewhere]. Let S(7) be an analytic
curve in Sp(2#,R), and suppose S(0)=I. Then, differen-
tiating S(7)7JS(7)=J with respect to 7, and putting 7=0,
gives
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57(0)%J +J8'(0)=0,

where ’ denotes differentiation with respect to 7. Hence
the Lie algebra of Sp(2x,R) is the algebra of all ma-
trices of the form (4 _B7), where A, B, and C are nxn
real matrices, with A arbitrary, B=BT, and C=CT;
this algebra will be denoted by sp(2x,R ).

A basis for sp(2n,R) is

E
Xik=< w0 ) (ISj,kSn),
0 -E,

J

ij=<0 E””LE”) (1=j=k=n), )
0 0

z( ° °> (1=j=k=n)
Ep+Ey 0

(where E,, is an n Xn matrix having 1 in the (I, m)
position and zeros elsewhere).

If
a,,(7) b,k(-r)>
h(T)=<Cjk(T) dﬂz(T)

is a one-dimensional Lie subgroup of Sp(2n,R), then,
from (3) and (5), the representatives of the generators
of N in the ordinary representation 4(7)U} of N are

ZO(T) =iv,

Zsj(T) =-w Z @p(T)xp+ Z bjlz(T)_é_?C__ ,
k=1 k=1 R
n n (8)
Zy (D=0 20 Mty = 2 dyplr) 5o -
k=1 Z=1 X
From (6),
AW(R(T))/dT | 1.0 = wlh’(0))

must satisfy,
when p=o0,

0=[iv, w(r'(0))],

which is satisfied by any w(k’(0));
when u=g,,

—i’UZ a;k(O)xk+ Z b;k(o)% = [‘ivxj; w(hl(o))]; (9)
k=l k=1 k

when u=qy,
i n , n , P 3
03 Oy - 2 A0 5= | 5 wli)]  (10)
k=1 k=1 Xp Xy

(where ’ denotes differentiation with respect to 7).
The operator w(X,,)

Suppose, with the above notation, that X, is the tan-
gent at the identity of a one-dimensional Lie subgroup

=74 20)
Cu(T) djp(7)
in Sp(2%,R). Then
aj,(0) b},(0)
Xim=h'(0)= (C}k(O) d;k(0)> .
In this case, the only nonzero elements of 4’'(0) are
a;,(0)=1, a:,(0)=-1.
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Hence the conditions (9) and (10) become ,

for j#l orm,
) d
0=[-ivx;, w(X,,)] and 0= [—- ) w(sz)] H
i
for j =1,
. - ___a
—ivx,, = —ivx, w(X,,)] and 6, e
H

for j=m,

. . 9 a
=08, %, = —ivx,, w(X,,)] and W:[—a—x”,w(X,m)] .

If I#m, these relations are all satisfied by the skew-
adjoint operator

- 9
w(le): _xm_ax_"{‘alm)
1

where a,, is an arbitrary imaginary constant.

If I=m, these relations are all satisfied by
. 3
WX ) = =Xy + €1 5
9x,,
where ¢, is an arbitrary constant. Now the adjoint of

WX ) 18 WX, )%= (=8/0x,)*x X + €, = (3/9x,)%,, + €,
=%n(8/0x,)+ 1+ €,. Thus @(X,,) is a skew-adjoint opera-
tor provided €, = -3+ @,,,, where «_, is an arbitrary
imaginary constant. Therefore, for 1=1[,m=p,

d)(le): -X —%Glm'*'alm' (lla)

3
m a_xl
The operator w(Y,,) (<m)

Similarly, the operator w(Y,,) must satisfy the rela-
tions,

for j#1 or m,
9
0=[-ivx;, w(¥,;,)] and 0=[-T,W(Yxm)} ;
X
for j=1 @m),
3 . 9
-a—x; ={~ivx;, w(¥,,)] and 0= (:—33—6:, w(¥,,)|

for j=m (#I),
3 . a
e {—ivx,, w(¥,,)] and 0 =[— T w(Y,m):]
These relations are all satisfied by the skew-adjoint
operator
32

——— 11b
iv 9x,8x, (11b)

7”(Ylm)_ +3Im’
where B,,, is an arbitrary imaginary constant.

The operator w(Y ,,,,)

Similarly, the operator w(Y,,) must satisfy the rela-
tions ,

for j+ m,

]
0=[-dvx;, w(¥,,)] and 0= [_T, w(Y,,,,,,)] ;
X
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for j=m,

9 a
ZW =[~ivx,, w(¥,,)] and 0= [— gx—m—, w(Ymm)} .

m

These relations are all satisfied by the skew-adjoint
operator

1 92

—‘2'—+6mm’

Y ) =35 55

(11c)

where 83,,,, is an arbitrary imaginary constant.
The operator w(Z,,) (I <m)

Similarly, the operator w(Z,,) must satisfy the rela-
tions,

for j#1 or m,

2}
0=[~ivx;, w(Z,,)] and 0=(:—W,u‘(2m)};
i

for j=1 (#m),
) 9
0=[-ivx;, w(Z;,)] and ivx,= [— PR w(Z,m)} ;
1
for j=m (#l),
. 3
0=(-tvxy, w(Z,,)] and  ivx;= (;- e
xm
These relations are all satisfied by the skew-adjoint
operator
W(Z,,) = =10X X+ Vi » (11d)

where v,, is an arbitrary imaginary constant.

The operaior w(Z,,,,)
Similarly, the operator w(Z,,) must satisfy the rela-

tions,

for j#n,

. 3
0=[—ivx;, w(Z,,)] and 0= —a—x—,m(me)};

i

for j=n,

. 3
0=[-ivx,, w(Z,,)] and 2ivx,= [-——a}—,w(zmm)] .

These relations are all satisfied by the skew-adjoint

operator
W(Z ) = —T0X% + Y i s (11e)

where v, is an arbitrary imaginary constant.

C. Calculation of the values of the constants o, Bim , Vim

It may be shown that the commutation relations of
sp(2n,R), in terms of the basis X,,, Y., Z,, [see (7)] are

[X 50 X 1) = 000X i ~ 05m X 1 (12a)
(X0 Vil = ok,Y,mm,,mY (12b)
(X0 Z1ml = om = Oim Zat s (12¢)
(Y0 Yyl = 0, (12d)
(Y2 1) = O X1+ 01 X jm+ O X1 + 041 X » (12e)
(Z4 Z1m) =0, (12f)
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where, for convenience of notation, define
Y=Y,y Z;=Z2,, forji>k.

Since # is to be an ordinary representation of
sp(2n,R), w(X,), #(Y,,), and w(Z,,) must satisfy the
commutation relations of sp(2n,R). Explicit calculation
shows that this implies

=010 jm+ 001, =0, (13a)
=048 = 6amfy =0, (13b)
8i1Yrm+ Oym¥: =0, (13¢)
Oy = Opy Uy = 0y = 0510y =0, (13d)

where, for convenience of notation, define
Bix=Bass Yin=7n, fOrji>k.

Condition (13a) gives that a,, =0 for j#m (putting
&=1). Condition (13d) gives that @,;=0 for 1=j=y
(putting j=k=1=m). From condition (13b), it follows
that 8,,=0 for 1=j, m<n (putting k=1#m, if n>1, and
j=k=l=m=1, if n=1). Similarly, from condition (13c),
Ywm=0 for 1=k, m=n. Hence, # is an ordinary repre-
sentation w of sp(2n,R) if and only if the o’s, #’s, and
¥’s are all zero. Therefore, from (11), the ordinary
representation w of sp(2n,R) is determined by

wX,,)= -x

-ka‘j‘ ‘%Gu (15j9k5n):

1‘/ 2
v 9x,9x,

w(¥ ;)= - (1=j=k=n), (14)

w(Z,,)= —ivxx, (1=jsSk=n).

4. THE IRREDUCIBLE ORDINARY REPRESENTATIONS
OF L

It now follows from Mackey’s theory for semidirect
product groups that every quantum mechanical irredu-
cible ordinary representation of L =N®Sp(2x,R) is uni-
tarily equivalent to one of the form

Uywemn:(o,B8,a,S)

- 3
~expin (o - x.6) exp - > @5 )OS, (19)
where (0, 3, @, S)= L, W is the projective representation
of Sp(2n,R) determined up to trivial multipliers by (14),
7 is an irreducible projective representation of Sp(2x,R)
with multiplier inverse to that of W, and the operators
in the first part of the inner Kronecker product are de-
fined on a dense subspace of L%R"C).

5. HEURISTIC ARGUMENTS SUGGESTING THAT
(RUIL) = UyWweW

To simplify the notation denote R*¥ L by R% The re-
sult stated above was found through an attempt to de-
compose R} into irreducible representations of L, of
the form (15). It was hoped that the decomposition of
RY would be suggested by that of R} ¥+ (N®SU(n)). The
decomposition of R} ¥ (N®SU(n)) may be obtained as
follows. From Ref. 2, Sec. 5,

Ry v (N®@SU(m)=(D(H) t L) ¥ WOSU(n)),
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where D is the representation of the subgroup
H={(0,0,0, )} x Sp(2n,R) of L, given by

D:(0,0,0,8)~expivo.
Hence R} ¥ (N®SU(n)) is the restriction of an induced
representation of L. Since N®SU(r) and H are closed
subgroups of the separable locally compact group L,
and L can be expressed as a single double coset of
N@®SU(r) and H: L =N®SU®)(0, 0, 0,1)H [from (1)],
Mackey’s subgroup theorem’ may be applied,

(D) LYY (N®SUR)) =D((N®SUR) N H)+ (N®SU@x)).
Therefore,

RY V(N®SU®))=D(C X SUR)) + (N®SU(n)),

where C={(0,0,0,1)}.

(16)

The group N@SU(n) is locally compact, but not com-
pact, so the Frobenius reciprocity theorem’ does not
necessarily hold for it. However, a formal applica-
tion of the theorem may, nevertheless, give the correct
decomposition of R% ¥ (N®SU®)).

Suppose ULW® 1 is an arbitrary quantum mechanical
irreducible representation of N@SU(r), where W is now
regarded as an ordinary representation of SU(r) (Ref. 3,
Sec. 4). Then, formally,

<R11), ' (N@SU(VL)), U§W®U>N@su(,,)
=(D(C X SUM))* WOSU®)), U WOy esum

=(Uswen) + (C X SU®)), D(C X SUM N cxsym - (17)

The representation D: (0,0, 0, U) - expivo of C X SU(x)
is contained in the representation U, W®n: (0,0,0,U)
—expitoWU)@n(U) of C X SU{) only when ¢{=1; in this
case, the number of times that D is contained in ULW
@7 [as representations of C xSU(z)] equals the frequency
of the one-dimensional identity representation Igy,,, in
the representation U -~ W({U)en(U) of SU®).

Now, from Ref. 3, Eq. (23),

wen=(® w,)en=& (w,en). (18)
a=0 a=0

It thus remains to determine, for each a, how often
Igymy Occurs in W &7, A general method for decompos-
ing inner Kronecker products of irreducible representa-
tions of SU(n) is given in Ref. 8.

When v>0, from Ref. 3, Eq. (29a),

w,={[-]l=(@,0,...,0.

a2 boxes

It follows that, when »>0, W,®7 contains Ig;,,,, if and
only if

Nz o] o s o

n-1rows={(a,...,a,0).

e| o o

o« o

@ columns
When v <0, from Ref. 3, Eq. (29b), W,=(a,...,a,0).
It follows that, when v <0, W,®n contains Ig,,,, if and
only if 7=(a,0,...,0).
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Now the representations (a,0,...,0) and (q,...,q,0)
are mutually contragredient,® so, since W, is unitary,
the representation contragredient to W, is just the com-
plex conjugate W, of W,.

So, for any v(#0), Igy) occurs in W,®7 if and only if
n= LT{,, and then it occurs exactly once. Hence, using
(18), D is contained in U4W®7 [as representations of
C X 8U{n)] if and only if ¢{=v andn =W, for some a;in this
case, D occurs exactly once.

A formal application [(17)]of the Frobenius reciprocity
theorem therefore suggests that the decomposition of
RY ¥ (N®SU(r)) into irreducible representations is

R Y(N®SU®))~ @ (UyWaW,).

a=0
Now
& UyweW,)=Uywe (5 W,)=U4weW.
a=0 a=0

This indicates that, perhaps, the representation Rj of
L is unitarily equivalent to U} W®W, where W is now
regarded as a projective representation of Sp(2xn, R).
U4W®W is an ordinary representation of L, since W
has multiplier inverse to that of W,

From Ref, 1, Eq. (26), and Ref. 2, Eqgs. (27) and (44),
it follows that the restrictions of R} and Uy W®W to the
subgroup G of L are certainly unitarily equivalent,

VURLIG)V = (UkWR WG, (19)
where V is the operator defined in Ref. 2, Eq. (43).

The operator V was chosen so that the representations
of the generators of the subgroup N of G transformed in
the required manner. Once V had been chosen in this
way, it happened that the representations of the remain-
ing generator of G also transformed in the required
manner,

These heuristic arguments suggest that, perhaps,
VRyV=U%WeW as representations of L.

6. STATEMENT AND PROOF OF RESULT
Theorem:
VIRLV=UZWeW (v+0), (20)

where R% =RV L is van Hove’s representation of L [Ref.
2, Eq. (12)], U% is a quantum mechanical irreducible
representation of N [(2)], V is a unitary operator de-
fined on L2(R*,C) [Ref. 2, Eq. (43)] and W is a projec-
tive representation of Sp(2x#,R) [Sec. 3].

Proof:

Method; Every element [ L=N®Sp(2n,R) can be ex-
pressed uniquely in the form [=n’S, where n’ €N,
Sesp(2n,R). From (19), the restriction of the theorem
to N is certainly true. Hence, since V-'R}V is an or-
dinary representation of L, it is sufficient to show that
the theorem holds for Sp(2#,R).

Since Sp(2n,R) is a connected Lie group, every ele-
ment may be expressed as a product of elements of one-
parameter subgroups.® As (V7'R}V)+Sp(2#,R) is an
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ordinary representation of Sp(2#n,R), it is thus enough
to prove the theorem for a set of independent one-pa-
rameter subgroups which generate Sp(2n,R).

If h(r) is a one-parameter subgroup of Sp(2rn,R), then
(V"IRLV) Y a(7) and (W®W) ¥ 4(T) are unitary ordinary
representations of the one-parameter subgroup k(7), to
which Stone’s theorem may be applied. Hence, it is
sufficient to show that V transforms the representation
7% of sp(2n,R) into the representation w®w of sp(2x,R)
[where 7, w®w are the representations of sp(2n,R)
corresponding to the representations R}, W@W of
Sp(2n,R ), respectively].

The representation w@w

Suppose W acts on functions [L?(R",C)] dependent on
x<R", and that W acts on functions [€ L3(R", C)] depen-
dent on y cR". Let k(1) be a one-parameter subgroup
of Sp(2xn,R). Then

(w®w)(h'(0))= wk’ (0))+ (k' (0)) 21

(where ’ denotes differentiation with respect to 7).
w(k’(0)) may be obtained from w(k'(0)) by replacing x,, by
v, (m=1,2,...,n), and taking the complex conjugate.

From (14) and (21), it follows that

_ 3 3 .
(wew)X;,) = TR o 60 (1Sj,k=n),

82

vl
ijaxk

32

W> (1=j=k=n), (22)

— )
(w®w)(YM)=7 (-—

(WOWNZ 1) = iw(=x,x,+¥;¥)) (1=j=k =n).
Explicit expression for v4(n’(0))
By definition [Ref.2, Eq.(12)], RY + Sp(2n,R) is given by
[RY (»)¢ (g, p) = expivm, (g, p))OGr (g, p)),

where

y= 0,0,0,<A B> eSp(2n,R),
cD

y(q, p)=3Ap.Cp + Bq.Dg+Bq.Cp,
and ¢ € L3(R*",C). Therefore,
[R(»)¢](q, p) = expiv| 3(~ABTq+ ADTp).(~CBTq+ CDTp)
+3(BATq - BCTp).(DAq - DCTp)
+(BATq - BCTp).(-CBTq+CDTp)]
X ¢p(ATq - CTp, ~BTq+DTp). (23)

Suppose k(1) = (4{1) 3{7)) is a one-parameter subgroup
of Sp(2»n,R). Then, from (23), since A(0)=1,=D(0) and
B(0)=0=C(0),

[ O la, )= - [RYGrOT(a, p)

T=0

- [_izg(p.C’(O)p+B’(0)fI-q)

+ Z(‘.A'(O)T(l— C'0)P), B—Z— + («B’(0Y7q

+D'<0)Tp)m3%;>}¢<q,p). (24)
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The action of V
From the definition of V [Ref. 2, Eq. (43)],

- V-i("’ 2
47 =% \x, "oy, )

V"p,V:x,+y,,

V“——a— V=ivx o)
3q, i

Ve 9 _ a2
ap; 8y, ’

Evaluation of V'3 (X ;,)V
In this case, from (7),
A'(0)T=E,;, B'(0)=0,
C’'(0)=0, D'(0)7=-E,,.
Hence, from (24),

9 o
v PR S
TL(Xjk)—qj 3q, De 3p, .

Therefore, using (25),

) .
Vi (X, )V = (Viig,V) (V'l_a_q_kv> - (V1p,V) <V‘ _Bp_,' )

2] a
=Xy =Yy =0y
8, By,

= (w®ﬁ7)(X,k) from (22).

Evaluation of V''ri(Y,;,)V
From (7) and (24),

3 3
2 (Y =1V - —_— g — .
(Y 1) = 10,4, - 4, 5, ~ U5,

Therefore, using (25),
i/ @8 3 3 ) i [ @
1,0 Ve ) —— ) L (2
Vg (Y, > <axj 83)].) (axk 3yk> p <axk

5 (57) - o) (o
8y,/\9y, T 9x; _—BE 8yk>

=(wewlY,,) from (22).

Evaluation of V''\vy(Z, )V
From (7) and (24),

) 3 )
vi(Z,,)=ivp, p, ‘pk’aT;_ -Pqu—‘ .
i ®

Therefore, using (25),
Vi (Z,,) V= iv(x]'+yi)(xk+yk)_(xk"'yla)(ivxj)—(xj +v,)(vx,)
= (wew)Z,,) from (22).

This completes the proof of the theorem.

7. THE DECOMPOSITION OF THE PROJECTIVE
REPRESENTATION ¥ OF Sp(2n,IR)

From Ref. 3, Eq. (28),
W(Sp(2n, R)) ¥ SUG)= & W,,

a=Q
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where W, is an irreducible ordinary representation of
SU{n) defined on the subspace £, of L*(R",C) (Ref. 3,
Sec. 5).

Suppose § is a subspace of L*(R",C) which is invariant
and irreducible under the projective representation W of
Sp(2n,R). Then, a priori, Q is invariant, although not
necessarily irreducible, under W(Sp(2n,R)) ¥ SU(n).
Hence Q is a direct sum of closed subspaces of L?(R",C)
which are invariant and irreducible under W{Sp(2»,R )}
¥ SU(n). Since the irreducible representations W, of
SU () have different dimensions, they are inequivalent,
and hence, by the uniqueness (up to unitary equivalence)
of the decomposition of W(Sp(2n,R)) ¥ SU(x), it follows
that £ must be a direct sum of subspaces of the form
Q.

a

Suppose £ contains the subspace Q, spanned by the set
{1227, m,;=b}. Since Qis invariant under the projective
representation W of Sp(2»,R), the space generated by
Ry (X0, (1=j,k=n), w(¥,,)Q, and w(Z )2, (1=j
=k =y) must be contained in . Now, from (14) and
Ref. 3, Eq. (21), for j #k,

W(X,k)dim(x)

- [(%) Y a0+ (ﬂk—z’i) )]

() bt - (2572) )]

X I 9, 0x).

1,k

Therefore,  contains elements which are linear
combinations of elements belonging to &, ,, §2,, and
§2,,,. Hence, since § is the direct sum of subspaces of
the form §,, @ must contain the subspaces Q,.,, &,,, as
well as §,. By induction, it follows that € contains all
the subspaces §, for which a has the same parity as b.

Hence, the projective representation W of Sp(2n,R)
splits into at most two irreducible projective repre-
sentations.

From the form of the representation w of the remain-
ing basis elements of sp(2r,R) {(14)], it follows, again
using Ref. 3, Eq. (21), that the subspaces

n
Qeyen, spanned by {9,,: 27 m, is even}, {262)
=
and
n
Qoqey SD2anned by {U, : 20 m, is odd}, (26b)
fu1

are each invariant under the representation w of
sp(2n, R).

Therefore, the decomposition of the projective repre-
sentation W of Sp(2x,R) is

W= Weven® Wogy s (27)

where W .., W44 are irreducible projective representa-
tions of Sp(2x#,R) (namely the restriction of W to the
subspaces $,,.., Q.44 respectively).
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8.VTHE DECOMPOSITION OF THE REPRESENTATION
RL

RV L>USWeW
=ULWR (W, ® Wogg)

even

=(USWEW ) O UL WRW, ).

even

(28)

Now W,,., and W ., are irreducible projective repre-
sentations each of which has the same multiplier as W;
S0 W, and W ., are irreducible projective represen-
tations each of which has, multiplier inverse to that of

W. Hence, from (15), UYyW&W,_ _ and U,W®W,, are ir-
reducible ordinary representations of L.

It follows that the representation R' ¥ L (v+0) splits
into two irreducible ordinary representations of L.

9. CONCLUSION

As far as the anisotropic harmonic oscillator is con-
cerned, almost all reference to van Hove’s paper™ can
be removed. For clarity, let Wgy,, x, denote the pro-
jective representation W of Sp(2n,R) determined by (14).
Van Hove’s representation R ¥ L [defined in Ref. 2, Eq.
(12)] can now be replaced by the unitarily equivalent
representation Uy Wy, on, ry® Wep(zn,r)s all that is then
required from van Hove’s paper is the action of Sp(2xn,
R) on N in the definition of N®Sp(2n,R). The main re-
sults obtained can then be summarized as follows.

Main results

I. A group G intrinsically related to the anisotropic
harmonic oscillator has been constructed: G is essen-
tially a group generated by the position and momentum
observables, the identity operator, and the Hamiltonian
of the system. G can be regarded as a subgroup of the
group L =N®Sp(2n,R) (where N is the Weyl group). Let
Wspean, ry € the projective representation of Sp(2n,R)
which intertwines the irreducible representations U}
and SUY of N [where S < Sp(2#,R)]. Then the degenera-
cies of the energy levels of the anisotropic harmonic
oscillator occur in the following way (whether the fre-
quencies are rationally related or not).

W__" - y = ( )
(UngSD (2n.R)® sp(2m, R) e @dw,sUz senv S;
$

where d,, , is the degeneracy of the energy level £
of the n-dimensional anisotropic harmonic oscillator
with frequencies (w,, wy, ..., w,), Ug~® jg an irredu-
cible representation of G, and the summation may be
regarded as over all distinct energy levels E,, ; of the
system.

II. Every quantum mechanical irreducible (ordinary)
representation of L is unitarily equivalent to one of the
form UiWg, ap, r)®Ngpc2n, r)» Where fg, o, gy 18 an irredu-
cible projective representation of Sp(2n,R), with mul-
tiplier inverse to that of W, 5, r)e

III. The (ordinary) representation UyWg on, 1 y® Wapizn
of L (see I) splits into two irreducible (ordinary) repre-
sentations of L.

IV. Denote W, o0 ry ¥ SU) by Wy (m. Then UyWyy(,,
is an irreducible (ordinary) representation of N ®SU(n);
when U4 Wgy(,, is restricted to SU(r), which is a degen-
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eracy group for the n-dimensional isotropic harmonic
oscillator, its decomposition is

(UxWsum) ¥ SUR)=R W,,
a=0
where W, is an irreducible (ordinary) representation of
SU(n), of dimension equal to the degeneracy of the
(a+ 1)th energy level of the n-dimensional isotropic har-
monic oscillator. Hence, N®SU(r) is a noninvariance
group for the n-dimensional isotropic harmonic oscillator.

This alternative expression of the results illustrates
more clearly the structure of the representation of L
which yields the degeneracies of the anisotropic har-
monic oscillator (see I). The Weyl group N, together
with its irreducible representation U}, is also seen to
be important. Lastly, the alternative expression em-
phasizes the significant role played by the projective
representation Wgpen r)e

Note: The original parametrization of G was chosen
in such a way that it would immediately fit in with that
used by van Hove.!® Now that the connection with van
Hove’s representation R” is no longer required, the
group L can be parametrized in other ways. One al-
ternative parametrization which involves Sp(2x#,R) in a
more intrinsic way is obtained as follows.

The Weyl form of the commutation relations [Qj, f’k]
=106,,1 is
U (@)V(B) = expia.BV(B)U(a),

where a ~U(a), B~ V(B) are unitary representations of
the additive groups of momentum space (~R") and con-
figuration space (=R") respectively.!

(29)

Putting (0, B, a)=expic V(B)U(a), with ccR, yields the
group law of the Weyl group N in the form used earlier
[Rref. 1, Eq. (12)]

(o', 8", a')o,B,a)= (0" + o+ a'.B, B +B,a’+a).

Alternatively, let M = configuration space © momen-
tum space («R27). Define the nondegenerate skew-sym-
metric bilinear form [ , |1 M XM -~R by [v,,7,]=,.8,

- a,.B,, where y;=(8;, a;)c M. Now put {0, y)=expicZ(y),
where 0cR, and Z(y)=exp(i/2)a.8V(8)U(a). Using (29),
the group law of N then takes the form

', "o, ¥y =(0" + o+ 3[¥, ¥], ¥ + 7).

It is easily verified that the group Sp(2n,R) can be
characterized as the set of all S<GL(2r,R) which satis-
fy [S‘}’l, 572 ] = [71; 72], for any v; € Rzn.

The group law of L =N®Sp(2n, R) can then be taken as
(0", 7", 8"%0,7,8)=(0" + 0+ 2¥’, 8"y}, 7" + 57, §'S) .

The connection between the two parametrizations of
L is{0,B,a,S)=(0+32.8,8,a,S). This change in pa-
rametrization means that the relation (o, 8, a,I)= (5,0, 0,
)0, 8,0,1)(0,0, a,I) is replaced by (o, 8, a,I)=(0+ za.8,
0,0,1X0, 8,0,1)0,0, a,I), with corresponding minor
modifications in several places. The characterization
of Sp(2n,R) as a group leaving [ , ] invariant results in
easier calculations in one or two places, but does not
lead to any overall simplifications.

M.E. Major 1964
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We analyze the interaction of many “nonoverlapping” atoms with the common radiation field of
transverse photons over a continuum of modes. Typical effects of quantum optics arising from this
interaction require extensions to very high powers in the coupling constant e and diverge therefore within a
systematic perturbation approach. Since renormalization to such high orders is not feasible in practice, we
formulate for the purpose of quantum optics “a new peace treaty between QED and its infinities.” This is a
compromise between the necessity of including effects of very high powers in e and the trivial demands for
finite results. We show that a unitary time evolution operator exists if, in essence, only any finite number
of levels of each atom is treated as “existent.” We convince ourselves that the limits of the concept of
“nonoverlapping atoms” are reached long before any infinities can enter. The resulting theories meet still
reasonable requirements with respect to the dualism of light, Dicke principle, and causality. They are
formulated so that some practical demands of quantum optics (homogeneous and inhomogeneous line

broadening, Doppler effects) can be met easily if desired.

1. INTRODUCTION

Typical processes of quantum optics, the most com-
mon one being the creation of a spike in a laser, involve
the simultaneous emission of many photons by many
atoms. In the “order hierarchy” of the Feynman-Dyson
expansion of quantum electrodynamics (QED) such pro-
cesses are of very high order m, typically m > 10°
- 10%%, The Feynman rules tell us namely that a “coher-
ent” process involving the emission of ~m photons re-
quires at least an expansion to the order m in the cou-
pling constant e. Actually, the needed order is much
higher because the typical processes of quantum optics
arise from many photons exchanged between the active
atoms and each absorption-reemission act of a photon
by any atom requires at least two additional orders in e.
The above m accounts only for the “final” emission of
each photon. But for m =2 the results of a systematic
perturbation approach are divergent, in general, and
must be renormalized to the high orders mentioned.
This is not possible in practice. Therefore, “the peace-
ful coexistence of QED with its infinities”! cannot be ex-
tended to quantum optics, its most challenging offspring,.
We therefore formulate here for the typical problems of
quantum optics a “new peace treaty” which guarantees
finite results in any finite step of calculation and, in our
opinion, still meets all essential and reasonable de-
mands of a quantum field theory of optical phenomena.
These demands are:

1. Von Laue® showed in 1907 that resolvable interfer-
ence effects cannot occur in light from two different
macroscopical sources if one assumes that the acts of
emission or absorption of wavetrains by different atoms
are statistically independent processes. Weisskopf?
pointed out in 1930 that the acts of emission or absorp-
tion of photons by different atoms in a given region of
space are not independent in principle. Dicke* seems to
have recognized first that the necessary coupling of all
active atoms to the one common, “universal” radiation

*Supported in part by Deutsche Forschungsgemeinschaft, Con-
tracts No. ER 68/12-4.
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field R may lead to novel, macroscopically observable
many photon collective phenomena. In the meantime,
much work has been done along these lines (cf. Refs.
5-13 and the long lists of references given especially
in Refs. 11 and 13), It has become clear®™ that Dicke’s
coliective phenomena must be identified with the laser
and superradiance effects detected later. The “Dicke
principle,” the necessity of coupling all active atoms to
the one radiation field R of transverse photons, offers
indeed the only convincing arguments against the theo-
rem of von Laue. For lack of space we cannot treat
here the attempts to ignore this'* and alternative expla-
nations of laser activity. Compliance with the Dicke
principle, however, excludes already at this point the
use of rate equations and necessitates the high order
expansions mentioned.

The Dicke principle is an immediate consequence of
the Bose principle the “photons from different atoms”
are subject to, and of causality (“exchanged photons™).
It can be visualized as follows: Let A(x,!) be the
Heisenberg operator of the observable “transverse part
of the vector potential” of K, and let §7(x,!) be the
Heisenberg operator of a fermion field amplitude “asso-
ciated” with an optically active atom A7, j=1,...,d.

We assume that A’ carries out a prescribed, nonrela-
tivistic motion so that X} is its position at time {, and
its potential is given by a real c-number function
Vi(x - X4) “centered” about X}. Let m} denote the effec-
tive mass of the electrons of A’ and a, 3 the usual Dirac
matrices. Then the mutual coupling of atoms through K
is reflected best by the following Heisenberg equations
of motion:

i % V(x, 1) =| i@V +pmi+ViE=-XI) +eaAlx, )] ¢ (x 1),

j=l.....d, (1a)
and

2 I
(VZ'S%> Ax,t)=e 2 (7(x, Nad’(x, ), . {1b)

For J =1 this yields a version of QED restricted to
transverse photons, For J>1 each atom A’ reacts, by
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(1a), on the common R, “represented” by its observable
A(x,t). A(x,f) plays in (1a) the role of an operator vec-
tor potential for A, But by (1b) it has @il atoms as
“sources,” namely the transverse part (- -+),. of the
“current” ey (x, t)ay’(x, t) associated with A’ and, in
essence, “localized” about X/. So all atoms “see each
other” through R, and it is no longer allowed to speak
of interaction processes of single atoms: There are
only collective interaction processes. Note that all pos-
sible collective processes are described by the one
operator solution (¢/(x,),A(x, 1)) of (1). These Heisen-
berg operators namely have the corresponding Schro-
dinger operators as initial values., As the latter are al-
ways given and unique, only this one solution of (1) can
be of interest to us.

2. The “dualism of light” requires the quantization of
the electromagnetic field as in (1) (or some equivalent
not yet known). It has been shown beyond doubt'® *® that
a laser beam shows dualistic features which cannot be
accounted for by a “classical electromagnetic wave”
E(x, t), B(x, t).

3. Signals transferred by photons should a priori have
the freedom to move and spread like classical electro-
magnetic waves in free space. This reqguires at least a
complete set of “modes” of R and thus forbids the usual
“self-consistent coupling of the active atoms to few dis-
tinguished modes” only. Because of (1) we can expect
causality to hold in a theory defined by (1); care must
be given, however, that this is not lost in later approxi-
mations (cf. Sec. 7).

4, A finite base of quantum optics should be as simple
as possible, provided that this is compatible with 1-3.
If the desired solution of (1) exists it contains the re-
sults on all possible states of the coupled system of one
Bose field R and J Fermi fields associated with J atoms.
In particular, each fermion field could still be in a state
of s’ quanta, i.e., A’ can still be any “s’-electron
atom,” s?=0,1,2,- - (cf. Sec. 3, however). The desired
solution of (1) describes all these possibilities, There-
fore, an equivalent of (1) must be found which allows us,
for example, to consider “one-electron atoms” only. In
principle we can achieve this easily, and without any
loss in comparison with (1), but in practice this requires
some tedious work (Sec. 3).

5. In practice it is necessary to account also for the
influence of the surrounding of the active atoms (heat
bath, finite temperature T,---) and for the influence of
their motion (Doppler effects) on the effects arising
from the Dicke principle. Details on this are formulated
in Sec. 2,

Our compromise between these demands and the tri-
vial necessity for finite results is based on the hierarchy
of unitary Weisskopf-Wigner theories systematized re-
cently.'” Its main clauses will be discussed in Sec. 7
when more details are available. Following Ref, 6, we
extend here the ideas of Ref. 17 to the interaction of
many optically active atoms A!* - A’ withR. As no new
mathematical ideas are needed, we take the occasion to
meet also the practical demands 4 and 5 {(cf. Sec. 2).

Our main concern will be the absence of infinities, how~
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ever. The literature on quantum optics is marred with
infinities which have nothing to do with the field theore-
tical problems of (1). Our results should be useful to
avoid such erroneous, but nonetheless irritating, infini-
ties. One may also forget the irritating scruples one
had to have when infinities did not occur in processes,
e.g. Ref. 6, which in perturbation theory are of order
~10%°, Not much is known about the convergence of the
approximation method suggested (cf. Sec. 7), but this
holds for the renormalized perturbation series as well.

In Sec. 2 we formulate physical postulates which lead
to (1) and take account of the above demands. In Sec. 3
we discuss additional postulates which are sufficient to
guarantee the existence of finite results. In Sec. 4 we
“restrict” Eqgs. (1) to one-electron atoms. Sections 5
and 6 contain the proofs of existence of finite results.
In Sec. 7 we collect some conclusions and an outlook on
further problems.

2. A FORMAL DERIVATION OF EQs. (1)

At the beginning we formulate nine postulates P,~P,
which allow the formal derivation of (1). This permits
a review of the rich physical content of (1) and the intro-
duction of the necessary notation.

P,: Each active atom A’ is defeymined by a given, in
geneval, time-dependent c-number potential Vi(x, t)
“centered” about the ovigin x' = 0 of the coordinates X’
of the vest frame of A’. The dependence on j accounts
in a phenomenological way for effects of the “individual”
surrounding of A’ on the properties of A’, in particular
on its eigenvalues and eigenstates. The atoms are there-
fore “different,” in general. The time dependence ac-
counts for “dynamical” surrounding effects causing fluc-
tuations of the effective potential, as arising, e.g., from
lattice vibrations. Motion of “A’ as a whole” is intro-
duced by

P,: Each atom A’ moves in the laboratory system on
a prescribed space curve X} so that the atoms never
overlap and the inslantaneous velocity Xj of A7 velalive
to the laboratory system is always small against the
velocitv of light. This implies that Galilei instead of
Lorentz transformations can be used for the transition
from the common laboratory system to the individual
restframes. The potential of A’ in the laboratory sys-
tem thus is Vi(x-X{).

Py: In the labovatory system the equation of motion
for one electron in the potential V}(x-X))shall read

.4 j
>l (x-Xi,t)

-[af-i o) omt Vil Xp)] =X 1) @)

The choice of Vi(x?)shall be restricted by the condition
that theve exists a set of solutions of (2) of the form

. N t .
vix-X,t)=ul a,(x-X’,)exp(—z’f dt E} a) (3)
¢ £l o » j
wheve E{ , >0 and u/ , (x7) depends “weakly” on t. The

set of all functionsu} , (x-X}), characterized and dis-
tinguished from each other by the values of an index a,
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comprising a sel of necessary quantum numbers ,shall at
any time t be ovthonormal and complete in the Hilbert
space L,(R?) & L (R®)of “electron” solutions of the
Dirvac equation (2). Since we consider “electron” states
only, we have E}~mj and condition E} , >0 poses not an
essential restriction. The completeness of the / , (x’)
is needed for the “derivation” of (1). A Dirac,
instead of a Schro&dinger or Pauli equation, was
chosen to avoid the later occurrence of a term
A%(x) which might be small in the unquantized versions'®
but becomes infinite in the quantized theory. Since

Vi(x =X’} is “concentrated” about the point x =X}, the
essential solutions of (2) will inessence also be “con-
centrated” about the point x=XJ]. We say that A’ “ is at
xi.”

The “weak” time dependence of the “pseudo eigen-
functions” u{,a j(x’) need not be specified quantitatively.
Its purpose is the following: If V{(x) is independent of
t, v'(x =X{,t) shall assume the form uij(x’)exp(—itEgj)
with “proper,” time-independent eigenfunctions uij(xf)
and eigenvalues E} ;> 0. We accept so that in the transi-
tion from the lgboratory system to an individual rest
frame a term X{V is neglected against the term aV in
the Dirac equation; note that |a|=1> |X{|. A time
dependent potential in general does not allow for such
solutions. But even under strong “dynamic perturba-
tions” we can expect that solutions of form (3) exist,
which contain the sfvong dependence onfinthe form of a
phase factor. Otherwise the fiction of “atomic states”
and of “transitions between them” loses its meaning al-
together.

We so try to account for homogeneous (and, if de-
sired, some additional inhomogeneous) broadening!®
effects, as now no “static’” eigenvalues and no “sharp
transition frequencies” exist. So we avoid the field
theoretical problems, namely additional infinities,
which arise if the field operators A(x,¢) of R and
P (x,t) of A’ are coupled by corresponding Hamilto-
nians'® to the observables of other fields which account
for homogeneous broadening by surrounding effects
(“heat baths”). We emphasize that homogeneous broad-
ening by the natural width of emission lines and its
strong modifications avising from the Dicke principle*
are fully contained in our theory. One of its aims, in
fact, is to serve as a reliable base for the derivation of
such effects. Inhomogeneous broadening has been intro-
duced by P, (different eigenvalues) and by P, (Doppler
broadening).

P,: Electrons belonging to different atoms A’ can be
considered as quanta of different fermion fields, This
postulate is used silently in practically all works on
quantum optics. It can be looked upon as a consequence
of the “nonoverlapping of the active atoms” which per-
mits the exclusion of tunneling and exchange effects of
electrons belonging to different atoms, The “more cor-
rect” alternative had been the assumption that all in-
volved electrons are quanta of one fermion field, with
27,Vi(x - X!) as potential. But electrons of “optically
inactive atoms” then have the same right to be con-’
sidered as quanta of this field. We have made the
necessary ‘‘cut” at a stage where we can gain some
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advantages without visibly prejudicing the desired re-
sults on quantum optics, P, implies that a field opera-
tor ¢’(x,¢) (and an individual mass m?, if desired) is
associated with each atom; in the alternative case only
one P(x,1) (and only one m,) would be introduced.

P,: Creation and destruction of electron positron
paivs play no vole. This excludes probably the worst
infinities of field theory, namely vacuum polarization
effects. In quantum optics it appears well justified.

In connection with P, and P, it means that the Schro -
dinger operator zl){(x) associated with A? can be spanned
up by

¢{(x)=:/:j)u§,,,j(x—xf)bij, (4)
the sum going over all pseudo one-electron eigenstates
in the potential of A’. ! “destructs”an electron in the
state uf,, (x -X{). With the corresponding creation op-
erator b:j it satisfies the usual anticommutation rela-
tions. ¥{(x) depends “weakly” on ¢ because it refers to
a “field” subject to “external,” yet prescribed “pertur-
bations.” It is important, however, that the anticom-
mutators

[o3/(x), $i(x')),=6(x - x), etc., (5)
are independent of .

Py The state spaces of all occuring fevmion
fields ave Fock spaces, We are aware of the problems
involved in choosing Fock spaces as state spaces for
interaction fields.!* We try to avoid them by “heuris-
tic” restrictions on the interacting systems. By P, the
operator d){(x) acts on a fermion Fock space }Z, whose
elements |f? will be written in the form

p=la

=i+ L D@ )
ey 8

+*

+j i
X ba}. e ba?‘vg. (6)

|vf) is the vacuum in 77 satisfying b] |v{)= 0 for any a,.
fieC. The fi(a},...,a?) are antisymmetric c-number
functions of the “discrete” variables a},...,a’, subject
to normalization conditions which restrict | to an
element of 74,

P.. Only transverse photons need to be considered,
their state space is a Bose Fock space. We consider
here only the formal implications of P.; other conse-
quences are drawn later below. Let 7, denote the Fock
space of elements |f?) to be written in the form?

= 1
17 =f3\7}p>+§=:0(711—)w5
X { d*u e -'fd%,,fﬁ(fcl,. .. ,K,,)a,’(l' . -a;nlv,>. (7)

lvp) is the normalized photon vacuum stated defined by
a,|v,)=0 for any ke K, «:=(k,\) comprises the wave
vector k & R® and polarization index A & {1, 2} and
varies over the set K := R¥x{1,2}. fd3x° <o denotes
the integral over k € R® and the sum over xe{1,2}.

a, and a’, are the usual Bose destruction and creation
operators satisfying [a,,ar]=58(k ~k')5,,,. ff=C. The
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ﬁ(xl, ...,k,), m=1, are Lebesque square integrable,
symmetric ¢c-number functions of » arguments

Ky, ...k, subject to normalization conditions so that
|7% is element of a Hilbert space. The Schrddinger
operator of the observable A(x) of the radiation field
R is given by

€(x)

1 3
Ax)= (211)37"'[ a’x |2w(f<)]‘72 (e

tobe understood as an operator on 7, . €(«) is the usual unit
polarizationvector satisfying ke(k,x)= Oand e(k, 2, )e(k,x,)
=8, 5, @(K) 1= w(K) := w( |k|):= (k2+ p2)!/2; p=0isaphoton
mass parameter discussed below.

P,: The state space of the interacting system R+ Al

+°+++ A shall be the Hilbert space
/'/:=_7,®.7;®°"®3;', (9)

where ® denotes the usual tensov product. H is the
smallest Hilbert space the basic Eqs. (1) may be de-
fined on possibly. For the practical purposes of quan-
tum optics it is still too large (cf, Secs. 3,4).

dkxak+ e-lkxa:)’ (8)

P,: The Hamiltonian of the interacting system R+ A!
+°°°+ A7 shall be the opevator H, defined formally on
H by

H, ¢=f di*kw(k)aia,
3 %y} ;2 . d
+ ‘g{f d xd),f(X)’:a (—z a—x—>+ miB+ Vix -x{) - ZZZ:'
X Pi(x) + ef deA(x)(d);f(x)awt!(x))tr}, (10)

Due to the external forces causing the fluctuations and
motion of Vi(x - X]) the Hamiltonian depends on f. The
first term is the usual Hamiltonian of free photons.
The first term in the sum over j is the Hamiltonian

H} of the “not interacting” atom 47, chosen so that Egs.
(1) result from (10). The time derivative operator in
H} acts only onthe time dependence contained in ¥](x).
Inserting (4) and (3) into A we find, using (2) and the
completeness relation,

Hg=aZJ)E{' ofPa 103 - (11)
This reflects once more that the “fluctuations” of Vi(x’)
cause homogeneous and inhomogeneous broadening.
The second term in the sum over j in (10) is the usual
coupling Hamiltonian of quantum electrodynamics, re-
stricted to transverse photons. The sum over the at-
oms reflects the Dicke principle: All atoms “see” the
same field R and by this become coupled to each other
even in the absence of direct atom-atom interaction.

Postulates P,-P, are sufficient for the formal deri-
vation of Eqs. (1). Indeed, let U(t) be the unitary solu-
tion of the equation

. d
i U@)=H,U({t), U@©0)=1, (12)

and define the Heisenberg operators corresponding to
pi(x), A(x) by
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P(x,2) = Ui (t),

Alx, ) :=U)AXU (@),
Using the above definitions and commutation relations,
we easily find that expressions (13) solve Egs. (1) for-

mally. The postulates P,~P, so elucidate, indeed, the
richly structured physical content of (1).

(13)

3. ADDITIONAL POSTULATES AND THE EXISTENCE
THEOREM

Unfortunately, however, by all we know, the desired
U(t) does not exist in a naive sense. Therefore we must
set up additional postulates P,,~P,, which allow the
proof of existence of a unitary time evolution operator
which guarantees finite results.

The exclusion of longitudinal and scalar photons by
P, excludes the Coulomb interaction between the elec-
trons of A7, which must be accounted for on a phenom-
enological base. This has been done, in part, by P, so
that P, is in a sense a necessary consequency of P,,
The atoms described by (1) are therefore not realistic

unless we restrict them by

P, All active atoms ave one-electvon atoms. From
the field theovretical point of view this is probably not
decisive, but the treatment of atoms with more elec-
trons were rather inconvenient. It is of some practical

importance, however,

So far it has not yet been necessary to speak of laser
mirrors: On the “atomic level” a part of the active
atoms can be chosen and arranged always as “atoms of
laser mirrors.” But mirrors have most probably
nothing to do with the infinities we want to exclude
here, nor with the “microscopic creation mechanism”
of the many photon collectives we want to get a base
for. They are probably much better introduced at a
later stage and in a much more phenomenological way,
just as “electrical wires” for good reasons do not occur
in the first principles of classical electrodynamics. In
view of this we have already imposed conditions which
in essence require the omission of mirrors. Care has
been taken that the desired phenomena of quantum op-
tics are not prejudiced and the resulting equations of
motion still contain solutions describing radiation of
“black body radiation consistency” as well as solutions
describing laser or superradiance phenomena. It is a
later problem to find the condition under which this or
that occurs.

Pi: Only a finite number q ;<> of pseudoeigen-
states ul , (x!) of each A? are essential for the inter -
action between R and At+++++ A’ all other pseudo-
eigenstates can be treated as nonexisting. This is
probably the main contribution to the price we have to
pay for finite results. For the typical problems of
quantum optics it seems to be acceptable, however:
Since the “diameters” of atoms tend to infinity as the
eigenenergies approach infinity or the ionization lim-
it,*® the condition of “nonoverlapping” can be met only
as long as all atoms remain in their lower states.
Therefore the fiction of “many atoms” is realizable
only with atoms with a finite, not too large number of
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levels. In fact, including too many states of each atom
would intvoduce effects which in the form, as they are intro-
duced, do not occur in veality: Electrons in overlap-
ping states are subject to the Pauli principle which
does not play a role in our model, One could think also
of infinitely high potential walls between the atoms,

But then the eigenstates are not complete and the “sec-
ond quantization” of such atoms is not obvious; for
example, (4) and (5) were not compatible then, It is
questionable, finally, whether this was more realistic
than the fiction of finite level atoms.

P.,: For any couple uil , (x'),ui . (x') of “essential”
pseudoeigensolutions of A the expression

e€(k)

Y 2w() [T

x [d* el

MP(a, a)k)=

xauf o, (x7) (14)
is anelement of L (K), i.e., for x=1,2 it is squave in-
tegrable in k, and ils novm in L ,(K) is uniformly
bounded with vespect to t. Formally this puts another
restriction on the choice of Vi(x’), 1t is satisfied!” if
Vi(x?) is the Coulomb potential. In general it is a con-
sequence of the finite spatial extension of atomic
(pseudo) eigenstates, In practice, P,, “forbids” only
the use of unphysical secondary approximations such as
the dipole approximation.®

P ,: Only a finite number n=N<= of photons of mass
w=0 take part in the interaction with the atoms. Al-
ternatively we postulate:

Pi,: The photons have mass k>0, all atoms have
time independent potentials V(x’) and move with the
same velocity v, It is unlikely that the relative motion
of the atoms or fluctuations of the V*(x’) lead to prob-
lems, but we have no technical proof of this. It is clear
that the vestriction to any finite number of photons is
a priori much more serious that the imposition of a
photon mass. But in practice it excludes only infrared
problems which typically involve infinitely many low
frequency photons, Infinitely many photons of finite
energy require an infinite total energy. They do not
occur in realistic quantum optics problems.

The precise meaning of P,,-P,,, P;, will be given in
connection with the proof of the existence theorem, our

main results:

Postulates P,-P,, or, alternatively, postulates P, -
P,, and P, are sufficient fo guarantee for any t<= the
existence of a unitayy time evolution operator U(¢t) for
the intevacting system R+ Al++ s+ Af,

This implies, in particular, the absence of any in-
finities in observable quantities, as all transition prob-
abilities are finite with certainty and properly normed
to 1. See also Sec. 7.

4. LINEARIZATION OF THE PROBLEM IN THE
SCHRODINGER PICTURE

In Sec. 2 the linear Schriddinger equation (12) pro-

vided us formally with the exact solution of the nonlin-
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ear Heisenberg equations of motion (1). For practical
purposes the latter have still another disadvantage:
their generality. Despite their formal appearance, the
operators ¥/(x,) in (1) namely do not refer to one-
electron atoms A’ only; they refer simultaneously to
the “states with p’ electrons in the potential V/(x’),
=1,2,..., without mutual Coulomb interaction,” and
to all states with “unsharp electron numbers” as well.
But, as mentioned already, # is the “smallest” Hilbert
space where a meaning can be given to (1), To shake
off some unnecessary ballast we first “reduce,” follow-
ing P,,, Egs. (1) to one-electron atoms. In the Schro-
dinger picture this can be achieved without any loss of
physical content with respect to one-electron atoms.

We note that the Hamiltonian H, defined in (10) com-
mutes with the electron number operator

Eb;;b; (15)

for each atom. Therefore,
U(¢) exists at all,
operators U
spaces

if a time evolution operator
it must be the direct sum?? of unitary
oys...r0;(t) defined and acting on the sub-

LN ] J
Spperrog = HE @ OH, ®3,

41

(16)

of #,H},,, being the p,-electron subspace of Fi. Cor-
respondingly, H, must be a direct sum

H=0 ** @ H

Plﬂl oyl

ErPyrsnesPy (17)
of Hamiltonians acting on S,,,...,»; only. Therefore, we
can restrict our considerations without any loss to one-
electron atoms by considering the time evolution on the
sector §:=5,, , only. Any element |@)e § can be
written in the form

fa)= Z ZZ 1)1

ag n=0

dealcl"'[d%"a[al,...,a

Xazl...a;nb;i...b;ﬂpe}lv!,}.

PR
(18)

For n=0 the integrals are to be understood as a factor
1.

Let the restriction of 4, on §, H,,,,...,,, be denoted
by H,¢. If the theory ex1sted H,¢ would generate onS
the unitary time evolution operator U, . ,{£)=Us(t) so
that the states of the interacting system R +A1+ see
+A7 at different times £, |@@)=Us(¢)|x), form in Sa
“curve” defined by the Schrédinger equation

i oy =y a@), |aO)= |0, (19)

and an arbitrary |x)€ § as “initial state.” The best
definition of the restriction H,; seems to consist of
writing (19) in terms of the amplitudes alt;a,,...,a,],
X (K,,...,K,) of the vector |a(t)) and the amplitudes
xla,, . a,]n( Kyy...,K,) of the vector |x)=|a(0)) in
the sense of (18). Equatlon (19) then reads
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iﬁa[t;al,...,a,],,(xl,...

Ky) = (w(K)+"‘+U)(K)+E1 +"'+E")ot[ 10y, .

aJL(Kp LI n)

+(n+ 1)"222 fd3K1\/I*"(Xt,a,,a,,K)

X aft;a

. ’
X a[tvalr"' 2y s Agy Appyy o e e

with initial conditions
al0;a,,...,a,), (¢, ... k)

=xla,, ... a4 00k, 00, k), n=0,1,2,+, (21)
The integral kernels M ¥(X{; a,,a); k) are given by

e€(k)

@Y 2w(k)]*72

% fd gix% ¢4

tiay

MX Xl a,,a);6) =

(x ~XNau] . (x-XI)

vﬂj

¥
= ™M M(a,, a); k). (22)

The last expression, with M¥(a,,a}; ) defined in (14)
and subject to P,,, has been obtained by a change of the
integration variable.

Equation (20) can be derived from the general Schrd-
dinger equation (12) on 4 by making for |a())=U(#)[x)
an “ansatz” (18), inserting this into (12), introducing
on the right-hand side a complete set of “intermediate
states,” computing the necessary “elements” of H,, and
carrying out the integration over the many 5 functions
occurring so. We do not reproduce this tedious deriva-
tion. Some details have been given in Ref, 6 in a simp-
ler, but still characteristic case. We have chosen here
only an other notation and other normalization conven-
tions, namely those of functional analysis on Fock
spaces.?®2* We emphasize that Eq. (20) is exact in the
same sense as (1); unfortunately, also the solutions do
not exist in this sense. Yet, though exact, Eq. (20) is
much more “special” than (1); the right-hand side of
(20) namely, defines only the one term H, , ., of the
sum (17) referring to one-electron atoms., We know of
no convenient way to express this restricted, but exact,
theory in the Heisenberg picture.

The sums over the atoms in Eqs. (20) mirror the
Dicke principle as clearly as (1). It is an advantage
that the “correspondence principle’” now is hidden more
and thus cannot be misused so easily. A second gain is
the possibility to consider “special solutions,” for
example, in dependence on various initial conditions;
we recall, that (1) has only one interesting solution (if
at all). A third gain is the linearization of the prob-
lem achieved so. This allows the use of various “sec-
ondary” approximation methods. We emphasize that
this linearization is not an approximation. The inter-
pretation® of a corresponding linearization in Ref. 6
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’
12¢°* ’aj-lra,ﬂajolv'

n J
L) aJ]nq(Ka K]_a L] Kn) + (n)-l /ZQIZ_/\]‘;M“XJ:; a;’ al; KV)
B

’al]n-l(KJ.y" oy Ky Kpngsenes n)

n=0,1,2,..., (20)

as a first order perturbation approximation must be
rejected.

5. EXISTENCE OF FINITE SOLUTIONS UNDER
CONDITIONS P, -P,, AND P/,

For technical reasons we prove first the existence
theorem in the more special case defined by P,-P,, and
Pls

Postulate P, of all atoms having a finite number ¢, of
levels is an “important state hypothesis” in the sense of
the systematic Weisskopf-Wigner approximation
scheme.” We “mathematize” it in the following way:
Let @, denote the finite set of quantum numbers a, of
the ¢, states u], iy (x?) of A? which by some physical argu-
ments are 1mportant” with respect to some desired pur-
poses. Insimple caseswe could take only two levels for
A’, for example. Generalizing Refs. 6 and 17 we assume
that all amplitudes aft;a,,...,a;) (..., «,) vanish
which for at least one A’ contain the index @, of an “un-
important,” “omitted” level of A’, and we ignore in (20)
the equations for these amplitudes. Equations (20) thus
are written down only for the finite set @ :=@, X+ **

X @, of all sets a:=(a,,...,a,) of indices of “important”
levels. We so get a new, “reduced” set of equations on
the Hilbert space

So=@® %= @ &4 (23)
acQ acQ n=0

where 7¢:=7¢% 139 i5 the Fock space of photon states
“with A' in the state uj, , (x'), A®inuf, (x°),..., and
A inuj, (x7).” 7°is the direct sum o the Hilbert
spaces /4 of all states of precisely n photons, »
=0,1,2,..., “with A inu}, (x'),..., and A7 in
u;"”(x")_" So is a subpsace of §; § namely is the di-
rect sum of all 7¢ .

It is most likely, but not yet proven, that 1> 0 alone
is sufficient to guarantee on Sg the existence of a uni-
tary time evolution operator U,(t), defined by the “re-
duced” equations. To get proven results, we make the
auxiliary assumption P, that all atoms are stationary
(E{,,=Ei,, ul,(x))=u] (x')] and move with the same
velocity v. This includes the important case v=0 of all
atoms at rest, the only case that has been consid-

ered®® 121317 yp {0 now. So we have now
X{=XJ+vt. (24)

For the amplitudes of the reduced equations we make
an ansatz:
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aftsa,, ... a4, (k,,...

k) =expl-itv(k + - o+ k)] Blt;a,, ... 0,00k, ..., k). (25)

ey Ry

This is a unitary transformation on ;. Inserting (25) into ( 20) we find that (25) yields a solution of (20), as

reduced above, if the 8’s satisfy the equations

. d
ZEB[t;alv‘ . ;aJ]n(Kp” .

s k) = [(wlk,) = VR )+ o+ 4 (w(k,) —VK)+E} +° .+E,;’J] Bltsay,...,azl (k. ., k)

J
(e 220 L [ kM (XY ay, 5 0

j=1 af Qj

. ’
XBlt;ay,. 0,8, 0y, ..

‘ ’aJ]nq(K’Kp e ;Kn)

J n
+ )V L LMK e, a5,

=1 “'j’ ijq

S LY N U A SRR 38 I (SR S SRR § (26)

The initial state can be any state of S5. The point of
(25) is the elimination of the explicit dependence on ¢
from the operator H, which defines the time evolution
in terms of the B's. H, is defined by the right-hand side
side of (26).

As (25) is a unitary transformation on S, our state-
ment on the existnece of finite solutions under the pres-
ent conditions can be proved by showing that H, is self-
adjoint on SQ. For this we follow, with a slight modifi-
cation, the proof idea of Sec. 4 of Ref, 17: We show
that H, is the sum of a self-adjoint operator Hy, de-
fined by the first term of the right-hand side of (26),
and a symmetric “interaction” operator Hj, defined by
the other terms, which is bounded relative to Hg. The
theorem of Rellich®® then guarantees the selfadjointness
of Hy= H+ HY. H, generates, therefore, for any t<=
a unitary time evolution operator U,{t) which together
with (25) guarantees finite transition probability ampli-
tudes and finite transition probabilities normed to 1.

HJ is self-adjoint because it is a direct sum of self-
adjoint operators of multiplication, on /%, with the real
function [(w(k,) ~kv)+*+++(w(k,) - kv)+ Ej 400t E‘{J].
We note the inequality

(wlk,) =k, v)+ =+ (wix,) - K¥)
Z(w(xl)"kll Ivl)+..'+(w(’{n)_lkn| lvi)
=pp(l ~vA2 (27

where k{1 —v3)!/2 is the minimum of the function (k®

+ U %~ |v| |k| at |k| =0. This means that the dense
domain 0 (H3) of HY is contained in the domain 0 () of
the direct sum N of the operators of multiplication, on
He, with the number n,n=0,1,2,.... Therefore, and

because E} +**++EJ >0, we have for any |B) < (HY)

NES Bl = w(1 - v2rIn |8l (28)

with [|* + < || denoting the norm on Sg. As in Ref. 17 we
can find for any number €>0 a number b,> 0 so that for
any |8) <€ (N) we get

o+ 12| Byl = elie | B)IL+b Ml |B)II. (29)

(M+ 1)2 is the direct sum of the operators of multipli-
cation, on 42, with the number (z+1)1/2. Of course,

1972 J. Math. Phys., Vol. 18, No. 10, October 1977

DO+ 112)2 D (9t+ 1)=D(R). Combining (28) and (29) we
see that for any €>0 we can find a b,> 0 so that for any
[Bye D(H2) we have

(9t 1] Bl = s

o A |BYll+ b, Byl (30)
We show below that the interaction operator H( satisfies
for any |B) € D((M+ 1)*%) an inequality

Il | 811 = 2qmll(gt+ DM2| )l (31)

with finite constants q,m. This means that H; is
defined at least on the dense domain O((N+ 11/2), i.e.,
D(HE)2 D((M+1)17?). Equation (28) implies D(HZ)S D (N)
and because of 0 ()<L ((91+ 1)/2) we get (i) p (H3)
CD(HY). 1t poses no problem to verify (ii) that Hy is
symmetric, i.e., that (8|H}(B) is real for any |8)

€ D(HE). Combining (30) and (31), we get for any |B)

e H(HY)

AENE m%’ﬁ—;m||agls>i|+bezqm|l Bl (32)

Choosing (iii) € smaller than (1 - v?)2/%(2gm)™, we
meet the conditions (i)—(iii) of the theorem of Rellich
and Hg=H + H} is self-adjoint,

We must prove, finally, the inequality (31). By the
definition of A} we have

W, |BNP=2 20 [dPu -+ [d,

a¢ Q n=0

¥ 2

¥=1 ayéQ!

X

{(n+ M2 [d3kM ™ (XS ay, al; k)

’
XB[GI,. e By A, Qg eas ’al]"’l

n
X (K Kyyoesy Ky) + ()72 25 MI(X; aj,a;;K,)
vl

xB[al" b ’a!-l?a;’ahly' .. 7al]n-1

2

x(xl,...,x,,_l,fc,,.l,...,x,l)} (33)

For given a and n the integral [d%c * - [d2x, % de-
fines the square of the norm ||+~ +}i, of a vector of the
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Hilbert space A, this vector being the sum over sever-
al other such vectors, a,;+p3;, namely the terms of the
sum over j and aj. Therefore, we can use the triangle
relation

IIE(0£+A¥‘)II§S%Z (IICM;II,,+II43‘,II,,)}2 (34)
i i :

with respect to the sum over j and a;. This yields

(AT YD i/{i 2 i+ 102 [a2em ¥ (X5 a,, a); 1)

a:Q n=0\j=1 a}-Q,
X;S[al,... ,a]-,_,a;yaqu-" 9al]m1
X (K, Xyeno, ¥, + 1120 (X2 0], 0,5% )

XB[als' "aJ]n-l

. !ai-lia;!ahu ..
2
X(¥gyeen ,4,,)II,,)} . (35)
The stars indicate the integration variables of the norm
[l ++«ll,. Inthe last term we have taken into account that
the sum over v in (33), after the use of (34), yields only
a factor #n. Let m,(a,,a})=m,(a},a,) denote the norm of
M(X2; a},a,; ) with respect to «, which is finite by P ,.
Applying now the Schwarz inequality to the integration
over « in the first term and using the fact that the
square of the norm in the second term factors, we get

_

(ALY i{zﬁ 2 m,(a,,a;)Z}«{Z“;

ac<Q n=0! §=1 a'quJ, J

-

ay-Q,

g |ByIIP= 23 i\/{é 2 [myla;, alln+ 1)1

acQ n=0 \j=1 a’4cQy
j ]
XB[al, L saj-j_’aj,aqu ey ne )

X (%, oo My +mylay,a)lin)’?

XBl(ay,...,a;,a)a,,,... y A gley

><(¥,...,4)n"-1]}2. (38)

By a simple renaming n+ 1-~n» and n — 1-n of the terms
of the sum over z and the use of ([(r)}*/?8 <+« |l,

=@IB - o I, < (r+ 1MRHB, oo o = Ml te+ 11728, =« l,,, we
obtain

iy, |BylIZ= 425 f}{ZJ) 2 myla,,aliin+ 12

acQ n=0{J=1 G‘JEQJ

xﬁ{al,-.- 9aj-1;a;’aj01;"' vaJ]u
lz
(¥,.--,¥)H,,;. (37)

Using now [20,c,d;| = Q0| ¢, |D200|d | # with re-
spect to the sum over j and aj, we get

Z_; ”(n+ 1)1/23[(11, cee ,aj-pa; y@gaygees )al]n(* yeeo s )”:}- (38)

Let m denote the finite maximum of all occuring m(a, aj), let ¢, denote the number of levels of A7, i.e., the number
elements in @;, and put ¢ :=E}’=1q,. Then the first term in (38) is not greater than m%. The sum over ac @, of
course, equals the multiple sum over all @, @, and after a suitable change of the order of summation we find

IHG |82 < 4 gm® S oSS .. 0w

i=1 af.Oﬂn:o 4. Q)

XBlay,oun 8y a5y, 00 as],00 000 %)

The sum in the bracket is equal, for any value of j, to
L%+ 1)*”2|8)li2, The sum in front of the bracket there-
fore yields a factor ¢ again, So we get ||H4|B8)I1

= 4g®m?l{(9+ 1)*/2| B)II?, which is identical to (31) and
implies 0 (H})20 (+ 1)172,

6. EXISTENCE OF UNITARY TIME EVOLUTION
UNDER CONDITIONS P, -P,

We now relax condition u>0 to u=0, the condition of
a common velocity v of all atoms to arbitrary motion,
and allow the atomic potentials V{(x’) to depend on ¢,
Instead we assume that there exists a number N<« go
that never more than N photons exist.
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5 e 3

oo Qpey 057Q) G4ey0 Qg

[+ 1)72
tfoQJ

(39)

Together with the assumption of any atom having a
finite number of levels this also is an important state
hypothesis.? It will be convenient, however, and for
reasons of practicability it is even necessary, to con-
sider also theories defined by stronger, more restric-
tive important state hypotheses. For example we might
wish to treat all atoms as “two-level atoms” and as-
sume, ab initio, that for any emitted (absorbed) photon
one atom must make a transition from the upper (low-
er) to the lower (upper) level. This still does not yet
prejudice the typical effects of quantum optics. We now
prove the existence theorem for any such assumption.

The above important state hypotheses can be math-
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ematized in the following way: Let I denote any subset
of the finite set ¢, X ***XQ; XN* with N*
:={0,1,2,...,N}. Following Refs. 6,17, we assume

altya,,...,a;](x,...,k)=0 for (a,,...,a,;,n)¢I (40)

and ignore the equations of motion for these amplitudes.
Physically this implies the ab initio hypothesis that
transitions are possible only between the states of
R+A ++°++A; “with n photons and A, in the state

uh o, (X)), Ay inug , (x%),..., and A, inuj, (X7) with
{a,,...,a;,n)el. The “reduction” of Egs. (20) by (40)
leads to the following equations of motion:

i—cga[t;al,...,a,]n(fcl,...,K,,)

= (W) + 0 ok (k) + B g + 0 '+E;"‘,J)

xaltyay, ... azl (k... %)

J
+e D D Jd (R ey, 0550
o

Xa[t.’a1a' .. 7aj-19a}7aj015" . ’al]nﬁl(K’Kl"" iKn)

J n
+nM2 05 27700 MUY a), a5 k,)

j=1laj) v=1
Xa[t;al,...,a,-l,a;,a;ﬂ,v .,(1]]".1
X (Kyy ooy By Kuaps oo s Kn)y (41)
af0,a,,... a7}k, ... k)=xla,, ... a;] (k... k).
(42)

The sums E* over (aj’) are to be understood to cover all
terms where, given(a,,..., asn)el, (a,...,a, ,a;,
Ajpyy...,a8,;mx1) is also an element of I, Equations
(41) are defined on the Hilbert space
“..G,BGJ'")UH:I%,....aJ)’ (43)

(a,

}

._f‘ + ’
A, ;| a)l2=m2(N + 1) 2 {LZ lala,,...,a,,,aja,,,...

(@yyeeerapn)Ell 4oy (“'j)

We show that they define on §; a unitary time evolution
operator U,(t). Inparticular, for =@, X**+X@;XN*
we consider the theory of J atoms with a finite number
of levels interacting with up to N photons. Another
choice of I leads to the theory considered in Ref. 6; we
prove here its existence even in the case when the
atoms move in an arbitrary, yet prescribed way, and
are subject to arbitrary external perturbations.

Let H/ ; denote the time-dependent interaction opera-
tor defined in (41) by the sums over j. Then ||H] ;| a)ll,
with ||+ + || denoting now the norm on S5;, is given by the
right-hand side of (33), if the X! are replaced by X,
the M’s are allowed to depend on ¢ by the v’s, if the
sum over ac @ and » is replaced by the sum over
(a,,...,a;,m)el, and if finally the sum over a;€ @,
is replaced by the sums occurring in (41). Since all
these sums contain a finite number of finite terms only,
the right-hand side of (33) now remains finite for any
|a)e§,;. Therefore, H| , is defined everywhere onS§,.
It poses no problem to verify that (a|H] ;| @) is real for
any ]a) €S,;. Therefore, H] ; is bounded and self-ad-
joint for every #, by well-known theorems of functional
analysis.

It will be convenient toknow in addition that a time in-
dependent bound B of H; ; exists, i.e., that

e |l < Bl |l (44)

for any ]a) e §,, and to learn something about the mag-
nitude of this bound.

For this we look at (39), the right-hand side being
modified as described above. We find easily that the
considerations leading to (36) remain valid also under
the present conditions. Since by P,, the norms of the
time dependent ’s avre uniformly bounded in ¢, we can
use m, ,(a;,a))=m. Using also (n+ 12< (N +1)/2,
(n)2<(n+ 1”2, we obtain from (36)

!aJ]m1(*y LR ,* )”ml

J - 2
20 2 |Ia[a1,...,a,_l,aj,am,...,a,,],,_l(*,...,*)ll,,_l} . (45)

f=1 (a%))

Using now for A=0,B =0 the trivial estimate (A+ B)? =A%+ B*+ 2AB =< 3A%+ 3B?, and with A;=0 and 4, denoting

the maximal A, the trivial estimate

J 2 J J J
<EA,) =2 LiAA, SJzA'Z""*"SJZJEAi’
Jj=1 i=1 =1

i’=1
we get

4} ;| @)liz< 3(N + 1)m?J? i{ 22 (Z}‘ lle e 1i2,
(ay,

=1 ceora gy n)EL May)

with the same terms in the norms ||***||,,, as in (45).
The double sums in the bracket go over all pairs
(a,,...,a;,n)el and (a,,...,a, ,0;,84,,...,0; nt1)
cI. The set of these pairs is identical with the set “all
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1t
(

(46)
gl ||)} (47)
a'j)
-
(@yyeeny@yay, @), 04,000, a,ne1)e] With (a,,. .. ,ay,m)

also €1.” By dropping the second condition, i.e., by
adding some nonnegative terms to the right-hand side,
the double sums can be completed to the square of the
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norm of ]a). The sum over j then yields a factor J,
and finally we get (44) with

B=w6(N+ 1)W3] 72, (48)

Checking critically this derivation, we see that only
(46) might be poor by a factor ~J; in vealistic cases the
completion of (47) to the norm yields a factor of magni-
tude 1 only, Therefore, B is proportional, in essence,
to the number J of active atoms, which is plausible,
Note that m contains a factor eZ, but the smallness of
this factor is compensated by far by the other factors
which typically are of the order J~ 10%° (20 cm?® pink
vuby) and N~ 10° (laser threshold) to N ~ 10%° (giant
pulse).

The first term on the right-hand side of (41) defines,
as in Sec, 4, onS; a self-adjoint, unbounded, yet time
dependent operator A} ;. Since it is a direct sum of
operators of multiplication with time-dependent real
functions, the solution U}’(t) of the equation

d

igU?(t):H?’ U8, Us0)=1 (49)

is given by [cf. P, and Eq. (3)]
Udt) = exp(~i [,Fdt’HY ), (50)

and is unitary on §;;Uj(?) again is a direct sum of oper-
ators of multiplication with complex numbers of modu-
lus 1.

Since H} ; is self-adjoint and H} ; is self -adjoint and
bounded, the total Hamiltonian A ;+ H; ; is also self-
adjoint for any t.

We are ready now to prove the existence of a unitary
time evolution operator defined by (41). There are
theorems?’ giving sufficient conditions that the equation

§9 U= (H3, p+ H], UL, Uy(0)=1 (51)
with a time dependent, self -adjoint Hamiltonian has a
unique unitary solution. It is not convenient to check
whether these conditions are met in our case. Fortu-
nately, we can construct an existence proof by “sum-
ming up the time-dependent perturbation series.” For
this we put U,{f)=U3(#)V,(t) and obtain for V(¢) the inte-
gral equation

Vit)=1-i [ dH (V") (52)
with H (#)=U%(¢)H; US(¢). Since U{(t) is unitaty on §,,

H,(t) is also bounded with bound B, The usual Dyson-
expansion

Vit)=1-4 [ atH (&)
+{(=1)? fo' dt’j;" AL"H ($H ")+ 5 o (53)

then converges by the norm, the pth term being bounded
by (Bt)*/pl. (53) therefore provides the solution of (52)
which is equivalent to the solution of (51),(41). Unita-
rity and uniqueness follow from standard arguments.
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The maximal dif ference between an exact solution of
(41), |a(t)), and the approximate expression | @, () ob-
tained for it in pth order perturbation theory is bounded
by
(0

s! (54)

() -a,@pli=est 3
5=0

For given {<= this can be made smaller than any €> 0,
but at the price of sufficiently large orders p. The
necessary minimal order p, depends on B. A glance on
(48) and its discussion shows that time-dependent per-
turbation theory cannot be used practically in typical
quantum optics problem (see Ref. 21 for problems of
principle): If for given ¢ the order p, guarantees an
error smaller than € in a one-atom problem, we must
sum the perturbation series to order ~J*p, to get the
same accuracy in a problem with J atoms. The situa-
tion is not better in the Heisenberg picture.

7. CONCLUSION AND OQUTLOOK

The proofs in Secs. 5 and 6 are certainly and neces-
sarily somewhat “mathematical”; the motivation behind
all this is purely physical, however. We mentioned in
Sec. 1, and found still more convincing arguments in
Sec. 6, that the well-understood and simple order hier-
archy of perturbation theory cannot be used in quantum
optics. Therefore, it is necessary to consider alterna-
tives, maybe the one presented. Its “order hierarchy”
can be defined (cf. Ref. 17) by any sequence

PCnCeCI” (55)

of the index sets I introduced in (40), which “tend” to
the index set I®:=Q7 X *++x@3%x{0,1.2,+*+} of the
“exact” theory of Sec. 4. @7 denotes the set of indices
a; of all eigenstates of A,. The sequence of unitary
quantum theories corresponding to 7°, I, ..., all of
which exist with certainty if all I's are finite or meet
the conditions of Sec. 5, then defines the “exact” theory
as its limit I—~J", However, in the present case this
potential limit theory is of questionable value: We saw
in the discussion of P,, that the inclusion of too many
states of each single atom introduces effects which be-
cause of the Pauli principle cannot occur in reality.
The limit theory therefore contains in any case some
unrealistic idealizations which are the actual cause of
the “infinities” that occur in the “exact” theory.

The familiar divergencies of QED appear in a sys-
tematic perturbation expansion already in the order
m =2 in e. But they occur always in sums over “inter-
mediate” atomic states which because of diverging dia-
meters cannot occur in veality. In a unifary theory the
“intermediate” states must also be possible as final or
initial states. Thevefore, the main clauses of our
peace treaty should be acceptable by “physical argu-
ments”: We postpone the calculation of the influence
of higher atomic states (which never exist in reality if
they are high enough!) upon the transitions between the
lower states by packing them into the “higher orders”
in the sense of (55), but in the lowest orders
I°, ' I*, ... we include already effects which in a sys-
tematic expansion in e are of high, even infinite order.
The “divergence problems” are thereby postponed to
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the “convergence” of the sequence of Weisskopf-Wigner
theories defined by I°,I*,I?,... . For this we get a
strictly unitary time evolution operator in any finite
step. We leave it to the reader to decide whether the
“total” exclusion of atomic states which never can
occur in realily is a “heuristic ad hoc principle.” or to
see in it a first step to exclude unrealistic idealiza-
tions contained in (1).

At present we aim at another, much more modest
goal, namely a practical working base for quantum
optics. This will give us also an example of a “reason-
able choice” I°,I', ... . It appears namely that one can
gel reliable vesulls alveady by the following choice of
the lowest order I°°: In quantum optics it appears “ob-
vious” to consider “two-level atoms,” and in view of
validity of the Bohr relations w=E, - E, it is likewise
suggestive to assume, as lhe principle defining the
lowest ovdey, and thus subject to highey ovdev corvec-
tions, that one photon is emitted {(absorbed) whenever
one atom makes a transition from the upper (lower) to
the lower (upper) level. Then I° is given by

:={(a,,....a;,n)in+m, =N+M,}, (56)

where m , is the number of times the index of the up-
per level occurs among a,,...,a,. M is the number
of excited atoms and N the number of photons in the ini-
tial state.

“First corrections” to this theory can be obtained
from the higher order theory defined by the choice I*
or°

I={(a,,....a;n)a;=1,2

forj=1.....J;n=0,1,2,...}. (57)

Each atom has now still “two levels,” but in addition to
the above “ordinary Bohr transitions,” each A’ is now
allowed to make “virtual” transitions from a given lev-
el to itself and virtual transitions from the upper (low-
er) to the lower (upper) level under absovption (emis-~
sion) of aphoton. One can show thatthe “lower” theory/°
is obtained from the higher by the use of the familiar
rotating wave approximation. One can further show
that the “first corrections” to the theory /° amount to
finite level shifts of the order of magnitude of Lamb
shifts, and that these corrcections have little influence
upon those mechanisms which possibly build up the
interesting many photon collective phenomena. For one
atom the corresponding results are already published.?®

Our hope for reliable results in the lowest order I°
rests also upon the experience with numerous Weiss-
kopf-Wwigner type theories practically all of which ave
of type I°, and thus provides examples for the present
existence theorem:

The case J=N=1, atom at rest, has been reanalyzed
recently.?! It contains K41llén’s version®® of the Weiss-
kopf-Wigner theory of natural line width which agrees
with experience. We shall show elsewhere that motion
of the atoms, as introduced here, “shifts” the natural
lines in agreement with the nonrelativistic Doppler
theory, Therefore, veliable and vealistic results can
also be expected if a finite temperature of the active
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atoms is introduced later by allowing the atoms to
move, either like molecules in a gas, or like host at-
oms in a crystal subject to various lattice vibrations.
We saw (Sec. 6) that this can be achieved without any
additional mathematical expenses.

The case J>1,N=1, atoms at rest, leads in a sec-
ondary approximation to photon inprisonment and super-
radiance effects.*® One can show® that this theory,
without the mentioned secondary approximation, con-
tains all time-of-flight effects of the photon which must
be expected in a causal theory. So we can say that even
the crudest, “lowest” order I° of our approximations
meets our demand 3 of Sec. 1 (at least with respect to
the photon, cf, Ref. 17). Cases J > 1,N> 1, atoms at
rest®!? lead to the formation of a directed beam of light
capable of interference.” All this, previously computed
in “formal” theories and now put on a firm base, should
not be accidental.

Our existence theorem covers still many other cases
of interest: few photons may impinge upon many ex-
cited atoms (all the cases M,, <J are possible here)
and thus “stimulate” their emission process, many
photons may impinge upon few atoms initially excited or
not, etc. Much work remains to be done along these
lines and with respect to more realistic (temperature
etc.), yet still “microscopic” and causal approaches
to laser activity and related phenomena. We hope that

our existence theorem is of some help for this.

We note finally that the transition to a description by
density matrices makes no problems as the present
“pure” theory is formulated on separable Hilbert
spaces.
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A multiple-scales space-time analysis of a randomly
perturbed one-dimensional wave equation?
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An initial value problem for one-dimensional wave propagation is considered; the medium is assumed to be
randomly perturbed as a function of both space and time. The stochastic perturbation theory of
Papanicolaou and Keller [SIAM J. Appl. Math. 21, 287 (1971)] is applied directly in the space—time
regime to derive transport equations for the first and second moments of the solution. These equations are

solved in special cases.

I. INTRODUCTION

The problem of characterizing long-range acoustic
transmission in the ocean is essentially that of under-
standing the dynamics of wave propagation in a medium
subjected to small random spatial and temporal pertur-
bations. While the ocean problem is further complicated
by a deterministic sound-speed profile (forming the
SOFAR channel) and randomly irregular boundaries,
understanding the effects of the medium itself repre-
sents a necessary prerequisite.

In this paper, a model problem involving one-dimen-
sional wave propagation is considered. The properties
of the medium are assumed to be randomly perturbed
in both space and time. The stochastic perturbation the-
ory of Papanicolaou and Keller! is applied directly in
space-time; transport equations for the first and sec-
ond moments of the solution emerge as necessary rela-
tions for the suppression of secular growth in the two
characteristic directions of the unperturbed wave opera-
tor.

Dealing with the problem directly in space-time per-
mits us to study the evolution of wavepackets in a spati-
ally and temporally fluctuating environment. Fourier
transforms are used, but only after the formal stochas-
tic asymptotic analysis is complete. Only the infinite
spatial domain is considered; however, the formalism
can be developed as well for the semi-infinite spatial
domain. It is hoped that subsequent analytis of this lat-
ter problem will provide insights into the nature of the
boundary conditions that must accompany the limiting
transport equations in cases (like the ocean) where
boundaries exist.

In Sec. II the asymptotic formalism is developed while
equations for the first moment of the solution are de-
rived in Sec. III. In Sec. IV similar equations are de-
rived for the second moment (i.e., the mutual coherence
function). Sec. V deals with a specific example.

dResearch supported by the Office of Naval Research under
contract No. N00014-76-C-0056. The research reported in
this paper was initiated at the 1976 Applied Mathematics
Summer Institute; this institute was supported by the Office
of Naval Research under contract No. N00014-75-C~0921.
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Il. DEVELOPMENT OF THE FORMALISM

The initial value problem that we shall consider is the
following:

2

3 8 /. 9
-a—;z-u(x, t, w, €) -57 (C ¥(x, t, w, €)-a—tu(x, t, w, e)) =0,

-0 <y <o, t>0 (1)

o}
ulx, 0, v, €} =£(x), —5?—(36, 0,w, €)=g(x), —o<x<wo,

(2)

where € is a small real parameter and w is an element
of some underlying probability space. We assume that

T3x, t, w, €)=c"¥(1+eulx, t, w)), (3)

i.e., the sum of a constant and a small randomly fluc-
tuating quantity. The random field u is assumed to be
a zero mean wide-sense stationary function of both
space and time; consequently, we have

(lJ-(x’ t: 'U»:Os
(e, t, Wulx’, ¢, wh=R(x —=x',1 =), 4)

-0 <y, x! <o, 0= t, t <o,

where (+) denotes expectation, i.e., integration with re-
spect to the underlying probability measure. We shall
further assume that the random field p is mixing (Ref.
2) in the sense that as the space-time separation of

(x,, ¢,) and (x,, #,) tends to infinity, the random variables
plxy, ¢, w) and plx,, {,, w) become asymptotically inde-
pendent.

We are ultimately interested in (u(x, {, w, €)) and
(ulx, 1, w, €ulx’, t', w, €)) in the asymptotic limit where
€ - 0 but where the space-time propagation paths (i.e.,
distances along the characteristics) tend to infinity.
Prior work (Refs. 1, 2) has shown that since (u)=0, in-
teresting probabilistic effects will energe on ¢™? scales.
Accordingly, we introduce the following slow spatial and

temporal variables:
E=ex, T=€ (5)

and view the solution « as a functionof x,¢,£,7,¢,w. The
differential operators transform as follows:
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a3 8 ,8 8 8 ,8 -
4@y et € 6
ox ox TS BE’ 81 ot 8T (6)

and Egs. (1) and (2) become

2

92 o 82 s 0 8 5 0
a—-xg-+2€ —3-)—65?-‘-6 a—gg M(X,t,g,'r,w,i)— 3—t+€ 37/

X[cH1+ epulx, ¢, w))(—:—t- +€ :T> ulx, t, &7, w, €)]

E(E (".B")u =0, (M
u(x,0, &0, w, €) :f(x) s
(8)

] 2
Wu(x, 0,£0,w,€)+ € Fu(x, 0,£0,w, €)=g(x).

In particular:

2
92,8

0= FF T¢ BT

3 2
£1=—C'ZW(#(% L w)'gt—(» , 9)
a2 . 97 )
£2—2<8x8§ ~¢ Bter)
The solution « is expanded in a power series in €,

ulx, t, &, 7, w, €)= 2 €u,(x, t, E,7, w).

n=0

(10)

When (10) is substituted into (7), (8) and coefficients
of the same power of € are equated, we obtain the fol-
lowing hierarchy of problems:

() £,u,=0, wu,lx,0,£,0)=7(x), uo(x, 0, £,0)=g(x),

ot

(i) Lou, = - L uy, u,(x,0,£0,w0)=0,

2]
Wul(x, 0,£0,w=0,

(iii) £uy= —L u, ~Louy, uy(x,0,£,0,w)=0,

-] 3
a—t-uz(x, 0, g, 0, CL’):’—?[uo(x’ 0, ¢, 0)7 (11)

Stochastic effects in the actual solution gradually build
up over long space—time propagation paths. Because of
the assumed mixing property of the random field, the
solution becomes essentially independent of the random
field contained in any given space-time correlation cell.
The stochastic perturbation formalism incorporates
these features in the sense that computationally. «, is a
deterministic quantity and yet its dependence upon the
slow variables £ and T will ultimately be dictated by pro-
perties of the random field.

The u, problem is solved by imposing the initial con-
ditions upon the D’ Alembert general solution; we obtain

Ug(xy 8, &, T) =0, (£, Ty x = ct) + v,(E, Ty x + 2) (12)
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with

04(6,0, ¥ )= Eflx —ct) == [ g,
(13)

x+cl

sflx+ ct)+2ic- f_” gh)yax.

v,(&,0,x+ct)=

Equations (13) will essentially provide the initial con-
ditions for the resulting £7-transport equations. The
equations themselves will emerge from the need to sup-
press secular growth in the expression for (uy).

We now solve the «, problem [cf.(11ii)], imposing the
more stringent initial conditions ,(x, 0, & 7, w)= (3/
8t (x,0,&,7T,w)=0 (r=0). Using Duhamel’s Method®
we obtain

uy(x, 4, &, 7, w)

x+c(t=-8)
f f (u()\ S, w) uo()\, s, &, T)>d7\ds ,
x=c(t=s)

(14)

where u, is given by (12). In solving the u, problem
(11iii) we again impose the more stringent initial con-
ditions u,(x, 0, £,7) =0, (8/91)u,(x, 0, &, 7) = =(3/87Juy(x, 0,
£,7). Then, using superposition and Duhamel’s Method,
we obtain

us(x, 1, &, 7, w)

X+c(i=5)

f -/;-c(t-s)
52
_2<02 & 7

9EaN
1 x+ct )
~or [, a0, 5 D (15)

[ (u(x s, w) T Ay s, 8,7, w»

) us(A, s, &, T)J dxds

aToSs

IlIl. EQUATIONS FOR THE FIRST MOMENT

In this section we shall derive equations of evolution
for », and v, (as functions of { and 7). Taking expected
values of the terms in (10), we have

(16)

Recall that u, is a deterministic quantity. There-
fore, noting (14) and the fact that {u)=0, a formal
exchange of operations leads to {,)=0. Therefore,
@ =uy + @)+ -+ An examination of the terms
comprising (u,) will reveal that some terms grow secul-
arly with ¢; suppression of this growth, which is re-
quired to make the correction €*(u,) truly small on O(1)
{1 scales, will also determine the equations of evolution
for v, and v, (i.e., u,).

<u> =SUg+ e(u1)+ €2<u2> FREIN

We are basically interested in the evolution of wave-
packets in a statistically fluctuating environment. Thus
we are tacitly assuming the initial data f and g to be
such that v,(£,0,x), i=1,2, are suitably smooth with
(essentially) compact support in x. [As (13) indicates,
v,(£,0,x), i=1,2, are actually independent of £.] In the
absence of random fluctuations, », and », would propa-
gate undistorted along the characteristics. In the pre-
sence of a spatially and temporally fluctuating medium,
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however, the packets will become distorted and could
also conceivably grow in strength (having energy
“pumped in” by the medium) as they evolve. We shall
assume, however, that any such accrual of energy oc-

curs, on the average, at a sufficiently slow rate. Speci-
fically, we shall assume that
x+ct
lim — |28, 7,0 [dh=0, i=1,2 (1
t o0 a=ct

uniformly in &, 7,x. We shall also assume that similar
averages of various partial derivatives of », and 7,
vanish in the limit as j —«,

Consider (u,), where u, is given by (15). Noting (12)

the latter portion can be expressed as

fx+c(t ~8) < 52 52
— c? u (A, s, &, 7)drds
f x=c(t~s) 8A BT83> 0 T

x+ct 5
— ft =10, (1, 0, £, )
A
T \er T

0 9
<—a? - CBTj ) v,(&, T, x+ Cf)

=

In the context of our assumptions, the last term on the
right-hand side of (18) will not contribute to secular
growth in /. The remainder of (15) is evaluated using
the expression for u, given by (14). For brevity, let 9,
denote partial differentiation with respect to the ith ar-
gument. Then

1 t  ~xtc{t=s) 9 5
-5 f f e <—8—q <H(7\, S,w)—a—;ul(k,s, g1, ’U))>d7\ds
=c(t=5 < K

2ct Act-o
{ f f [c*R(-0, c™'o)(@20, (8,7, 20+ x ~ ct)
8c*t

+ 0, (5, T, 04 e x — )+ 35,0, (4, T,0 =N+ x+cl)

a£> 1(£ T \'_([)

x+ct

< v, (&, T,2) - £ —v,(&, 7, X))(D\:‘. (18)

+850,(8, T, x4+ ) — cd,R(-0, cro) (-8, (&, T, 20

+x =)+ 00,8, T, 00 +x =)

-9, (&, T, 0 =N+ x+cl)+ 91, (8, T, x + 1))

+¢*R(0, ¢™'o) @Zp (£, T, x —ct)

+ 20,8, T, ~0rx —ct) + 820, (§, T, =0 =N+ x+ cl)
+8Z,0,(8, T, ~20+ x+ ct)) —=cd,R (v, c™'0)

X (=80 (§, T, x —c)+ 8,0,(8, T, -0 +x = cl)

-0 (5T, -N-0+x+ ct)

+0,u,(E, T, ~20+ %+ ct))]dnd(f] . (19)

Note that R(z0, c™'0) corresponds to correlations along
the two characteristic directions. We shall assume that
both R and 3,R decrease rapidly as a function of o in the
sense that

fx‘ [R(z0, c™'0) + |8,R (20, ¢710) | o "do <o (20)

for n=0,1. Inview of assumptions (17) and similar as-

1980 J. Math. Phys., Vol. 18, No. 10, October 1977

sumptions for the partial derivatives, contributions to
the secular term will arise from those portions of the
integrand of (19) which are independent of . For bre-
vity of notation, let

a=x-cl, B=x+cl. (21)

Combining the secular terms in (19) with those of (18),
we observe that

o a 9
- (T?? +C~8§j n (&7, a) - <F—

¢ 2¢t 2
vy f R(-0,c™'0)8,,0,(¢, 7,20+ a)do
0

]
C%‘E) 1’2(5, T, B)

+—

2ct
3 f 8,R(-0,c o) b,0,(E, 7,20 +a)do
s}

2¢ct
aiBUl(E”r’ Ol)/ R(O', ¢ o) do
0

1 -2¢t
+3 a.0,(5,7,0) J a,R(0, cra)do

2ct

BT mf R(-0, c™'0)do

2¢t
_l 8,0,(&, 7 ﬁ)f 3,R (-0, c™o)do

c 2ct
s fo R(o, c™t0)dZ,v,(8, 7, —20+ B)do

2ct
—% fo 3,R(0, c10)3,0,(&, T, ~20+ B)do (22)
must necessarily vanish as? -« if €%(u,) is to be genu-
inely small on O(1) £7 scales. Recall that we havetacit-
ly assumed initial data corresponding to wavepacketprop-
agation. Inthe absence of random fluctuations, an initial
localized disturbance would split into forward and back-
ward propagating components; these components, inturn,
would propagate undistorted along the characteristies.

In the randomly perturbed case, we shall assume that
the same gross qualitative features exist, i.e., that the
support of », is concentrated on a family of characteris-
tics x — ¢l = a = const while the support of ¢, remains
concentrated on a family of characteristics x+ct=p
=const. Thus, while the packets may be distorted,
smeared or otherwise affected by the random fluctua-
tions, we assume that these fluctuations have not totally
obliterated the packets.

Suppression of the secular term (22) as { -« reduces,
therefore, to the suppression of secular growth in the
two characteristic directions. Setting o =const and let-
ting { —, we obtain the equation

(8 ag)”‘(‘g’T"”)

c (" - 92
:—4—f0 R(-o,clo)wvl(g,'r, 20+ a)do

1 - 3
+?f0 9,R(~0, ¢ 1o)a—aul(£,7, 20+ a)do

c 9 “ .
S iy v, (&, T, a)/; R(o, ¢ *o)do

Py ©
+ *1“ _a'vl(g, T, a) .fo azR(G’ C-IU)dO’ .

1% (23a)
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The partial derivatives with respect to the third argu-
ment have been interpreted as partial derivatives with
respect to a. Since f=a+ 2¢t, taking the limit { -
along a family of characteristics o = const will suppress
the v, terms in (22); we are assuming that v, and its
various partial derivatives with respect to 8 vanish as
B~c. [This added assumption is similar but more re-
strictive than the ones made in (17).]

Setting 8= const (so that @ =8~ 2¢f) and leiting ¢ —~=,
we obtain the second equation,

8 a
<—8? _CE> vz(ﬁ, 7, B)
2_2__%: (7, Bf R(-o0, ¢ '0)do

1

-7 aﬁ v, (&, T B)f 3,R(-0, cro)do

c (" oy 0°
+T,/(; Ko, c 10)_8?02@’ 7, =20+ B)do

w©

—l 3,R(o, c” o)—pz(g, T, ~20+ B)do.
e}

3 (23b)

Together with Eq. (23), we have initial conditions (13),
which can be recast as

(8,0, @)= (@) —51; S st)as, (242)

(¢, 0, ﬁ)«zf(ﬁ)+ f g(s)ds . (24b)

Both o and 8 range from -« to +® as x and ! vary over
the half-plane —» <x <w«, {=0. Introducing Fourier
transforms greatly simplifies problems (23) and (24).
Define

By(&, T,y ET—Tn- S vilg, 7, 2)e  az, i=1,2. (25)

Then, (23) and (24) transform into the following pair of
first order Cauchy problems:

9 ¢ ~ ~
<3?+c—§—g> D&, 7, 7)= =T (0D, (E, 7,7), (26)

—wo Lt T2, —w<ly<w

2 o 2 ©
I‘l(y)s—c‘;"—f R(-o0, c"c)e'""do+£41— f R(o, c™'o)do
0 0

©

_i_Z, 8,R (-0, c“c)e*“"do-—f 8, R{0, c™o)do,

9 8
(3 ~ 0 )06, T, M = T, 7,9,

(27)
"°°<§<°0’ TZ(0, =—w0<y<o s
2 o 2 o
rz(Y)EiZ—f R(—O,c“o)dc.p%_f R(o, c0)e"27gg
0
i
+ —41 823(—0 c'lor)dg+ f 8,R({a, C'lo-)e-tzrndo,’
0

where the initial data 9,(£,0,¥), i=1, 2, are obtained by
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the Fourier transformation of Eq. {24). Note that the
initial data is actually independent of £; to make this
point explicit, we shall set 9,(£,0,y)=®,(y), i=1,2.
Then, the solutions of (26) and (27) are

D&, T, v) =0,y exp[ -T; (7], i=1,2. (28)

The desired functions v,(£,7, @) and v,(£, 7, 8) must then
be determined by inverse Fourier transformation.

We shall conclude this section by considering an ideal -
ized special case for which the computations are par-
ticularly simple. Let

-x2/ 282

fx)= REE g(x)——C-—(x) (29)
This choice of initial data corresponds to
v,(§,0,a)=fla), v,(¢0,8)=0. (30)

Thus we consider the case of a right-propagating Gaus-
sian pulse; in the absence of random fluctuations, this
pulse would propagate undistorted. For simplicity, as-
sume that the random field u is independent of time and
spatially delta-correlated, i.e.,

Ry ~x',t—1")=5.6(x - x'). 31)
Then, the inverse Fourier transformation of expres-
sions (28) for this example leads to

v (&, T, x —cl)= expl - (x - c1)*/2(8% + 3¢S,7))

(2m)* 2% 4 3¢S, 7)V/? (32)
{8, T, x+¢t)=0.
Therefore,
2 2 1.2
e, 1, 0, ) ~ expl —(x — ct)?/2(%% + 3€%cS,t)] ' (33)

(2172 & 2€%cS, 1) °

IV. EQUATIONS FOR THE MUTUAL COHERENCE
FUNCTION

In this section we shall study the asymptotic behavior
of (u(x,, £, w, €u(x,, t,, w, €)). We again introduce slow
variables £,,7;,7=1,2, and develop the solution at each
space—time point in an € power series [cf.(10)]. For
brevity, let «'*> and u!*’ denote u{x,, ¢,, £, 7;, w, €) and
u (x,, L, £45 Tiy W), respectively (where i=1,2 and =0, 1,

**+). Then

u(l)u(z) (l) (2)+€(u(1) (2)+u(l) (2))

F EUVUD MU LDy D) e (34)

The product #& 4%’ is computationally a deterministic
quantity. Noting (14) we obtain

(u(” (2)> u(1)u(z)+ EZ(u(()”(u;Z))-;-(ui”uiZ))
+ @ ulP) oo (35)
Recall that we are essentially interested in the evolu-

tion of wavepackets in a random environment. Thus, the
spatial and temporal offsets of interest, i.e.,
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(36)

will be 0(1), being limited basically by the support of
the packet. Consequently, the case of interest will cor-
respond to O(¢€?) offsets in the slow variables ¢ and 7.
Therefore, we shall be ultimately concerned (to leading
order) with ¢§ =§,=8 and 7, =7,=7.,

Ax=x, ~x,, A&lI=l -1,

Note that the consideration of the mutual coherence
function involves a “‘cross-coupling” term @ {*'u{?') which
will contribute to the ultimate equations of evolution.

Let
i=1,2,

a;=x;~clyy, Bi=x;+cly,

7
T=3(t,+1,). 37

X =3(x,+x,),

Again, we must identify the terms in the €* coefficient
of (35) which grow secularly as 7 -, Recall that the
(&4 T4, @;) terms have their support located near

X — ¢T = const while the »,(¢,, 7,, 8;) terms have their
support in 8 located near X + ¢T = const. Therefore, as
T -, twoequations will emerge from the need to suppress
secular growth along the two families of characteristics.
Note that cross products of the form v, (&, 7,, a)v,(£,,
T, 8;), i,j=1,2, will tend to zero as T increases since
the supports of the two terms forming the product be-
come essentially disjoint.

Suppression of secular growth along the characteris-
tic family a = const necessitates the vanishing of

9 3
_’[v‘(gl, T” a‘) <'§;— +C—a—§;)1j1(€2, Tz, az) - 1»1(52, 72, 012)

< a3
57t

32
X (’)1(£u TN Paz 0, (g Toy 20+ @) + 0, (E55 Ty a,)
2

8 c (" R
C_a_f;>vl(£1’71’a‘)+ffo R(-0,c'0)

52
% —5%3-01(51,71, 20+ al)>d0
1~ N 9
+Zf 3,R(-0, c™0) U1(‘£19Tua1)'§a‘v1(52:72: 20+ a,)
2 \ 2

+0,(5,, T, 2) ’U AE, Ty, 20+ a1)>do

o2
c 8
+ ’Z(Ux(gu T, Q) EP v, (E25 Toy @)+ 0,(E5, 75, )
2

2

F ol . 1
X —v, (£, Ty, @) f R(o, c'o)do += <vl(§l, T, Q)
5, . 3

v e, T, )>

9
X ?&_1'1(‘52: Tay 0p)+ 0, (&5, Ty az)
X fw 3,R (o c"o)do+£—?—-v (&, T, ;)
o H 4 aal 1 1% 13 1

o w
X —— 1, (&5, Ty az)f R, cMo-a,+a,))do.  (38)
2 -

oa

Suppression of secular growth along the characteristic
family 8= const leads to the vanishing of
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2]
-v,(&,, 71, B)) <§‘,’:‘2‘ - ca_z;) Vol&sy Tay ﬁz) - 7)2(52, Tay B2)

2

9 9 2]
X <'— - CE_&I) V(615 15 B+ % (’)2(51, T ﬁx)FB‘T

‘87.1

V,(E35 Tay Ba) + vy(65y Ty, B, ) 1}2(£1,TI,B )>

® - 1 )
X L R(—oy c lc)dc _2(7’2(51’ T1, B])_E;B:vg(gza Tz, Bz)

+0,(8,5, Ty Bz)

1)2(51,71,6 )) jm 3,R (=0, c'a)do

o 32
+ —40— f R(o, c™'0) (1,:2(51, Tos Bl)—gg;-vz(‘g’z, Tos By = 20)
0

2

ol T -zo>)d

+,(85, Ty 62)

-3 32R(0' c™'o) (U (&, 71,8, ) 02(52,72, B, - 20)

9
+ 7’2(‘£2s Tas Bz) EE’Uz(gp Ty, B, - 20)) do

2(£2’ TZ! Bz)

e}
+ _2-3_6-; ’Uz(gu 1,6

x [ Rio, (8, -8, ~ o (39)

Recall that we are interested in the case where £, =§,=¢
and 7,=7,=7; define

w, (&, 7,0, 0,)=v,(E,7,a)v,(§ T, a,),

wg(&, T’ Bl, Bz) = ?)2(5, T, Bl)vz(gy T, Bz) .

(40)

Then, (38) and (39) can be recast as the following equa-
tions for w, and w,:

c r= . 8?2
:z.fo R(-0,c 1g)<7&-3w1(£,7, 20+ o, @,)

62
+ —w, (£, 7, a,
S,

20+ a2)> dac
1 “1g) (2 2 )
+71f 9,R(-0, c"'0) 5;‘7/01(5;7, O+ 0y, O,
o 1
8 20+ a,))d
+—83;w1(£’ T, Oy, 20+ o
2 92 * -
+ Z (iz- +——'2‘> w (g,T Ay az)f R(g, ¢ ‘o)do
0

da

1 3 3 - -
e R R G

92 - .
+ ~Z— 5a.9a w, (&, T, 0, q,) f R{o, c"(0 —a, + a,))do,
(41)
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i

<} <} < - .
<8—T. ——g-g) W2(£, T, BI, Bz) "z‘ <71'/(; agR(_U) c 10) exp(zZylc)dO

=%<38—;,+%,> w,(&, 7, Bl,Bz)f R(-0, c™'o)do +y2j:° 3,R(-0, c™'0)exp(i2y,0)do
1
_%<§3-+ ;; >w2(s,f B1r By) f 8,R(=0, c'0)do ¢ iy [ T0.R0, c"o)do)
1
+—Z— j; R(o, c™'o) <FB§"W2(£, 7,8, - 20, B,) and
2 1 « R 3
+ ;Bgll’z(g, T,B,, 32—20')) dO—Z j(; 8,R(g, c™'0) ("T 35) (&, Ty Y15 72)

(44
= <A,y Y)W (8, Ty Y1y Va) ~TTTe
<;B_w (g,-r,Bl-20,Bz)+—;ﬁ—2w2(£,‘r,31,;82-20)>do LA oL v Y2 T gEnTE
. - X fﬂ BN, =V + V0, (E, Ty v, =7, Yo+ Y)Y,
-1 -0
N me2(6,7,ﬁl,ﬁg) L RO, (B, = B, - )Mo "

(42) Ay, 7,)

The analysis of (41) and (42) is again greatly facilitated c s o [ .

by the use of Fourier transforms; define vy <(71 +72)'/; R(-0, c0)do

. 1 e e .

(& 7571, 72) Tom S~ f‘“" wilbs 75 2,5 25) + yff R(0, c7'0) exp(-i2y,0)do
v

x expl —i(y,2,+ ¥,2,)]dz,dz,, i=1,2. (43) , [ . -
. . . ' +y2f0 R{o, c'0) exp(-zZyzo)do)
Note that if the random field varies solely as a function
of space or time, the equations for i, and @, will be i " o
first order linear constant coefficient equations. The *1 <(7x+72)f0 8,R(0, c'0)do
general case, however, will not be so simple; the
“cross-product” terms [i.e., the last terms in (41) and +Ylf‘°32R(g’ ¢"'0) exp(-i2y,0)do
(42)] become convolution integrals in the transform do- 0
main. Let "
. +y2_[0 8,R(0, c"'0) exp(-iZyp)dc) !
p,(2)= [ R(o,c™ (o —2))do,

(44)

(= - We conclude this section by considering again the
z)= |_ R(o,c(z -

ite) f' (0, ™z = o)do example discussed at the end of Sec. III; we consider a

right-propagating Gaussian pulse in a random field that

and let 5, i=1, 2, denote the corresponding Fourier ’
is time independent and spatiaily delta-correlated [cf.

transforms. Then, a Fourier transformation of (41)

and (42) leads to (29)-(31)]. In this case, (45) and (46) simplify to
a2 3 cd ~ (44 Py
(8_7 a£>w1(£,1‘ Y1 ¥a) < 85) W= - SolV2+y, .+ Y2, ,

Py [ © .
= _A(Yl, 72)14’1(§’ Ty Y1 72) “'W f-eo p1(7’) e-Rz(‘rfwg)/z
wl(gy 0)?;,72)=T_ s

(45) 47)

3 coy c -
(‘a"_; _32'> Wy = -ISO(Y? + V1Yo + Y20, ,

X(‘yl - 7)()’2"" Y)ﬁ)l(gy T; 7’1 - )’, Y2+ Y)d'}’ s
A7)

¢ w . .
Ez(yfj; R(-0, c"'o) exp{i2y,0)do
« W,(£,0,7,,7,)=0.
+2 [ R(-0,c™'0) exp(i2y,0)do 2 P e
Solving these equations for #;, ¢=1, 2, and taking in-
+ (4 Yz)f R(o c"o)do) verse Fourier transforms lead to

(Ax—cat)’  (X—cT)?
42+ 5€2cS,T) (8%+ %echOT)

ulxy by, w, €ulxg, Ly w, €)) ~ exp(‘ ) /[21r(z~:2 +5€%¢S,T) /2 (R% + 3€2¢S,T) /2] (48)

Note that if x, = x,=cf, = cl,, the effect of the random field uponthe mutual coherence function reduces to an attenuation
due to the demoninator term. In general, the fluctuations in the solution are given by
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(“2(9(’ [) U), €)> -<u(x) [, (’J’ ()>2

~(x =cl)

~ 2 1.2 /2 (824 3¢ 1/2) _ -(X-C[)2>/ 2 L2
exp(m)/[%(ﬁ + 7€ Csol) (¥ + 3¢ CSOZ) } exp<m 2m(R% + 3¢ CSOl).

V. A SPECIAL CASE

If the random field fluctuates solely as a function of
space or time, the functions #,(¢,7,v,,v,), 1=1,2, are
readily determined as solutions of first-order linear
equations. The mutual coherence function is then ob-
tained by inverse Fourier transformation. In this sec-
tion, we consider the case of a spatially fluctuating
Gaussian random field; let

R(x,1)=R(x) = exp(-x?/20?)/(2n) %0 . (50)
We again adopt initial data corresponding to a right-
propagating Gaussian pulse [cf. (29)]. Then, (45) and

U x, t,w,e D

xeCt
(U (0,00,
1.0
09]
]
8 o=2.0
0 o=1.0
o=05
071
=00
06
02 Q0.4 0.6 0.8 1.0 cT
FIG. 1.
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(49)
{
(46) [with p,(y)=p,(») = (2m)*/*8(y)] imply
@,(E, T, 71 v2)
2
<o e | -2+ S l1+ exp(-20%)])
7_< < ) i et
-5 (W[ exp(-20%))] ) - MY = Iy
07’1
x(viemi-20) [ exp(/2)dr+ 53
Q
0’72
xf exp(?\g/Z)dx> ,
0 (51)

wy(E, Ty ¥y, ¥2)=0.
For simplicity, we shall study the parametric depen-
dence of w,(¢,7,0,0) (i.e., x,=x,=ct, =ct,) upon g. Not-

ing (51) we have

w, (£, 7,0,0)
1t v_f< 2 €T 2,2 >
_Wﬁ [«, exp[— 5 N~ [1+ exp(=202%%)]

Y cT o €T
——zi <N2 + —4—[1 + exp(—ZUZyg)D— '4—'}/172}

X CcoS <ﬂ%ﬁ[y§ exp(—Zozyf)fO”1 exp(A?/2)dr
cyex(-20%) [ exp /2] (52)
and
@, 1, @, ) et 218w, (£,7,0,0). (53)

Zu (0,0, w, €))

The variation of this ratio as a function of ¢7 (= €*ct) is
shown in Fig. 1 for several values of 0. The case =0
corresponds to the delta-correlated case with §;=1.

1. C. Papanicolaou and J. B. Keller, SIAM J. Appl. Math. 21,
287 (1971).

2@. C. Papanicolaou and S. R. S. Varadhan, Commun, Pure
Appl. Math. 26, 497 (1973).

8% John, Partial Diffevential Equations (Springer, New York,
1975), 2nd ed.
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The interaction function and lattice duals

William Greenberg
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An interaction function is defined for lattice models in statistical mechanics. A correlation function
expansion is derived, giving a direct proof of the duality relations for correlation functions.

A general theory of duality transformations between
pairs of classical spin-3 lattice models has been de-
veloped by Gruber and Merlini' and independently by
Wegner.? The theory of Gruber and Merlini is construc-
tive, providing explicitly a family of “dual” lattices and
Hamiltonians for any given spin-% system. These duals
are exact, all requisite boundary terms being provided
for, which is necessary in considerations of correla-
tion functions below criticality.

We define in this article the interaction functions
u+(A,B) of lattice duals G and G*, and express them in
terms of correlation functions. This gives an easy de-
rivation of the relationship between correlation functions
of a lattice and its duals. The notation in this article,
while somewhat different from Ref. 1 and some current
usage, has the advantage, in addition to simplifying the
derivations, of generalizing to higher spin lattices.?

The reader is referred to Ref. 1 for details on the con-
struction of dual spin-3 lattices.

1. DUAL LATTICES

We suppose we are given a finite set A of lattice sites
in a v-dimensional space, along with a Hamiltonian H
defined on the configuration of A. It is convenient to
take as the configuration space the group P,(A) of func-
tions from A to Z,, the integers modulo 2, with group
multiplication

Fe) =f(0) +g(A) mod2 .

Considering H as a function H:P,(A)~
composition

H(g)=23Ho(g), gcP,(h)
oG

C, its Fourier de~

in terms of the elements of the character group Gof G
=P,(A) is just the usual decomposition of H into a sum
of products of spin matrices, since the characters of G
are products of characters of Z,. Define the set of
nonzero interactions

B={oe G|H, #0}.

Dual lattices are constructed with the set B. Defining
P,(B) as the group of functions from B to Z,, let p be the
group homomorphism

PP, (B) =G by p(f)= ]I flo)
o=BY
and denote its kernel by K,. Suppose X is any set which
generates K, as a group. Then X defines a dual of A,
with configuration space G*=P,(X) and dual Hamiltonian
H* defined as follows. Let

1985
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q:B—~B*C G* by q(0):h— k(o)

for ceB and he XC P,(B). ¢{0) is indeed a character on
G*, and these g(0) are to be the nonzero interactions of
the dual. The coefficients H (,, are given by

H,,=38log Il tanhsH (1)
o'E B

q o’ )7=q (o)

and

H*= Q)Ha(o)q(o) .

In most models of physical interest, g is one—one, ex-
cept perhaps near the boundary. Thus

H log tanh8H,

1
qlo) =ﬁ
except near the boundary, where (1) must be used.

The partition functions Z (3H) =Egt, cexp{-BH(g)) of G
and Z (BH*) =Eghc exp(—BH*(g)) of its duals G* are re-
lated then by

VK7 I1 [sinh(-B8H,) cosh(—BH )]*/?Z (BH*)

260="ey IL

where N(S) is the cardinality of S, and K* is defined
after Eq. (2).
2. THE INTERACTION FUNCTION
The correlation functions p{(¢) of G are defined by
plo)=Z (BH)™ Ec exp(-BH ()W (g), oeC
&
with H* replacing H for the correlation functions p(o*)

of G*, o*e G*. Note that p(0) =0 if ¢ is not a product of
elements of B.!

Define the characteristic projection #:G*—~ P,(B*) by
tg*)o-3z(1-0(g*)), ocB*. @)

The support of #(g*) is precisely those characters ¢ c B*
whose value at g* is —1. Now if the kernel and range of
¢ are denoted, respectively, by K} and R}, then the map
Q:K, — P,(B*) given by

Q(MNglo))=1(o},

is a group isomorphism K, -~ R%. In particular, feK,,

cgeB,

fo)=b 9ES, if and only if Q(f) R},
)0, geY-S§,
‘1 _
Q(f)(q(o))=$ s O’CS;
0, ocY-S,

Copyright © 1977 American Institute of Physics 1985



and then
I tanh(-8H)= I

o~y 0 Q ()71

exp(28H,) .

Let the symbol 25,(S, T) with S, TC B indicate that the
summation [over f e P,(B), say] is to be restricted to f
satisfying f(c)=0 if 0 S, f(o)=1if 6= T. Then the in-
teraction function u 4«(4,C) is given by

u (A, C)= e I exp(28H,)

FERY o f )
for A,CCB*,

We wish to evaluate uy+ in terms of the correlation
functions of G*. Thus, suppose Y and W are any disjoint
subsets of B*. Writing ¥ for 70, 0 ¥, etc., obtain
from (2):

< I e-BHu>-IZ (T UW)

o B*

H e-BHo.(u(g )=1)

I o'(g)

¢’ YUW

=2

“NED LTI o ] (<27(0")+1)

fe R;“ o £l (1) o< Y

x JT @-2f(c")-1).

g W

Now, expanding the product
OIIY (-2f(6)+1)= L

Lef~lany

(_2)N(L)

and similarly with I,._,(2 - 2f(¢") - 1), this becomes

N(K?‘) Z; uH*W’L)(__z)N(L)+N(M)(_1)N(W) .

Lcy
Mcw

Therefore, with a change in summation variable,
-1
(H e-BHa> Z* 3 (=1 DT UW)

o B¥ Ycc
WCA

=N(K;“) E E uH*(M’L)zN(L)#N(M) (_1)N(Z)+N(V)

LCC ZcC-L
MCA VCA=-M

=.2N(A)+N(C)N(K:=)uH*CA’c), (3)

which gives the desired expression.

3. DUAL CORRELATION FUNCTIONS

The interaction functions can be used to derive direct-
ly the duality relations for correlation functions. Let
YCB. Then, using
exp(—BH (g))=cosh(-BH,) +0(g) sinh(-BH )
and the orthonormality of the characters,
Zp(¥)=N(G) I] cosh(-gH,) 2 1I

ocB FEPL(B) s'cfmlr)
plf)=Y

tanh(-BH,,) .
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From the one—one correspondence between f < P,(B)
with p(f)=Y and f' € K, with

f,:o-(f(o), if Y,
).f(c)+1 , if oY,

the expansion can be written as

Z<N(G) I COSh(-BHU)>-1p(I7)

acB

- E E(S,Y—S) H

SCY fEPy(B) oefl)
pifI=Y

E(Y—S,S) H tanh(—ﬁﬁor) H [tanh(—BHo)]'l

o’c fl1) eSS

tanh(-BH_,)

=2

SctY fEKp

x I tanh(-BH,)

occY-8

= 2 up(Y*=5* S]] (tanh(—BH )"
scy EER)
S*n(Y-S)r*¥=¢

x I tanh(-gH),

geY=8

where it has been necessary to consider in the sum over
S only sets SC Y for which S*={g(0)|oc S} and (¥ - §)*
are disjoint. Thus, the interaction function expansion
(3) gives the general relation between the correlation
functions of G and the correlation functions of a dual G*,

pcP)= 3 Pe*xT*K (W, T*), )

T* CW*

where

K(W T*)=2-N(W*) > (_1)}\1(8*0'}'*)
’
sScw
s*n(w=51*=0

X TI (tanh(-BH)y' ]I tanh(-BH,)

(=) o W=-S

for any WC B such that W=7.

In the event that the duality map ¢ is one-one, Eq. (4)
simplifies to the path formula of Kadanoff and Ceva.*
Injectivity of g is equivalent to requiring that the ele-
ments of K, separate the bonds ¢ of B, and is satisfied,
for example, by a hexagonal Ising lattice with periodic
boundary conditions, or with an external field at the
boundary, but is not satisfied by this lattice with open
boundary conditions.

'p, Merlini and C. Gruber, J. Math. Phys. 13, 1814 (1972).
’F. Wegner, J. Math. Phys. 12, 2259 (1971).

dw. Greenberg, Commun. Math. Phys. 29, 163 (1973).

‘1. P. Kadanoff and H. Ceva, Phys. Rev. B 3, 3918 (1971).
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For Lie-graded algebras which are generalizations of Lie algebras with respect to a graduation, used
recently in physics for the classification of elementary particles, and extension G of F by T, i.e., a short
exact sequence T>—G— > F can be described by a Lie-graded composition on T @D F, which is formulated
in terms of a pair of mappings 3:F—derT and A:FXF—T. The congruence of two extensions of F by T,
i. e., the equivalence of the corresponding short exact sequences, is related to an equivalence relation on
the set Z %(F,T) of such 2-cocycles (3,A) such that there exists a bijection between the set of congruence
classes of extensions of F by T and the set H *(F,T) of classes in Z *F,T). This generalizes Lie
algebraical results which are also known for groups. Examples for two special cases are given: the
semidirect sums with A trivial and the almost direct sums with 3 trivial. Both generalize the concepts of
tangent and cotangent algebras of Lie algebras and their central extensions with R, the latter being used
in the Bargmann theory of ray representations of these semidirect sums.

1. INTRODUCTION

An algebra A (over the ground field K) is called
graded (more precisely Z,-graded or Z-graded, the
only cases we are interested in) if (i) the vector space
A is graded, i.e., there is a direct decomposition
A=@,A, (i in Z, or in Z), which in addition is (ii) com-
patible with the algebra composition, i.e.,

AiAk < Aiok (1)
(Ref, 1, p. 163). An endomorphism M of the graded
vector space V=@, V, is called graded (of degree k) if
for all V,,

MV,CV,,,. (2)

Let end,V be the vector space of graded endomor-
phisms of degree k. M in end,V and N in end,V implies
M-N in end,,;V. Hence ®,; end,V is a graded associative
algebra,

Examples of graded Lie algebras of type L_,®L_,
®L,$L, DL, (rest {0}) are given by the Lie algebras of
the infinitesimal automorphisms of the generalized
Siegel domains, as was shown by Kaup, Matsushima,
and Ochiai in Ref. 2. In Ref. 3 it was shown that the
Lie algebras of infinitesimal conformal transformations
and colineations in a pseudoorthogonal vector space,
which are nonlinear polynomial transformations, admit
aL,$dL,®L, (rest {0}) graduation.

Now recently in particle physics another graded gen-
eralization of Lie algebras, involving anticommutators
(symmetric algebra compositions), was introduced. A
general mathematical discussion and references to the
physical motivation is given by Corwin, Ne’eman, and
Sternberg in Ref. 4. Also in a forthcoming paper
Sternber and Wolf® discuss a differential geometric
application of this new structure in the theory of gener-
alized Siegel domains. To avoid confusion with the above
notion of graded Lie algebras in the following this struc-
ture is called a “Lie-graded algebra.”

In Secs. 2 and 3 we generalize the Calabi-,®
Hochschild-,"® MacLane, ° Mori, !° Zassenhaus-*! struc-
ture theory of Lie algebra extensions to Lie-graded
algebras, thus getting semidirect sums and a (fre-
quently in Bargmann's theory of ray representations
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used) type of extensions (sometimes called “factor sets”)
which we call “almost direct” sums. The examples of
the last two sections again are generalizations of Lie
algebra (and Lie group) constructions.

2. LIE-GRADED ALGEBRAS

A Lie-graded algebra L with composition {, ], is a
graded algebra such that for all x, inL,, y, inL,, zin L
L (arbitrary)

(LGA.1) [x,,v,),=- (= 1%y, x,], (graded antisymmetry),

(LGAa 2) [[xk; yx]y Z]g: [le [yl’ Z]t]* - (- l)kl[yn l-xk’ Z]g]t
(graded Jacobi identity).

Introducing the left multiplication ad*(x)y =[x, v],,
the graded Jacobi identity is equivalent to

(LGA.3) ad*(lx,, y,],) =ad*(x,)ad*(y,)

- (- 1)¥ad*(y,)ad*(x,).

Obviously in a Lie-graded algebra L, and Leve*

=@, L,; are Lie subalgebras and L' is a graded Lie
algebra; trivially any Lie algebra L is a Lie-graded
algebra by L =L, (rest {0}).

A graded associative algebra A is a Lie-graded alge-
bra with respect to the graded commutator |x,,v,],
=x,; - (- 1)y x,, especially those of type @, end,V for
some graded vector space V. It will be written end*V
in the following. (LGA. 3) shows that for a Lie-graded
algebra L the set of left multiplications ad*(L) is a Lie-
graded subalgebra of end*L.. Another class of examples
of Lie-graded algebras is given by the set of graded
derivations of a graded algebra A: D inend A is a
graded derivation (of degree k) of A if for all y, in A;,
zin A,

D(y,z)= (Dy,) +(~1)*'y,Dz.

Given two graded derivations of degree & resp. [ the
graded commutator of them is a graded derivation of
degree k +]. Hence the graded derivations der:A
=@®,der A of A is a Lie-graded subalgebra of end*A,
If in addition the graded algebra is Lie-graded the
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graded Jacobi identity
(LGA.4) ad(x,)|y,,z],=lad*(x,)y,, z],

+ (= 1My, ad*(x,)z],

shows that ad*(L) is a Lie-graded subalgebra (and even
an ideal) of der*L. The elements of ad*(L) may be called
inner derivations, other graded derivations outer.

A morphism of Lie-graded algebras is a morphism
of the algebra structure which in addition is compatible
with the graduation (the same type of graduation being
assumed on both algebras). A representation of a Lie-
graded algebra L is a morphism into end*V for some
graded vector space V. From (LGA. 3) the epimorphism
ad*: L —ad*(L) is a representation, called the adjoint
representation of L, the kernel of which is the center
of L, i.e., the set of all x in L such that [x,y],=0 for
all ¥ in L. L is called graded-commutative if it equals
its center and obviously the center is a graded commuta-
tive ideal in L. (LGA. 3) shows that the restrictions to
L; of the adjoint representation x, |- ad*(x,) | L; for all ¢
are representations of the Lie algebra L,, the first one
being the adjoint representation of L;,, More examples,
especially those Lie-graded algebras of the Virasoro
type, are given in Ref. 4,

Given a graded vector space V and a bilinear form
{, >onV, agraded endomorphism ¢ of degree 7 of
V is called a graded derivation of (V,{, }) of degree i
if for all x, inV,, zinV,

(@(x,), 2) + (= 1)*{x,, &(2))=0.

In this case {, ) is called invariant under &. Given
two such graded derivations of (V,({, )) of degree 2 and
{ respectively, their graded commutator is a graded
derivation of (V,(, )) of degree k + 1. Hence the graded
derivations der*(V,(, ) of (V,{, )) are a Lie-graded
subalgebra of end*(V). Graded-symmeiric, resp.
graded-skew bilinear forms, i.e., bilinear forms with
(s vy == (= 1)*{y,, x,), may be constructed on a finite~
dimensional graded vector space V by taking the matrix
diag(--.,I;, ---) as matrix of (, ) in some basis, where
I; is a square dimV,;-dimensional matrix with the de-
sired symmetry properties, the sums & being now
{, ) orthogonal.

3. COCYCLE SUMS OF LIE-GRADED ALGEBRAS

Given two Lie-graded algebras T and F (over the
same field, with the same graduation, both composi-
tions being written [ s L), we consider a pair of
mappings

0:fl—08;,, 89:F—~derT

A:(f,g)l—~alf,g), B:FXF—~T (bilinear}

which are graded, i.e., 9(F;)Cder,T and A(F,, F,)
CT,,. Sucha pair (3, A) is called a 2-cocycle of F
with values in T if for all tin T, fin F,, ginF,, kin
F

my

(C. 1) A(f,g):- (— 1)’”A(g,f)’

(linear)

(C.2) By, (N =8,°0,(t) = (= 1)*42,2,(1)
- I.A(f,g)s t]g)
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(€.3) a(lf, glh) - (- 1)&my (A(f, )
= A(fy I-g, h]g) - (“ I)MA(g’ [-f’ h]t)
+3,(8(g, 1)) - (= 143 (A (S, k).

Obviously 8 is a morphism of Lie-graded algebras if
and only if 4 maps into the center of T. Let Z*(F, T)
be the set of such 2-cocycles. The motivation of these
axioms is given by the following lemma.

Lemma 1: f G, =T,;9F,, for every (3, &) in Z¥F, T)
the composition [t f, u® gl, =[¢, ul, + 2,() = (= 1) 3,(5)
+A(f,9)®(f, gl withtinT,, «in Ty, finF,, gin Fy,
defines a Lie-graded algebra on &;G;=G.

Here the graded skew symmetry follows from (C.1)
and the graded Jacobi identity from (C.2) and (C.3). Lin-
ear continuation gives the same composition for now ¢
inT,, ninT,, fin F_, and g in F_, with the right-hand
side elements in T, ,, T, ,,T,,,,T, .., and F__ respec-
tively. Obviously 9,(u) =[f, u], =ad&(Hu. In the following
we write G=T, +*F and call this algebra the 2-cocvcle
sum of T and F with vespect to (3, &), shorter the (3, A)-
sum of T and ¥. Z*(F, T), always contains the divect 2-
cocycle (f =0, (f, g) —0), the corresponding sum being
the direct sum of T and F. Given a morphism o: F
—der*T, the 2-cocycle (2, (f, g) I~ 0) will be called 3-
semidirect, the corresponding sum being the o-semi-
divect sum. A 2-cocycle (fl—0,A) will be called &-
almost-direct, the corresponding sum the A-almosi-
divect sum.

Lemma 2: (a) the linear mapping x:! ~ {0, x:T
—~T, +*F is an isomorphism onto an ideal of T, +*F,

(b) the linear mapping §: t®fl—~f, ¢ : T, +*F—~F isan
epimorphism whose kernel is the image of X.

We omit the simple proof. A (3, A)-sum of Lie-graded
algebras hence leads to a short exact sequence of Lie-
graded algebras

T >k T, +AF2=> F,

Conversely, following Mac Lane’s construction (Ref.
9, p. 124) it is straightforward to show that for any
short exact sequence T>% G—> F of Lie-graded alge-
bras and any section i: F—~G, i.e., any graded-linear
mapping p with opu trivial, there is a 2-cocycle (2, 8)
of F with values in T, which however does not depend
on the chosen section u. This correspondence between
extensions and 2-cocycle sums makes the search of
examples equivalent to that of Lie-graded algebras G
having an ideal T. Some explicit examples will be given
below,

There is the well known split property of semidirect
sums which states that the linear map w: fl—=0®f,
w: F—~T, +2F is a (necessarily mono-) morphism (or
{0} & F a subalgebra) if and only if A vanishes, and the
retract property of direct sums: 6: t&f |- ¢, 6: T, +*F
— T is a (necessarily epi-) morphism if and only if 2
and A vanish,

Two 2-cocycle sums G="T, +°F and G=Ts+°F of
the same Lie-graded algebras T and F are said to be
congrvuent if there is a (necessarily iso-) morphism
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p:6G~G such that pex=X and Pop=19, i.e., such that
the corresponding short exact sequences are equivalent.
Congruence is an equivalence relation on the set of 2-
cocycle sums of T and F. Let o(,®/,) = A(t, DS

DS A(t, D). Both A's define graded-linear mappings

and f, = ¥(t, DF,) = ¥(o(t, 1)) = A’(t,®f,); from this

Pt, B fo) =p(x(£)) + A0, £,) B A0, fi) =1, + A(fe)  f,, where
A:F-T is a graded-linear mapping. It is now straight-
forward to prove

Lemma 3: (a) The isomorphism p:G— G has the form
p:h, @f,,’—»t,ﬁ—/\(fk Df,, with A:F T graded-linear and

5&(14,) =0, (u) + AR, u, .,
Alfyr 1) = A &) + 2, (A (&) = (= 173, (AA)

+ [A(fk)! Mgl - A([fk; &1 1)

(b) Conversely, given a graded- -linear mapping AF
~T such that for two 2-cocycles (3, 8) and (3, A) of F
with values in T the last two equations hold, the map-
ping p in (a) is an isomorphism and the corresponding
short exact sequences are equivalent.

The set of congruence classes is denoted by ext(F, T).
It is not a Lie-graded algebra unless T is graded-
commutative.

4. THE SECOND COHOMOLOGY OF A PAIR OF
LIE-GRADED ALGEBRAS

The preceding lemma suggests the following, which
can be proven by thorough bookkeeping (the indices of
Lemma 3 are dropped).

Lemma 4: Given a graded-linear mapping A:F-T,
(3, 8) in Z¥(F, T) implies (3, A*) in Z¥(F, T), where

Bf u,——~ 3 (u) + +[A(N, ],
At (f, = AL, 8) + 3:(A () - (= D3, (A(H)
+ [A(ﬂy A(g)]f - A([fy gL).

Two 2-cocyeles (3, A) and (3, A) for which there is
a graded linear mapping A : F—T such that 9 =3* and
A=a% are called cohomologous. This defines an equi-
valence relation on Z%(F, T), the set of classes of which
H%(F, T) is called the second cohomology space of F
with values in T. If T is graded-commutative, 2 re-
mains unchanged. From the above we get a result which
was proven first by Zassenhaus for groups (Ref. 11,
Sec. 15.1).

Theovem: For any two Lie-graded algebras T and
F we have:

_ (a) T, +°F congruent T5 +“F <=> (3, 4) equivalent
(3, 4),

(b) T: [Ty +2F] m,t— (3, )] _ is a bijection of ext(F, T)
onto H%(F, T).

2-cocycles which are equivalent to semidirect (resp.
direct) ones are called 2-coboundavies (resp. direct
2-coboundaries); the set of 2-coboundaries which does
not necessarily contain only one class, is denoted by
B%(F, T), the single class of direct 2-coboundaries by
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BX(F, T).
write

Given a graded-linear mapping A:F—~T we

= 3;(A(2)) - (- D*a,(A(1)
+[AD, M) L - a7, g1). (3)

From (C. 2) and the preceding lemma one easily deduces

that (2%, 6,A) is in Z%(F, T) if and only if 3 : F — der*T

is a morphism. Hence we get the following characteri-
zation of 2-coboundaries and direct 2-coboundaries:

68A : (f}g)

(¢, &) in B3(F, T) <= there is a morphism 2 :F
—der*T and a graded-linear map-
ping A such that 3* = ¢ and 6,A = 4,

(8, A) in BE(F, T) <=~ 3 : F —der*T is trivial and 4
=8 A for a suitable graded-linear
mapping A:F—~T.

The following results are generalizations to B%(F, T),
resp. BEF,T), of well-known results for semidirect,
resp. direct, 2-cocycles of Lie algebras:

Lemma 5: Given a graded-linear mapping A:F—T,
then:

(a) the graded-linear mapping w, : F|=T; +°F, de-
fined by wy :f, b A(f) P f, is a (mono-) morphism if
and only if (3, &) is in B4(F, T),

(b) the graded-linear mapping 6, : T + *F—~T, de-
fined by 6, : £, P fi|—1, ~ A(f,} is an (epi-) morphism if
and only if (3, 4) is in B2(F, T), and in this case its
kernel is the image of w,,

(c) the graded-linear mapping £, : Ty + *F ~ T, +°F,
defined by E, : £, ® f |~ A(f,) & f; is an endomorphism
if and only if (3, &) is in B3(F, T).

The simple proof is left to the reader.

Remark: (a) describes 2-coboundary sums as short
exact split sequences, (b) describes divect 2-coboundary
sums as short exact sequences admitting an inverse
short exact sequence. For (c) first note that £, = w, < ¥
since ¢ is onto, E, is a morphism if and only if w, is
a morphism. It is easy to see, that w, resp. E, are
exactly those graded-linear mappings having the split
propervty o =trivial. Moreover E, o E, =wyoow, o3
=wpo¥P=E,, i.e., E, is idempotent. This generalizes
the characterization of semidirect sums by projectors,
i.e., idempotent endomorphisms, to 2-coboundary
sums. The direct sums are characterized by those
projectors, the complementary projectors of which
gt—g~E(g), gin G, are projectors again.

It is easy to verify that z,,& 0 is in the center of T,
+2F if and only if z,, is in the center of T and 0 vanishes.
Hence the image of x is in the center of T, + *F if and
only if 8 vanishes and T is graded-commutative, i.e.,
the almost direct sums with graded-commutative T
correspond exactly to the central extensions of F by T

5. EXAMPLES OF SEMIDIRECT SUMS

Let V=1,V; be a graded vector space, let F=®,F,
be a Lie-graded algebra with the same graduation, and
let ¢: F ~ end*V be a morphism of Lie-graded algebras.
Then the vector space ;(V, & F,;) is a Lie-graded alge-
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bra with respect to the composition
[xk@)fk, gl =o(f)v - (- DYWolg)x,® [f)u & .

Obviously this Lie-graded algebra is the o~semidirect
sum V; +F of the trivial algebra on V with F. It is
called the the o-inhomogenization of ¥. If V has a basis
and 0 is a matrix representation, then V,+ ¥ =:IF has
the (1 + dimF)-dimensional representation

ERUEA olfe)
0 0

The adjoint representation ad® of a Lie-graded algebra
F allows the construction of the ad*-semidirect sum of
F with itself: TF:=F 4, + F=&,(F;®F,), where the
first F means the trivial Lie-graded structure on F has
the Lie-graded composition

[xtz@fk, 1 g L:[fk; ,\’111 - (=¥ [gl, xk]t® [fre, &l

TF is called the fangent algebra of F. If F is an algebra
of #Xn matrices, then

fe Xx
thbfkl_. 0 fk

is a 2dimF-dimensional representation of TF in
gl*(2n, K).

These two representations (the self~, resp. adjoint,
representation) can be described as specializations of
a more general construction which for simplicity is
given only in matrix form: Let K™ be the vector space
of rectangular matrices (of » rows and 7 columns, en-
tries in some ground field K), and let ¢:f, —o(f,),
resp. X :f, — A(f,), be two representations of the Lie-
graded algebra F by nXn, resp.v>X%, matrices. Then

Xr ':Bfkl'- ol
0 A

% in K", fp inF,

defines a (n + 7)-dimensional representation (with re-
spect to the graded commutator) of a Lie-graded alge-
bra on the (nr + dimF)-dimensional graded vector space
& (K} B F,) the composition of which is defined by linear
continuation of

[xk D 1P L = %(y,) - (= l)klagl(xk)@ [:f)u & L

{the graduation on K*” being given by the graduation on
end* (K" K")] where

afk :.“l"qo(fk),\’l - (- l)kl.\’z)\(fk)» v, in K777,

is a graded derivation of the trivial Lie-graded struc-
ture on K"'". Hence we can form the 9-semidirect sum
K" ,» F (with the above composition) with respect to
the morphism

3:fib—3;, 9:F—~der*k™ =endK"".

Choosing » =1 and A the trivial representation, we
get the inhomogenization of F, choosing ¥ =n and A=go,
we get the tangent algebra of ofF).

Now, given i, in K%"* i.e., a linear form i; of
K™", the contragredient representation 9* of the rep-
resentation o : F —end*K™" is defined as usual by
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[0F (1)) = 13(y,)), for y, in K%" and f in F,, in
K", From (9;.2,)* =3} 3¥ the graded-linear mapping

I* b %, 0% :FT~ der*K™"* = end*K"""*

is a morphism of the opposite algebra F°° of F into the
trivial Lie-graded algebra K™"*, The 0*-semidirect
sum K73 * + F® has the Lie-graded composition

L ® foo i & L =33, = (- D" ox (n)@ gy, fils

Identifying K"** with K™*", this semidirect sum has
the (2 + 7)-dimensional representation

¢
M@ fy b oA 0
0 AR

1

where 3 (1) =Mg)'v, - (- ' v,0(g)". The cotangent
algebra, i.e., the contragredient of the tangent algebra,
of Lie algebras is used in the quantization of Kostant
and Souriau'? for the construction of symplectic orbits
of Lie groups.

Clearly in the above we can substitute for K™,
resp.K™*", any graded subspace invariant under the ac-
tion of 9, resp.2*; in the adjoint case this means the
choice of an ideal in F.

6. EXAMPLES OF ALMOST DIRECT SUMS

For the above two 0-, resp.d*-, semidirect sums we
construct almost direct sums.

Note that for almost direct sums, (C.2) implies that
the image of A is in the center of T and (C. 3) simplifies
to

(C 3’) A([fk? gl ]2: hm) = A(fkv [gl! hm]t)

- (- 1)kl A(gh [fk7 th)’

and the Lie-graded composition on T +*F to
[fk ‘laflz’ 4] &jgl ]* = [tk) u'l L+ A(fky gl ) & [fk) gl L-

Now let {, ) be a graded-skew bilinear form on K™"
and let ¥; be in the ith copy of T=--- OKSKD - -- I
3, is in der*(K"”", (, )) for all f, in F, then the gradua-
tion preserving bilinear mapping

A (e fy vy “\Ez‘»rx)l_‘ Veenr (s V1)

is an almost direct 2-cocycle of K' 3+ F with values in
T and we get the Lie-graded composition

Lo X, fr, By vy 8 4 Ly
= Vpur X, 1) afk(,\’z) — (=¥ ag,(-\'k)@ [fer &1
on T+2(K"" ,» F). The same type of almost direct 2-

cocycle of Ig;{‘ + F°? with values in this T can be de-
fined under the corresponding assumptions.

Dropping in these two kinds of examples F completely
we get a Lie-graded generalization of the Heisenberg
Lie algebra, with the Y-dependent Lie-graded
composition

[xk’yl L:de<'\'k;."l>y Y, in Ky, w in K777,

[rest zero or from (LGA.1D].
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Remavk: Bargmann (see Ref. 13 for a Lie group the-
oretical treatment) has used almost direct sums of R
and a given Lie algebra F for the classification of
(skew-adjoint) ray representations of F. Souriau'? gives
applications in symplectic differential geometry of the
second cohomology of some physical motivated Lie alge-
bras with values in its dual, using the co-adjoint
representation.

The above examples, specialized to Lie algebras,
contain some Lie algebras which were used for the
solution of some Schrédinger differential equations in
quantum mechanics. Specializing in the inhomogeniza-
tion of F, resp.F®, the pair (V,{, )) to a 2n-dimen-
sional symplectic vector space and F to one of the real
one-dimensional algebras of matrices of the form (I is
a diagonal nXn matrix having only + 1 entries)

0 0 0 -7id, 0 -7I

Tid, 0 ) \rid, 0 J' \7rid, ©

7 in R,

or more general any matrix in the symplectic matrix
Lie algebra of (V,{, )), the (2z+ 1)-dimensional Lie
algebras V; + F become solvable spectrum-generating
Lie algebras for the particle (i.e., the Galilei algebra
with the rotations omitted), the harmonic oscillator,
the anharmonic oscillator, or more general any dyna-
mical system with a bilinear Hamiltonian in the posi-
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tions and momentas. The classification of their skew-
adjoint ray representations is equivalent to the solution
of the corresponding Schridinger equations. Due to the
Bargmann theory this classification is equivalent to the
classification of the skew-adjoint (ordinary) representa-
tions of the (, )-almost-direct sums of R and V; + F,
which such are the (2z + 2)-dimensional quantum-
mechanical versionsof these Lie algebras. A general
treatment of the second cohomology of non-Abelian

Lie algebras was given by Cattaneo in Ref. 14,
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Invariant integrals in nonmetric supersymmetry spaces
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Definitions are given for the exterior product, infinitesimal extension of a cell, Levi-Civita symbol, and
generalized Kronecker delta in order to identify invariant integrals in spaces with both Fermi and Bose
dimensions. Stokes’ and Green’s theorems for such spaces are constructed as a preliminary to defining a
generalized action principle in supersymmetry spaces not necessarily equipped with a metric or a

connection.

Theories of Fermi—Bose supersymmetry provide a
promising framework for a unified description of
particle interactions. +%2® In particular, the gauge super-
symmetry scheme of Arnowitt and Nath**® proposes a
unification of gravitational, weak and electromagnetic
interactions through the introduction of arbitrary trans-
formations on N “supercoordinates” z4 which obey the
generalized commutation relations®

FA2P=(—1)00z8 4. (1)

Arnowitt and Nath require that the space identified by
these coordinates possess an invariant interval or
supermetric

ds®=dz*(,g,) dzP (2)

and so construct a field theory remarkable in its formal
similarity to classical general relativity. In addition,
Arnowitt, Nath, and Zumino™ have identified the super-
symmetry form for the determinant of the metric (AgB)
and thus find an action principle based on invariant
integrals in this metric supersymmetry space.

Friedman and Srivastava® and Wess and Zumino® use
the concept of supercoordinates to extend the “purely
affine” unified field theory of Schrddinger!® to a natural
nonmetric gauge supersymmetry formalism, The pres-
ent paper addresses the problem of constructing invar-
iant supersymmetry space integrals in the nonmetric
formalism and the generalization of Stokes’ theorem
for spaces with both Fermi and Bose dimensions, not
necessarily equipped with either a metric or a connec-
tion. This theorem then allows development of an action
principle for most gauge supersymmetry theories, in-
cluding the Arnowitt—Nath formalism, the Friedman—
Srivastava “purely affine” theory, and supersymmetry
extensions of theories admitting torsion such as that of
Hehl, 112

The first requisite for constructing an invariant inte-
gral is the definition for the extension of an infinitesimal
cell in the space. This flows directly from the form
for the exterior product of vectors, conveniently stated
as follows: If 44 and ¢4 are two contravariant vectors,
the components of their exterior product are

(unvAB=yry® — (~ 1)t (3)
This structure possesses the two obvious symmetries

(i v)AB= = (= 1)y A v)P4 (4)
and

(unvWB=—(vAuk® (5)
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so that the “diagonal elements” (A 2)*X (no sum on X)
vanish identically, and the (uA v)*8 transform as com-
ponents of a contravariant second rank tensor; that is,
if the vector transformation law reads

ut'=RA P =uB(,LA"), (6)
then the transformation law for the exterior product is
(un vWB = R4 (unv)°P(,L5", (M

The rule extends immediately to the exterior product of
a sequence of vectors u 4, a=1,2,...,M, as a sum
of terms of the form s ;A% ;42" - ~u,,*», which
possesses the symmetries

(u(l)/\ .. ./\u”'”)--oAB-w I (_ 1)ab(u(1)/\ BN u(M))--eBA-uu
(8)
on any adjacent pair of indices, and
(«- A u(a)/\u(ﬂ)/\ N ( . '/\uls)/\”(m
Arer YArecAy (9)

on any adjacent pair of vectors. This structure then
transforms as a tensor of rank M, as indicated.

The form for the extension of an infinitesimal cell is
now clear: consider M < N linearly independent infinitesi-
mal excursions from a given point, identifying the
elements of the ath such excursion as d,,z*; the exten-
sion of an M-cell at that point is then simply the exterior
product of these excursions,

drAleAu=(d,zA " Ad 2R Aa, (10)
The order in which the excursions appear in this exterior
product fixes the orientation of the cell. The extension
transforms as a contravariant tensor of rank M, and
thus its inner product with a covariant tensor of rank
M is a scalar, allowing immediately the construction of
invariant integrals, e.g.,

sz(_l)oM(a'a)TA1-.-AMdTAl".AM! (11)
where the parity factor is given as
m=1 ;
= , b.a,. 12
¢,(,a) Z:f ,:{’ﬂb'a/ (12)

Moreover, if T, ..., is a covariant tensor, then, even
though its partial derivatives 7, poreAy oAy fail to trans-
form as tensor components, their inner product with

dt41***Ax is a scalar, and hence a second category of
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invariant integral is

JEI(_ l)ﬁN(a,a)T

ArereAy-p Ay

dTAr Ay, (13)

Stokes’ theorem relates an integral of the second type
over a closed oriented region in a subspace V, to an

integral of the first type over the boundary of the region.

In constructing Stokes’ theorem it is useful to have
supersymmetry space definitions for the Levi-Civita
symbol and the generalized Kronecker deltas. The
natural choice for the Levi-Civita symbol is that struc-
turee, ..., With Grassmann parity (- 1), fbeing the
number of Fermi dimensions of the space, withe¢, .=
+ 1 and possessing the symmetry

= _(_l)abe (14)

for any adjacent pair of indices. In addition the Levi-
Civita symbol must vanish if any two of its indices are
the same, a condition not forced by Eq. (14) for Fermi
indices. The superscripted Levi-Civita symbol has the
same parity and symmetry structure as the subscripted
symbol, and it is convenient to complete the algebraic
properties of both with the rule

€ecedBees tesBAoeo

512...N512“'N:+1=(—1)f€12"'N612.__N. (15)
The generalized Kronecker N-delta then follows as a
combination of Levi-Civita symbols,

- l)f(f-l)/2DA lfi.l.st,,z (- 1)o"¢b,a)€A1mA ¢BlBy. (16)
n n

This structure exhibits the symmetries

+««B Bgeee _ 5.5 (by+ho) cas B Bjese
D..-Al 1,42..2. '—‘("1) 172 azihy ZD,..Al 2,42..1. (17)

and

D"

Bgeeo _ _ (_ 1)0102,01(a,*ay)
Ay tApe. = (= 1)s1024b2(ay 2'D,

WiB, Bgeee
Ay A
(18)

and equals unity when A;=7i=8;, i=1,2,...,N. From
this follows the definition of the generalized M -delta,

_ Nt ByeeeBy _ BiessBy CyeeeCy
W M)'DA1°"AMM D, By Cr XX SN-H, (19)

which has the same symmetries as does the N-delta.

The general reduction theorem relating generalized
Kronecker deltas is the familiar form

(N =KD, Bii-Br=(N - M)! DAlf_l_"‘;'KBKcl?_l_'é;f_%-K, (20)

It is possible to display D, 21 :°®# in a form in which its
. . 1eeeAy

leading term is the structure 5, lf"l_“‘;'ﬂu formed of pro-

ducts of the ordinary Kronecker delta 6,8 with the sym-

metries of DAlP,{,:;'BM. Additional terms must of course

be appended since 5, 3 'y%Ps-- (no sum on X) fails to

vanish by itself if X is a Fermi index.
Observe that if 741°'*4y is a tensor with the
symmetries of an exterior product, then the identity

M T8y Bu = (= 1)0u @5 Pr A 4D, BiesBy (21)

obtains, where pr=3¥, a; is the Grassmann parity of
TAr-+Ay  From this identity flows the natural definition
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for the dual *TBI'"EN u of the tensor T41**4Ax:

1% =(~ 1)0ulesa)*
M\*Ty,...5, (- 1)°u T

A o0 A
X T4 MEp e AyBroeeByoy” (22)
The inversion of this relation is just
TAr Ay = (N = M) (= 1)) /20 oy (b, 0)v0 by
eesApyBlessB .
x* TBI-.-EN_MGAI M1 N-u, (23)

Pr=3;." ™ b, being the Grassmann parity of the dual.
The N-delta satisfies the product rule

(- I)ON””C'MC)'EC"DAlﬁl.'j;chDclﬁl.'c';;BN:N!DA,ﬁl-',;;\,BN (24)
as may be checked directly from its definition in terms
of the Levi-Civita symbols. Precisely similar relations

apply for the M-deltas, Furthermore the related
Structure

(- 1/ UDEDA Ay, = (- 10Nt cAne, | (25)
satisfies

(_1)QN(MC'a'C)DAl.C';-A-{JCNDCFB.;cNBN:N!DAI;.;:FBN (26)

which may be verified by observing that it may be
expressed in terms of the N-delta according to

(= 1)oxtap )ofDAI-B-;.AvUBN: (- 1)0N(b,a)DB;§}:;:N. 27

Now consider the mixed tensor TAB and define its 2-
product by

2! TA B;A By = (__ 1)oz(b*c.a’c)’og(bﬂi,cod)’Dc,-*l:di
1 2
c, C3 D D By By
xD, 4, Tcl ch2 zDD1 b, (28)

This structure is a tensor of type indicated with exactly
the symmetries of the 2-delta. Furthermore, if 7,7
is the “matrix product” of two other tensors U,% and
v, B, that is if
T,2=(-1°U0,°v.2, (29)

then it follows at once that their 2-products are related
according to

1 B By _— (— 1)o2(b*c,atc)+Ee; c Co By B
2.TA1 L, (~ 1)e2tb*a ;UAl Y, Vcl e,z (30)

More generally, the M-product of the tensor T,% is
defined by

Mt TA Bl“A"BM: (_ I)OM(DOC.aM)*oM(b«t Crd)+Le;+Ed;
10 Ay

CyeeeC Dl.
XDAl... MTCI ‘

Ay : TcMDMDDﬁ‘.'ﬁ;,EM (1)

which has the symmetries of the M-delta. If 7,2 is the
matrix product of U,® and V,% in the sense of Eq. (29),
then their M-products are related according to the rule

[T, BieseBy _ (_ 1)outbtciatc)+Cc; CieeeCyy BieseBy
M AjeecAy ( ) UAl.,.AM Vcl...cM
(32)

as may be checked directly. Using the symmetry prop-
erties it is clear that the N-product of 7,% has a single
independent element, which is convenient to take as

T= Tllzg.'.'.'}vN (33)
and on using the product rule for N-products of 7,2,
U,B, and V,B, one finds directly

T=UV. (34)

An alternative form for the N-product which is very
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useful is just

T,5r88v=TD,, A By, (35)
The definition of M-products of rank two tensors of other
type, e.g., U4, or (,g,), follows the pattern indicated
above. It is also convenient to define M-products of the
transformation matrix R4, in the same way, and to

write

R=RYN . (36)
A consequence of these definitions is that if (,g;) is a
covariant tensor of type indicated, with transformation

law

(pogp) = L) ogp)R ., (37
then the quantity

&=z xrz0uuy) (38)
transforms according to

&' =LgR. (39)
From the relation

(4 LB)=(=1)era®RE (40)

follows at once L =R, so than an alternative form for
the transformation law of g is

(elg”)g”) ' =e(R)R(e(g)g) /7, (41)
€(X) being the indicatrix of X. It is also clearly a
straightforward task to use the relation

RA' .RC, =84, (42)
to discover that

RYZ¥ =R™. (43)

By writing the N-product of R4, in the form

— O ylbtc,atcI A cc Ay Cy «eepCyx
RDAx5 g, = (= )owtte st DA e R gy "RV

(44)

it is possible to read the transformation law of the Levi-
Civita symbol off directly as

— (= 1)onla*tbyd) =l
GA’I..ﬂAfv*( 1)ow1en DR en o iny

RB 1A'1 . .RBNAEV (45)

which is reasonable to identify as the transformation
law of a right covariant tensor density of rank N and
weight - 1, provided R is defined as the determinant of
the transformation matrix, This definition is consistent
with the general property of N-products exhibited in Eq.
(34).1

The above groundwork prepares the way for Stokes’
theorem. Let T, oAy be a tensor with the symmetries
and transformatmn propert1es of the exterior product
of N -1 right covariant vectors, defined throughout a
finite region V of the space identified by the supersym-
metry coordinates z4: Then

JV(_ 1)®N(a,a)TA1 o-AN_I’ANdTAl'”AN

= [ (= Deramary, (46)

S is the boundary surface to V, and the orientations of
the N-cell and the (N — 1)-cell are related in the usual
way; that is, if their duals are respectively *d7 and

1eesAy a1
oot ygdT .
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*dTy, and if #® is an infinitesimal vector directed out of
V, then the inner product (- 1)?48*d7, has the same sign
as does *d7. The proof of this result now proceeds pre-
cisely in accord with its analog in spaces without Fermi
dimensions, !* the sole new feature being the additional
accounting necessary from the appearance of the parity
factors. Thus in the coordinates chosen, select cells

in V with edges along the coordinate lines, taken in
order with the Bose coordinates first, from which is
established immediately the usual relation

dT\Alcn.ANzeAlu.

The integral over V appears as a sum of terms of the
form

“ANdz'dz? - - dzV. 47

JB _ fv((_ 1)°N-1{ﬂra)‘PT‘l’b)EAl'“AN-IB

XTpeeeny.,)s pd2'd2? - - dz", (48)
no sum on B, and clearly A # B. One has
cedg¥ = (= DRI G BBl gz Nzt - - - d2B,
(49)

where k=B +f- N -1, and hence the integral J, can be
taken along tubes made up of parametric lines of zZ.
Assuming for the moment that V is a convex region, the
integral reduces to
Jp= (j(z) - _j“))(— 1)0N-1(G'G)TA1“5AN-1

X (= LRSI A oo A N1 By Bl L g,B-L (50)

where the limits indicated are the points at which the
parametric lines of z# cut the boundary S of V, with
z8(2)> zB(1). Appropriate outwardly-directed normals
to vV at (1) and (2) are —dz? and dz? respectively,
whence one discovers directly that the orientation of the
cell

dTAlou l)k(f-k)s(k)eA1°==AN_1BdZB+1. . dZB-l (51)

CAN-1= (-

at (2) is correct, and similarly for the corresponding
cell at (1). The sum of all integrals J, thus corresponds
precisely to the integral over § indicated. To complete
this construction, observe that a nonconvex region may
be constructed by conjoining appropriate convex regions
in the usual way. The general case of a tensor 7T, vy
M < N, defined over a finite oriented subspace V,, now
appears straightforwardly as

e
= [ (=

with the usual relation between the orientation of cells
in V,, and on its boundary S. The proof proceeds just
as before, and may be facilitated by introducing M
parameters y*

B

oyla,a) A sov Ay
1)%uter TAI_“AM_X’AMdT

(52)

byo1fara) AgeecAy
1)ou-1as T,, Aw_ld'r M

yE=yR(zt, -, 2MY (53)
as intrinsic coordinates for V,, and expressing the cells

in terms of these intrinsic coordinates.
Green’s theorem may be regarded as a restatement of
Stokes’ theorem in terms of duals, and appears as

S, =100 4), xar= [ (= DexTA*ar,. (54)
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The equivalence of a one-dimensional turbulence problem
and the one-dimensional Coulomb gas

S. T. Chui®
Department of Physics, SUNYA, Albany, New York 12222
H. L. Frisch®

Department of Chemistry, SUNYA, Albany, New York 12222
(Received 29 April 1977)

We show that Burger’s equation subject to initial conditions which are governed by a canonical (Gaussian)
distribution in the kinetic energy can be related to the properties of a one-dimensional Coulomb gas in a

certain limit. Some consequences of this are worked out.

Burger’s equation is one of the simplest equations that
can be solved exactly which exhibits intermittency. For
this reason it has received a lot of interest. The statis-
tical properties of this equation have been investigated
by Burger’ as well as others. It is now generally
believed that the basic physics is well understood, but
as yet no quantitative scheme has been developed by
which one can calculate these statistical properties
systematically. In this note we wish to point out that,
using a recent m — 0 trick exploited by various workers
in the study of polymers,? in critical behavior in the
presence of impurities,® and in spin glass problems,?
the statistical problem of Burger’s equation can be re-
lated to a one-dimensional Coulomb gas, Various con-
sequences of this analogy are also discussed.

The problem that we are addressing ourselves to can
be precisely stated as follows: Burger’s equation is
given by

U +U0U =vU_. (1)

Suppose the “velocity” U(x,t) at time t=0 has a canon-
ical distribution in the total energy, i.e.,

P(U{x,0)) exp(—fUzdx/oz). (2)

What are the average values of quantities such as the
velocity autocorrelation function { U(0,0) Ulx,#)),
especially in the limit as {—«? Here the angular
bracket denotes the statistical average.

We have been able to show that

(U(0,0) U(x,t)>:ozlig)1Q1(x,m), (3)
where
Q,(x,m)zfrjlldii b(x - £,) exp( - BH(m, {£D)]. 4)

— BH(m, &) looks just like the Hamiltonian of a one-
dimensional Coulomb gas (of one species) with m
particles in an external field. It is given by

_ﬁH:_'BHext-BHlnt’ (5)
where

-B8H —bi(x—&i)2—2a§3|£i‘ (6)

@t

Vgupported by NSF grants,
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and
—8H
with
a=0*/32,%, b=(4vi)". (8)

:",.;Tflﬁi"gj‘ (n

int

The derivation of formula (3) is given in the Appendix.
Let us now discuss some of the consequences: First of
all, note that even though there has been some concern
over the validity of the # — 0 trick in some other
applications,® this difficulty does not apply here. In that
case the worry is about whether one can interchange the
m — 0 limit and the thermodynamic limit as the number
of particles goes to infinity. In the present case one is
interested in the limit as the number of particles goes to
zero! Because of this limit one would expect the mean
field approximation to be a good one. It is with this
approximation that we shall discuss the consequences of
our problem.

To get a feeling for what is going on, we have plotted
the external potential in the limit of large and small
time in Fig. 1. This figure indicates that the particles
are localized around ¢~y at small time and have
“diffused” to the origin as time increases. As we see
formula (3), (U(0,0) Ulx,t)) is essentially proportional
to the “ensemble average” of x — £. It must therefore

Hext

Small T bx?

o Hext

Large T

\J,bx2

———

FIG. 1. A figure showing H,,(&) as a function of ¢ for long
and short times.
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go from zero to a finite value as ¢ —~ « starting from
zZero.

For ¢=0, it is obvious that { U{0,0) U(x,0}) =0 for
x# 0, We shall now evaluate this number in the { =
limit in the mean field approximation. We have, using

3,
(U(0,000x, 1)) = Lim [1] ds, b(g, - x)

22|k | +ao| 6= (X1 (9

As we have pointed out previously, as ¢ —«~, we expect
(&) =0. This can also be shown to be actually a self-
consistent solution. In this case, one finds straightfor-
wardly from the above relation that

(U0,0)U(x, ) = *x/4vt. (10)

Note that (10) does not have the form of f(x/V¢ ), but
is actually dimensionally correct. It is due to the fact
the our initial distribution of U corresponds to not just
one but a distribution of Reynolds number. We have no
simple explanation of this simple -looking result
unfortunately.

xexp[~b2ilx - £,)

We also wish to point out that with this technique other
types of initial distribution can also be treated. For
example, a distribution of the form P(u) ocexp(—zkzuf/
¢?) (similar to one recently studied by Forster et al.°®)
leads to a gas of particles with §-function interactions.

APPENDIX

By using the Cole—Hopf’ transformation, the solution
to Burger’s equation is given by

Ulx, 1) =~ 20 % 1nf dt
dx -

2
Xexp[—zl—}-(( zf) f:U(EIO)dE,)]. (A1)

We have written the solution of this form to bring out its
similarity to a corresponding relation in the thermo-
dynamics of amorphous systems, We are interested in
the following quantity:

(U(0,0)U(x, 1)) = [d{U(x, 0)} P{U(x,0)} U(0,0)Ul(x, 1).
(A2)
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Making use of the formula Iny=1lim__ [(x™ - 1)/m]}, we

have

=0

(U0,0)Ulx, 1)) =-2v lim l_ﬁz{U(x,o)} U(O,O)i

x{exp[ 21}({29‘——50—&2/ U, O)dﬁ)] }

x P{U(x, 0)}. {(A3)

We now express Ulx,0) as a Fourier transform

1
Ulx,0)=2Ulk)et* < - (A4)
On substituting (A4), Eq. (A3) becomes
1 d
(U0, 0)U(x, t))-—2v11m HdUk\/’Z( TU,)d—X
Z, explifk) - 1)
| e AL L2 Ml
x{exp[ 2 U <; =1 2ikv
U( ;‘ (x - Ei)z ]

sz: o? i'='1' tv ’ (A5)

The statistical averaging can now be easily done, and we
obtain formula (3).
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Neutron transport in plane geometry with general
anisotropic, energy-dependent scattering

Alan G. Gibbs

Battelle, Pacific Northwest Laboratory, Richland, Washington 99352
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Courant Institute of Mathematical Sciences, New York University, 251 Mercer Street, New York, New
York 10012
(Received 18 February 1977)

We consider the neutron transport equation in plane geometry with a general energy-dependent anisotropic
scattering kernel. We construct the solution of the subcritical half-space albedo problem as a contour
integral around the positive half of the spectrum of a reduced transport operator K. The integrand
involves the boundary data and two operators which provide the Wiener-Hopf factorization of a third
operator contained in (A —K)~'. Bounds are obtained for the location of the spectrum of K in the
complex plane. We also obtain representations of the solutions of the Milne problem and of the full-space
and half-space problems with sources. Various simplifications of the general theory, which occur for
particular scattering models, are discussed as an illustration of the results.

1. INTRODUCTION

We begin by determining the solution of the following
half-space problem for the neutron transport equation

H%%(X, i, E) +0't(E)LD(X, 1, E)

Em 1
- f / ofu', B' =, E)Y(x, u', E')du'dE’
i -1

=0, 0<x<», (1.1)
WO, i, BE) =9y(1, E), 0<ps<i, 1.2)
lim ¥(x, &, E) =0. (1.3)

X o

Here x is distance, U is the cosine of the angle between
the direction of propagation and the positive x axis, and
E is energy; we take 0<E<E, . Also, ¥ is the neutron
flux, o, is the total cross section, ¢ is the cross section
describing the production of all secondary neutrons,

and ;> 0 is the prescribed incident flux.®

A more general problem than (1.1)—(1, 3) would have
¥ and ¥, depending on the azimuthal angle ¢. However,
if scattering is rotationally invariant and ¢, and ¢ are
expanded in a Fourier series in ¢, then the coefficients
of exp{ing) in such a series decouple from all other
components and solve a problem essentially identical to
(1.1)—(1.3).2 Therefore, we shall consider just the
above problem (1.1)—(1.3) and regard it as the problem
for any given Fourier mode in ¢.

Problem (1.1)—(1. 3) has received much attention
over the years, and several different analytical methods
have been developed to solve it.} All of these methods
are based on the one group or multigroup approxima-
tion—or on the assumption of degenerate energy depen-
dence—and on approximating the scattering kernel ¢
by a finite Legendre-polynomial expansion in the an-
gular variables. The reason for making such approxi-

2 present address: Los Alamos Scientific Laboratory, Theo-
retical Division, University of California, Los Alamos, New
Mexico 87545,
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mations is that the range of the integral term in Eq.
(1.1) becomes finite-dimensional in 4, E space. This
simplification however does not, by any means, make
problem (1.1)—(1. 3) easy to solve—it only makes the
problem amenable to certain types of analysis.

The first method for obtaining explicit solutions of this
simplified problem was that of Wiener and Hopf, which
is based on a Fourier transform of Eq. (1.1).** A more
recent and now more popular method is that based on
singular eigenfunction expansions;® this method and its
development are discussed in detail in the review article
by McCormick and Kuscer.®

It is generally acknowledged that the Wiener—Hopf
and singular eigenfunction methods are equivalent, in
the sense that any problem which can be solved by one
method can also be solved by the other. Both methods
yield truly explicit solutions only for one-group prob-
lems; for multigroup problems, solutions are expressed
in terms of the solution of a matrix Riemann—Hilbert
problem which, in general, has not been explicitly
solved. Both methods become very cumbersome as the
number of energy groups and angular moments in the
scattering kernel o increase. Also, by neither method
can one construct solutions with L, boundary data, even
though L, is the physically appropriate Banach space in
which to solve transport problems.”

To overcome some of these difficulties, a new method
has been developed which is based on a contour integral
representation for ¢. This method was first used to
derive more rigorously the singular eigenfunction for-
malism, 810 was later modified to construct L, solutions
for one-group problems, 1 and has recently been ex-
tended to provide Ly solutions for muitigroup problems
with degenerate anisotropic scattering.12 Solutions of
such multigroup problems are expressed in terms of a
Wiener—Hopf factorization of a matrix A(}). This fac-
torization has been explicitly obtained only for special
problems, 13 but it has been shown that in general the
factorization exists for both subcritical (“C <1”) and
critical (“C =1”) media.*"*® Some recent work on multi-
group problems indicates that certain iteration schemes,
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based on the nonlinear integral equations which the fac-
tors of A must satisfy, converge quickly.'®

In the present paper, we extend this contour integral
method to the general problem (1.1)—(1.3), with no
constraints imposed on the various quantities in these
equations other than ones which are physically reason-
able. We shall obtain a representation of the solution
of this transport problem as a contour integral, and
then perform some simple manipulations to recast the
representation into a physically meaningful form. The
representation is expressed, as in the previously con-
sidered multigroup problems, in terms of two opera-
tors which suitably factor a third operator; we discuss
this factorization in Sec. 2.

Our representation is therefore not expressed in
terms of explicitly known quantities, since closed-form
expressions for the factors have not been obtained in
general. In this sense, our analysis shows how to rep-
resent the solution of the full transport problem (1.1)—
(1.3), without making any unphysical assumptions about
the scattering terms in Eq. (1.1). In addition, our an-
alysis provides a general viewpoint from which previous,
different kinds of analysis of problem (1.1)~(1.3) can
be understood. (See Secs. 7 and 8).

In Eq. (1.1), we shall require ¢ and ¢, >0 to be mea-
surable functions, satisfying:

1
—_—— < B
(a) 03;:5"1 Ot(E) 0<%, (1.4)

E_ r1
®) o(E)> [ [ lo(n, E~u',EN|du’dE’.  (1.5)
Physically, A, is the largest mean free path for neutrons
with energy Ec (0, E,)); condition (a) states that A, is
finite.

Condition (b) states that the total reaction rate of a
particle with energy E before a collision is greater than
the total reaction rate after a collision; hence the half-
space x > 0 is subcritical.

If scattering is rotationally invariant (we do not ac-
tually need to assume this), then o satisfies an addi-
tional equation, which we discuss in Sec. 4,

ol E'~ i, E)=o(- ' E'~— p E). (1.6)
We impose the following condition on #;:
E, r1
fo fo wipg(, E)dpdE <o, (1.7

This condition states that the number of particles enter-
ing the half-space through a unit cross sectional area
of the boundary x =0, in a unit time interval, is finite.

Finally, we define the weighted L; Banach space X by

X={s, B Al = [7 [, 0(E) | Ak, E) | dp dE <<},
(1.8)

Then we require ¥, the solution of problem (1.1)—(1. 3),
to satisfy
0<x <o,

Mgl Ce) = [1p(x, p, Bl <o, (1.9)

Clearly, Iyl(x) is the total reaction rate per unit cross
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sectional area of the system at x. Equation (1.9) re-
quires that this quantity be finite for each x ¢ (0, ©)—
or equivalently that ¢ € X for each x ¢ (0, *).

The above paragraphs provide the appropriate setting
for problem (1.1)—(1.3). In Sec. 2 we shall construct
a representation for ¥ as an integral along a contour
I'* which contains the positive half of the spectrum of
the “reduced” transport operator K [see Eq. (2.10)].
¥ is expressed there in terms of operators X () and
Y (- ) which suitably factor an operator A(}) contained
in (M - K)™?. The existence of this factorization for gen-
eral scattering kernels is discussed in Sec. 2.

In Sec. 3 we shall cast this solution of problem (1.1)~
(1.3) in a form which has a simple physical interpre-
tation. In Sec. 4 we shall prove certain results about
the location of the spectrum of X, and thereby show how
the contour I'* can be chosen. In Sec. 5 we discuss the
Milne problem, and in Sec. 6 treat source problems.

In Sec. 7 we shall indicate how, for multigroup problems
with degenerate anisotropic scattering, the problem of
factoring the operator A(}) can be reduced to factoring
a matrix A(A). We illustrate this by explicitly rederiv-
ing the results of Ref. 11 for one-group, isotropic scat-
tering. We conclude with a short discussion in Sec. 8.

2. CONTOUR INTEGRAL SOLUTION
To solve problem (1.1)—(1.3), we first define the
operator C : X -~ X by
C 1 Emri ,
E)=—— ' E'~u E E'Ydu'dE’,
kL, E) Ot(E)ﬁ [1 o(h', B =~ u, E)f(, E"Ydu'd

(2.1)

C is a bounded operator with

ICH < sup

1 fEm o )|
— o{i, E~p', E\du'dE’,
dsu=l Ut(E) 0 /_1 ’ ’ i
0sSE<E (2.2)

Thus by Eq. (1.5), 1CI<1, and so (I - C}! exists.

We divide Eq. (1.1) by ¢,(E) and operate by (/ - C)=,
obtaining

3y

K= +=0. (2.3)
Here K is the operator
- i MR, E)
Kf([\i,E)_.(I—C) —?t(—E—)—- (24)

The domain and range of K are not X, but instead the
space X; > X defined by

X ={flwAn, B e X}, Al =llufll, feX,.
If we define

c=ICll, (2.5)

then by Eqs. (1.4) and (2.4), K:X;~XCX, is a bounded
operator with 1K1, =2x,/(1~¢). (We introduce X; be-
cause the contour integral solution contains K acting

on an extension of ¢,. Since ¥, satisfies Eq. (1.7), this
extension will be an element of X, but it will not in
general be an element of X.)
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Next we shall construct (M = K)*. To do this it is
simplest to note that X is an invariant subspace of K,
i.e., K:X~X. Therefore for f,gc X, we set f=(\
- K)g and operate by (/ - C) to get

(I-C)f(K, E) =)\~ C)g(k, E) _ kglu, E)

0¢(E)
_ 1 K
= [I" AC X - IJ/O}(E)] (7“' O’t(E)> g(u, E).
But
(2.8)
1
(- C)f(u, E) 2[1— AC}‘——“/—U:(*E)_J fu, E)
n
+C-X6_t(—E5—:—“f(I&, E). 2.7
Therefore, if we define
1
AW, 8) =105 | o, B (2.8)
N
NNf(k, E) = %oi(E) - o f(k, E), (2.9
then Egs. (2.6) and (2.7) can be solved for g= (N
- K)“¥f, obtaining
_ 1
(M -K)"f(u, E) = "5/ B {fln, B)
+ AT () CNO) f(u, B (2.10)

This expression was derived just for fe X, but one
can directly show that it holds for all fc X,. In general,
then, we interpret Eq. (2.10) as follows: For A
&[= 2, Xol, N(A): X, =X is bounded, and so for fe X;,
CN(NfeX. By Eq. (2.8) A(}):X~X, and if X is such
that A*()) is bounded on X, then A*(NCN(V)fe X,

Thus, o(K), the spectrum of K, consists at most of
the line segment [ X, Aol plus the points for which A™ ()
fails to exist. In Sec. 3 we show that this spectrum is
confined to a “figure-eight” shaped region of the com-
plex A plane. (See Fig. 1 in Sec. 4.) For A ¢ o(K),

(M~ K)"':X, -~ X, i{s an analytic, operator-valued func-
tion of A.

Now, by analogy to Refs. (11) and (12), we shall con-
struct the solution of problem (1.1)—(1.3) in terms of
the following integral representation:

¥, &, E)=—2%. fr exp(— x/N(N - K)tg(u, EYdX.
(2.11)

Here I'" is a simple closed curve, contained wholly in
the right-half-plane Rex> 0, and enclosing the right-
half of o(K). (See Fig. 1.) The function g X; remains
to be determined.

Since g X;, we must interpret the integral of Eqg.
(2.11) in X;. Thus, at this point, ¥ =X, for each x
e (0, ). Later, however, we shall show that actually
de XC X, for each x < (0, %),

First we shall verify that ¢, defined by Eq. (2.11),
satisfies Eq. (2.3)—which is equivalent to Eq. (1.1).
To do this, we introduce Eq. (2.11) into (2. 3) and
obtain
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9y

1 K
K-a—x+§b=ﬁ—z Nexp(—x/x) (I“—)\)(M_K)-Igd)\

g exp(- x/})
== == Ldx

o7 [r* 5 dan, (2.12)
This last integral is zero because for x >0, [exp(- x/2)/
A]~0as A—~0along I'*, Therefore, Eq. (2.3) is satis-
fied identically for every gec X|.

Thus ¥, defined by Eq. (2.11), satisfies Eq. (1.1),
and clearly also Eq. (1.3). It remains to determine
g <X, so that ¥ satisfies the boundary condition (1.2).
Introducing Eq. (2.11) into (1. 2), this boundary condi-
tion becomes

1

= Y
T 27 r,(M—K) g(“yE)dA, o<pu<1,

(2.13)

If the contour I'" extended around the entire spectrum
of K, then Eq. (2.13) would be satisfied for any g such
that

bo(i, E) =g(K, E), (2.14)

Therefore, let us reguire g to satisfy Eq. (2. 14) and
the condition

bolu, E

0<ups1.

(M -K)'ge X, is an analytic function of A for
ReA <0, (2.15)
Then without change in Eq. (2.13), I'" can be extended
to enclose the negative half of the spectrum of K since
by (2.15), the contribution from such an extension is
zero.

We thus require g to satisfy Eqgs. (2. 14) and (2. 15),
and then g will automatically satisfy the boundary con-
dition (2.13). Since Eq. {2.14) defines g explicitly in
terms of Yy for 0< <1, then we expect—and shall
verify below—that condition (2.15) determines g in
terms of ¥, for - 1< <0. [See Eqs. (2.30) and (2.31).]

To satisfy condition (2.15), we shall utilize the fol-
lowing Wiener—Hopf factorization of the operator A(}N):

A =Y (- XD, (2.16)

Here X(3): X ~X and {/ (\): X - X are operator-valued

functions of A, which are analytic and invertible in the

left-half-plane ReX < 0. Since A(*)=/-C, we may re-
. -1 ' ! =1 s e . .

quire X, X?, ¢/, and §*! to have finite limits at A=,

The problem of obtaining the factors X{z) and {/ (- 2)
in the case when A(z) is a scalar function is classical
and the solution is well known.*'® The existence of the
factorization for a matrix A(z) appropriate to multi-
group neutron transport with isotropic scattering was
considered by Mullikin, 4 who adapted methods appear-
ing earlier in the Russian literature (see Ref. 14 for
references). Bowden, Zweifel, and Menikoff'® have
shown that the factors for the multigroup problem can
be computed by iterative solution of certain nonlinear
integral equations, and that the method can be extended
to the case of anisotropic scattering with a degenerate
kernel. The convergence of their iterative method was
proven under the assumption that the half-space is suf-
ficiently subcritical. In a recent paper, Kelley!” con-
sidered the case of isotropic scattering with continuous
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energy dependence and, assuming a compact scattering
kernel and a bounded total cross section, showed that
the desired factors exist and can be constructed by
iterative solution of a nonlinear integral equation. The
existence of factors, and means for their computation,
are being considered by the present authors under very
general assumptions concerning the scattering operator.
This work will be reported in a future paper.

In the present paper, we shall assume that the fac-
tors X (%) and ¥ (1) exist with the required analyticity
properties. We then introduce Eq. (2.16) into (2.10),
obtaining

- 1
(M - K) lg(li, E) :m {g(ﬂ, E)

+ XY (= NCN(Mg(k, E) }
(2.1

Then for condition (2. 15) to be satisfied, we must
have both

Y= NCN(MNgln, EY=¥(, i, E) (2.18)
analytic for ReA<0, and

0=g(u, E)+ X1 ()¥(v, b, E), —1< pu<0, (2.19)
where

v=u/o,(E), (2.20)

Requiring 7 to be analytic for ReA <0 is equivalent to
requiring the numerator in (M - K)!g to be analytic for
ReXx <0, Also, Egs. (2.19) and (2. 20) state that this
numerator vanishes for those A values where the de-
nominator vanishes—namely A=v={/0,(E). We have
written this second condition as two equations to empha-
size that while X* does act on the variables ¢ and E,

it does nof act on v, Equations (2.19) and (2. 20) expli-
citly describe g for - 1< £ <0 in terms of ¥, which we
must determine from the requirement that ¥ be analytic
for ReA <0,

To determine ¥, we rewrite Eq. (2.18) as

T(A, 1, E)=(= Ny(A, u, B), (2.21)

where by Eqs. (2.1) and (2.9),
T(A, 1, E)=CN(Ng(k, E)

1 E, 1
t

xug(# E)

Aa,(E)— -du’ dE’,

(2.22)

T< X is an analytic function of X for A& [~ X, A}, and
7(=, i, E)=0. Thus, by the conditions on (- ) and
v(A, i, E) discussed above, ¥ is analytic for ReX <0 if

2_1]7.1[7“(1‘}! K, E) - T—(Vy /J'y E)]

[V, b, By - v (v, 1, B,

=Y (V)5

0<v<a, (2.23)

2—;‘ [T"(v, 4, B) = T°(v, 1, E)]
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2771 -(/( V) =Y (=0, 1, B),
- X <<, (2.24)
and
y(®, i, E)=0 (2.25)

[We use the standard notation f*(v) = lim, . (v £ 7€). |

To satisfy Eqs. (2.23)—(2.25), we shall make use of
the following lemma:

Lemma: Let f(K, E) ¢ X be Holder continuous in ¢ for
each £, and define f(4, E) =0 for |ul > 1, Also, define

' AuLED)
Fo= f 1 B = X0, (E)

Then

d ‘dE’.

Em
—1‘. [F*(v) - F~(v)]= f Avo (E'), E"VAE', — X<V <2,
2m 0

Proof: Follows immediately from the Plemelj
formulas.®

To proceed, we shall temporarily assume that
ug{i, E) is Holder continuous in £. Then we may apply
the above lemma to Eq. (2. 22}, obtaining
1
2m[ ‘v, 1, By =T(v, i, £)]

E
1 " n g
=-3® j; o(ve,(E'), E'—~ 1, E)

Xvo,(E"g(vo,(E'), E'YdE", (2.26)
— A<V <A,
Here we have defined
g(u, E)=0, || >1. (2.27

We may now solve Eqs. (2.23) and (2. 25) for ¥ by
taking

o774
7(7\, u, E) =f %}l [T*(V, K, E) - T‘(l/, H, E)]ﬂj_
0 1 V-

(2.28)

Introducing Eqs. (2.26) and (2.14) into (2. 28), and
making the change of variables 1’ =vo,(E’), we obtain

YO8 B) = / f[ '1( 0:(5;))0(“ o,E(’E-;u’ ):'

H wo(# E’)
Ao, (E") =

Laa. (2. 29)

(In this equation, ¢/ ! acts on the unprimed variables i
and E.) Equation (2.29) defines ¥ explicitly in terms of
$o, and thus Eq. (2.29) can be introduced into Eq. (2.19)
to yield g, for ~ 1< K <0, explicitly in terms of #;.

It remains to solve Eq. (2.24). But since ¥ and g
have been completely determined, then Eq. (2.24) must
be automatically satisfied. To verify this directly, we
use i/ (- M) =A(NX*()), Egs. (2.8), (2.19), and the
lemma to get
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Y =) = =], 1, B)

21

:'z%i [A*(V) = A~ X ¥(w, 1, E)

v Em ! ! ?
:—ot(E)fO o(vo,(E"), E' ~ i, E)o,(E")

Xg(vo,(E"Y, EYdE', -2 <v<0,

Comparing this result with Eq. (2.26), we see that Eq.
(2. 24) is identically satisfied by g.

We shall now summarize the results, which we have
derived by requiring ug(k, E) to be Hélder continuous in
K.

The solution ¥ of the transport problem (1.1)—(1.3)
is given by Eq. (2.11). The resolvent operator (M
- K)? is given explicitly in Eq. (2.10), and the function
ge X, is defined by Eqgs. (2.14), (2.19), and (2.29).
We may write £ more compactly as

‘Q(uy E) :EJ‘O(‘L‘Ly E)
wo(“, E), 0<u=i,

1 ! ’ r ’ 7
[5m [ EW B =, BYpy(n, BN dp’ dE,
-1sp<g,

(2.30)
where
’ ’ . ll' -1
E(WE ~M,E)f“,_vct(E,)X (v)
4 '\ o(w', E'~pu, E)
X <_0t(E,)> ) (e

v=p/o(E), 0<p's1l, —1<u<0,
(Again, we emphasize that X and {/™' act only on the
unprimed variables & and E, and notf on v.)

The operator E, given by Eq. (2.30), extends ¥y (K, E)
to a function E¢ (4, E) which is defined for - 1< p <1,
For x=0, Egs. (2.11) and (2. 30) reduce to

90, i, E) = Eyy(is, E), —1< p<1.

Thus for — 1< <0, EY, is the reflection of the incident
beam ¥;. (E is the “reflection” operator, defined for
simpler scattering models in Refs. 8—10 and 12.)

(2.32)

To derive the above results, we required pg(u, E) to
be Holder continuous in p. However, a simple limiting
argument shows that the results remain valid for g< X;.
It is also simple to verify that for ¥, satisfying Eq.
(1.7, g=EY,, defined by Eq. (2.30), is in X,

The only remaining detail is to show that the solution
¥ is in X for each x, rather than in X;. We shall verify
this in Sec. 3.

3. REFORMULATION OF THE SOLUTION
Combining Egs. (2.11), (2.17), and (2.18), we obtain

the following expression for ¥:
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. _1 exp(—x/X)
U, 1, E)—m.f; N o (B) L& B
+ XY, 1, BN, 3.1
From Eq. (2.30) we get
1 —x/N)
ﬁ: j;‘*‘ %g(u’ E) dr= wo(“’ E) exp[_ d(x’ IJ‘, E)]a
(3.2)
where
xo(B)/1, 0<p<l,
d{x, 4, E) = (3.3)
+o, —1<pu<0,

Here d(x, i, E) is the optical distance an uncollided neu-
tron must travel to reach the point x, travelling in the
“direction” u with energy E. Thus, Eq. (3.2) describes
the uncollided neutron flux.

Also, from Eq. (2.29) we get
1 exp{- x/\)

— SAPANT A/ -l
i p+>\—u/ot(E)X (A v(x, 1, E) dx

By 1
:f f H(W, E' ~x, i, EVpo(', By di’ dE”,  (3.4)
o 0

where

H(p' E'=x, u, E)
exp(~ x/N

’ 1 .
= 4o (E) {ﬁ—z fp 2o, (E) — kAo, (BN - 1’ A7) ‘ﬂ}

’ ? 7
xy (- = ;)0(“ , £ ”“’E).
Ut(E ) 0.(E)
(X! and §* act on the unprimed variables & and E.)
Equation (3. 4) describes the collided neutron flux. H

is a regular Green’s function describing the collided
flux at (v, 4, E) due to the incident flux at (0, ', £").

Combining Egs. (3.1), (3.2), and (3.4), we obtain
B(x, 1, B) =dg(p, E) expl-d(x, i, £)]

{(3.5)

N ﬁ)Em fol H(IJ.I,E’—’X, I, E)ZIJO(IJ',E,) d“IdEI‘
(3.6)

Using this form for ¢ and Eq. (3.5), it is now simple
to show that e X for ¥, satisfying Eq. (1.7).

4. THE SPECTRUM OF K

We have already determined, by inspection of Eq.
(2.10), that the line segment [ X, X,] is contained in
the spectrum of K, and that the remaining spectrum
consists at most of those values of X for which A™()
fails to exist as a bounded operator mapping X into X.
In the following theorems, we shall investigate the
singularities of A7 (A).

Theorem 1: If Ae o(K), then Xe o(K).

Proof: Let A e o(K) with A& [= Ag, o). Then A(N): X =X
is not invertible, and so either A(A)¢ =0 for some ¢

€X, or AXYZX ' 1f A(MN¢ =0, then by Eq. (2.6)
AR =0, and if AMXTX, then ANX =ANX = ANX
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& X . In either case, A(}) is not invertible, and so h
e o(K). Q.E.D.

Theovem 2: Let scattering be rotationally invariant.
If Aec o(K), then also — 2 e a(K).

Proof: Let Ac oK) with A¢[- X, A¢]. Then, as above,
we have either A(M)¢ =0 for some ¢ ¢ X, or ANXIX,
Let us define M: X - X by Mf(4, E) =f(- y, £). Then
using Eqgs. (2.8), {2.1), and (1.6}, we may derive the
identity A(— )M =MAN).

It AN =0, then A(= N (M¢) =M[A(N)¢]=0, and if
A(NXZX, then A(~ VX = A(- VMX = MA(NXZ X, In
either case, A(-2) is not invertible on X, and so — A
€ o(K). Q.E.D.

Theorems 1 and 2 show that for rotationally invariant
scattering, o(X) is symmetric across both the Re and
ImX axes. The following theorem provides a useful es-
timate on the location of o(X); this theorem is valid
whether scattering is rotationally invariant or not:

Theovem 3: Let ¢ =IICll, Then for |ReXl € Xy, oK) is
restricted to the set
|1m>«|s(1—-—i—g)m|ReAl, |ReA| < Ay, (4.1a)
and for A< |Rerl € 2/(1-¢), oK) is restricted to the
following sets:

Py p3 e
(Reui%c—g) +(Im>\)2s(l~_°c7> ,

X< IRer| <20
l1-c¢
(4. 1b)
There are no values of A in o(K) satisfying |ReX| > xy/

(1-¢). [Thus o(K) is contained on and within the curve
I'(c), sketched in Fig. 1.]

Proof: 1t suffices to show that for A outside of the sets
(4.1), A(}) is invertible. To do this, let us consider
Eq. (2.8).

AN A, EY =[1 - CM(N ] Ak, E),

where

M(u, E)
A= 1/g (E)"

Then A(}) is invertible if ICM(A\)1 <1,

MMk, £) =

But M(}) is simply a scalar multiplication operator,
and therefore

cA
CMM)| <cllM{M]] = ‘
IeMMll <M= sup |57
0SE<E ,

Thus A()) is invertible for A satisfying

ch

o u/ct(E)( <1, (4.2)

sup
Jdsp s
0sE<E

The complement of the set (4.2) is easily shown to be
the union of the sets (4.1), and therefore o(K) is con-
tained in this union. Q.E.D.

In Fig. 1, T'(c¢) consists of the lines ImA =z (ReM¢/
(1-c®''2 for - Ay<ReX< Xy, and of the circles

A 2 2 A \?
ReAtT-Ez + (ImA)° = '{TCg

for A< [ReXl < Ay/(1-c¢). These curves intersect for
ReX =4+ A;, and at the points of intersection they are
tangent.

An upper bound on ¢=Cl is given in Eq. (2.2). Using
this expression the curve I'(¢c) can be determined, there-
by explicitly locating the portion of the complex plane
containing o(K).

The next theorem concerns the nature of the spectrum
of K within the set described in Theorem 3. To prove
this theorem, we must assume that C: X~ X is a com-
pact (i.e., completely continuous) operator. While this
assumption is not true in general, it is true for certain
real physical problems, and it is always true for multi-
group problems with degenerate anisotropic scattering.

Theorem 4: Let C: X ~X be compact. Then in any
closed subset of the complex plane which excludes the

tmx
A
iy g}
-Ao -Ao ho Ao FIG. 1. The contours I'*, T,
= o o s e Rex  and the curve T'{c). [o(K) is
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contained in the region bounded
by I'(e). ]
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interval [~ Aj, A], the spectrum of K consists of dis-
crete, isolated, point eigenvalues having finite
multiplicity.

Proof: Let S be any closed subset of the complex
plane excluding the interval [- Xy, X;]. Then the operator
CN()): X ~X is a compact operator-valued function,
analytic in S. Furtheremore, /- CN(*)=/~C is in-
vertible. Therefore, by a theorem of Gohberg, 2 A(})
=1-CN(}) is invertible for all Ae S except possibly for
certain exceptional discrete, isolated * values, A,. For
any “exceptional” point X, zero is a point eigenvalue of
A()) with finite multiplicity. Therefore, A, is a point
eigenvalue of K with finite multiplicity. Q.E.D.

We note that Theorem 4 does not exclude the possi-
bility that an infinite sequence of point eigenvalues of
K exists. However, such a sequence would, by neces-
sity, “converge” to the interval [- Ay, Ao].

Finally, we discuss some results of Kuséer and
Vidav® pertaining to kernels o(i’, E’ ~ &, E) which can
be symmetrized, e.g., which satisfy the detailed
balance relation. For such scattering kernels, and in
the context of an L, rather than an L, space, Kuscer
and Vidav have shown that the spectrum of X lies com-
pletely on the real line. If, in addition, C is compact—
in the L, space—then the “largest” eigenvalues + X; of
K are real and have geometrical multiplicity one with
corresponding eigenfunctions ¢ {( &, £) which are
positive.

These results have not been proved in Ly or for gen-
eral scattering kernels. Consideration of such problems,
however, is beyond the scope of this paper.

5. THE MILNE PROBLEM

The solution of the classical Milne problem® can be
constructed using the results of Sec. 2, provided K has
a point eigenvalue — A, which is real, negative, less
than the real part of any other spectral point of K, and
corresponding to which is an eigenfunction ¢ (i, E).
(The existence of — Ay and ¢, is discussed in Sec. 4.)
Then the solution of the Milne problem is

B(x, 1, B) =ale (1, E) explx/Ag) + (¥, 1, B)],  (5.1)
where a is an arbitrary positive constant and ¥, is the
solution of problem (1.1)~(1. 3) with % (0, i, £) = ¥y(4, E)
= ¢.>.0(li, E),

6. SOURCE PROBLEMS

In this section we shall construct a particular solu-
tion of the equation

9
22, 1, B) +0,(BYU(, i, E)
E, 1
-J [ otu' B Byt w, BV aw e’
0 A

=q(x, 1, B}, a<x<b. (6.1)

Here —- ©<a,b<+%; also ge X and yc X for every
xe (a, b).
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If we define

1
(]0(1’, IJ’; E):Eq(x, M, E), (62)
then g, < X; for each x, and so as in Sec. 2 we may re-
write Eq. (6.1) as
a<x<b,

Kﬂ+ b=Kgq,, (6.3)

dx

By analogy to Eq. (2.11), we shall construct a solution
of Eq. (6.3) of the form

1

=5 (6.4)

B(x, u, E) f (M - K)tg(x, x; u, E) dX.
r

The above contour £ =["*U ['~ encloses o(K); see Fig. 1.

Introducing Eq. (6.4) into (6.3), we obtain

1 1 (08 _
2 [r (M -K) (A ax+g>d"—Kq°'

This condition is met if g satisfies

)
K'a(_ii+g:)‘40, a<X<bx (6. 53,)
0=limg, a<x<b. (6. 5b)
et

The general solution of Eqs. (6.5) is

glx, A, i, E)

g,(1, E) expl(a - x)/\]+ fx E)M;———M

a

qu(x’, u" E) dx” Re?\ B Oy

&(k, E) expl(b - x)/2]+ f *_exp[(x): e

Xqolx’, u, EYdx', Rex<0.

(6.6)

Here g, and g, are arbitrary functions which can be used
to satisfy boundary conditions. However, to merely
construct a particular solution of Eq. (6.1), it suffices
to take g, =g, =0. This particular sclution is then ex-
plicitly given by Eqgs. (6.4) and (6.6), and can be re-
written as

! 1 ) [Fexpl(x’ - x)/A]
w(A’“’E):Zﬂz'[r+(M'K) {[ by

Xqo(v’, 1, E) dx'}dh
1 (M - K)™ {/b expl(x’ - x)/2]
r- x

T om X

Xqolx’, &, E) dx'}d)\. (6.7
As we did in Sec. 2, we could reformulate ¥ into a more
physically meaningful form, but for brevity we shall not
do this here.

We note that the above results apply to both full and
half-space problems. For the full space problem one
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takes @ =~ = and b=+, and for the x > 0 half-space
problem one takes =0 and b =+,

For full-space problems with sources at finite x and
at ¥ =+% or - ©, one can add to Eq. {6.7) Milne-type
terms, which grow exponentially as x ~+*® or -, to
represent the effect of the infinite-range sources for
finite x. [Such a term, which grows exponentially as
x=+%, occurs in Eq. (5.1).] For half-space (0 <x
<I=) problems with sources at finite x and at x =+, an
exponentially growing Milne-type term of the type in
Eq. (5.1) can be added to Eq. (6.7 to represent the
source at ¥ =+, To satisfy the boundary condition for
such problems at x=0, a solution of the type derived in
Sec. 2 for the homogeneous half-space problem {1.1)—
(1. 3)—but with a modified boundary condition (1.2)—
must be added to Eq. (6.7); such solutions are of course
implicit in the function g,, which we ignored in deriving
Eq. (6.7) from (6.8).

In order that the representation (6.7) be defined, it is
necessary that the terms in wavy brackets be elements
of X, for each v e {a, b]. This follows if ¢{x, &, E) is not
only an element of X for each x, but also satisfies

Hgll(x) ~ @ ~ =, xc(a,b) (6.8)

and
(6.9)

Here !l Ui is just the X norm, defined in Eq. (1.8). Con-
dition (6.9) is a technical condition, but (6.8) states
physically that the total reaction rate for the source
neutrons, per unit cross sectional area, is finite for
each x and bounded by the positive constant @.

Hgll(x) is locally integrable in x.

7. ONE-GROUP, ISOTROPIC SCATTERING

In Secs. 2 and 3, we constructed the solution of prob-
lem (1.1)—=(1.3) in terms of the contour integral repre-
sentation (2. 11). The major difficulty in carrying out
this construction is the factorization of the operator
A(Y), which we recall occurs in Eq. (2.10).

However, by Eq. (2.10), we see that A(}) acts only
on functions which lie in R(C), the range of the operator
C. Furthermore, by Eq. (2.8), A(}): R(C) - R(C).
Hence, in the enfive analysis of this paper, we may
replace A(}) and A™(}) by their restrictions to the sub-
space R(C)C X. The utility of this is, as we mentioned
in the Introduction, that if R(C) is finite-dimensional,
then with a suitable change of notation A{}) and A2(x)
can be expressed as matrices whose scalar components
are functions of A. The problem of factoring A(}) is
then reduced to the simpler problem of factoring a
matrix.

As an illustration, we shall consider the transport
problem (1.1)—(1.3) for the case of one-group, iso-
tropic scattering. We may then simply ignore the en-
ergy variable E and take:

o ({Ey=1, ofp',E'~pu Ey=c/2, {7.1a)
1

@rw =5 [ Anraw, (7. 10

Y0, w)=Phy(m), O0<pus1, (7.1c)
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Thus, R(C) is the one-dimensional subspace of constant

functions of 1. If f(4) =a=const, then by Eq. (2.8),
Ac 1 g ’
[A()x)f](,u)_—_a_—z— f_1 Wd#
=AM A1), feR(C). (7.2)
Here
1 du'
A(x -— —_—
=1 2 v

is the usual one-group dispersion function, which has
two real zeroes at + ¥, for 0<c <1.° Thus by Eq. (7.2),
the restriction of A(}) to R(C) is simply a scalar multi-
plication operator.

The operators X () and § () may thus be taken to
multiplication operators. In fact, let us define the
scalar function X(}) by

)1 /2 exp 1 ! In
2m 0

Then X () is both analytic and invertible everywhere
except for the cut [0, 1] and the point A=v,, and A(})

XM =(1-

A(s) ds
A(s) s~ A

=X(M)X(- X). (See Ref. 5.) We may therefore define
X)) =X()f(R), Fe R(C), (7.3a)
[N N() =X(- NAw), feR(C), (7.3b)

and then Eq. (2.186) is satisfied.

Using the above results, we may now explicitly write
the solution of the one-group transport problem (1.1)—
(1.3), (7.1). This solution is, by Eqs. (3.6), (3.5), and
(3.3),

Plx, 1Y = ol ) expl- dlx, 1)+ ‘[OIH(u’-—x, W(u" dp’.
Here we have introduced (7.4)
d(x, 1) {X/“: 0<usi,
X, L) =
+co’ _ls“<0’ (7.5)
and
_ _w exp{—x/N 1 1
B =% W =a0 § . O 0= B XV R
(7.8
Furthermore, by Egs. (2.30)—(2.32),
90, )= ZX(IJ-) [0 X 1) u%(u ydu’,
-1su<Q, (7.7)

Equations (7.4)—(7.7) agree with the results of Ref.
11. [Note however that Eq. (4.9) of Ref. 11 is in error;
this equation should be identical to the present Eq.
(7.7).]

If R(C) is not one-dimensional but rather is finite
dimensional, then as indicated above, the operator A{A)
may be reduced to a matrix A(}) by a suitable change
of notation. This situation is treated in detail in Ref.
12 for the general problem of multigroup, degenerate
anisotropic scattering.
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8. DISCUSSION

We shall now discuss a few aspects of the above an-
alysis. The two primary features of the present work
are:

(1) We use a completely general scattering operator,
assuming only the subcriticality condition, Eq. (1.5).

(2) We use a physically motivated Banach space [L,
with respect to 4 and E with a 0,(E) weight] as a setting
for our analysis.

Previous studies of the transport problem (1.1)—(1.3)
have employed simplified scattering operators (degen-
erate anisotropic, multigroup, etc.) and have often
been carried out with the assumption of Hilder conti-
nuous or L, integrable functions. Our analysis avoids
these simplifications, and arrives at a representation
of the neutron flux P(x, 4, E) for all of the classical
plane geometry transport problems: the half-space
albedo and Milne problems, the half-space with a
source, and the infinite medium with a source. We have
also obtained bounds on the spectrum of the reduced
transport operator K (see Fig, 1) for a completely gen-
eral scattering model.

Our analysis has been carried out in a physically moti-

vated Banach space setting. We have provided complete
justification for various mathematical manipulations
when that could be done without excessive detail. In or-

der to avoid losing sight of the main ideas we have some-
times used formal arguments, such as in the interchange

of integration and differentiation in deriving Eq. (2.12).
However, we believe that these technical details are
minor and have not included proofs in our presentation.

The main result of our analysis, the representation of
the neutron flux as a contour integral, has the same form
as has been obtained for simpler scattering models, !
The curve I'" can be replaced by individual contours
enclosing disjoint parts of the spectrum of K lying in
the right-half-plane. The result, in general, is a con-
tribution from the line [0, A,] which occurs for all scat-
tering models, and contributions from the remaining
singularities of A*(A), For various simplified scattering
models, ! *? these singularities are known to be isolated
point eigenvalues of K. However, we cannot rule out
the possibility that for general scattering models, resi-
dual spectra or additional continuous spectra might
arise from certain singularities of A(}).

The relationship between the contour integral method
employed in this paper and the singular eigenfunction
method is thoroughly discussed in Ref. 11, and can
quickly be described by considering the solution (7.4)—
(7. 6) of the one-group, isotropic scattering transport
problem. To derive the singular eigenfunction form of
the solution, we may rewrite H in Eq. (7.6) by collaps-
ing the contour I'" about the line segment [0, 1] and the
simple pole A=v,. Then we may derive the singular
eigenfunction solution by interchanging certain singular
integrations and making use of the Poincaré—Bertrand
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formula.!® To do this, however, we must require
Lipp(K) to be Holder continuous [or, using additional an-
alysis, to be L, integrable for p > 1%}, Thus, while the
singular eigenfunction solution is perhaps more elegant
than the contour integral solution, it is also more re-
strictive; the boundary data ¢; must satisfy unphysical
smoothness conditions for the singular eigenfunction
solution to exist.

The present analysis is restricted to subcritical
media, but we hope to treat the critical half-space
problem in a future paper. Aside from its general in-
terest, the solution of this problem is necessary to de-
termine asymptotic boundary layers and the boundary
conditions to the asymptotic diffusion equation for large,
three-dimensional, nearly-critical media .~

ACKNOWLEDGMENTS

This research was supported by the United States
Energy Research and Development Administration un-
der contract E(45-1)1830, and by the Air Force Office
of Scientific Research under contract 76-3076. Part of
this research was performed at Courant Institute, and
part at Battelle Laboratories. The authors wish to
thank these institutions for their hospitality.

1G.1. Bell and S. Glasstone, Nuclear Reactor Theory (Van
Nostrand, New York, 1970).

IN,J. McCormick and I. Kudder, J. Math, Phys. 7, 2036
(1966).

3E. Hopf, Mathematical Problems of Radiative Equilibrium
(Cambridge U.P., Cambridge, 1933).

4B, Davison, Neutvon Transport Theory (Oxford U.P.,
Oxford, 1957).

SK.M. Case and P.F. Zweifel, Linear Transport Theory
(Addison-Wesley, Reading, Massachusetts, 1967).

®N.J. McCormick and I. Kuséer, Adv. Nucl. Sci, Tech. 7.
181 (1973).

M. Ribarie, “Functional-Analytic Concepts and Structures of
Neutron Transport Theory,”’ Slovene Academy of Sciences
and Arts, Ljubljana, Yugoslavia (1973). Transport problems
can also be considered in spaces of measures. See, for ex-
ample, A. Sudaholc and 1. Vidav, Math. Balkanica 3, 514
(1973).

8E. W, Larsen and G.J. Habetler, Commun, Pure Appl. Math,
26, 525 (1973); E.W. Larsen, Commun. Pure Appl. Math,
27, 523 (1974).

%S, Sancaktar, Trans. Theor. Stat. Phys. 4, 71 (1975).

1R, L. Bowden, S. Sancaktar, and P.F. Zweifel, J. Math.
Phys. 17, 76, 82 (1976).

g, W, Larsen, Commun, Pure Appl. Math. 28, 729 (1975).

E,w,. Larsen and P.F. Zweifel, J. Math. Phys. 17, 1812
(1976).

¥, W, Larsen and P, F, Zweifel, SIAM J. Appl. Math. 30,
732 (1976),

W w. Mullikin, Trans. Theor. Stat. Phys. 4, 215 (1973).

15D, Victory, thesis, Purdue University (1974).

18R, L. Bowden, P.F. Zweifel, and R, Menikoff, J, Math,
Phys. 17, 1722 (1976). See also R, L. Bowden and P, F,
Zweifel, “A Banach space analysis of the Chandrasekhar H-
equation,” Astrophys. J., to appear.

Alan G. Gibbs and Edward W. Larsen 2006



17C, T. Kelley, J. Math, Phys. 18, 764 (1977). 2E,W. Larsen, S. Sancaktar, and P.F. Zweifel, J. Math.

18N, I. Muskhelishvili, Singulay Imtegral Equations (Noordhoff, Phys. 16, 1117 (1975).

Groningen, 1953). BE,W. Larsen and J. B. Keller, J. Math. Phys. 15, 75
BALE. Taylor, Introduction to Functional Analysis (Wiley, (1974).

New York, 1967). E, W, Larsen and J. D’ Arruda, Phys. Rev. A 13, 1933
201, C. Gohberg and M.G. Krein, Introduction to the Theory (1976).

of Linear Non-Self-Adjoint Operators (Am. Math, Soc., ®E.W. Larsen, “Asymptotic theory of the linear transport

Providence, 1969), p. 21. equation for small mean free paths, II, >’ SIAM J. Appl.
2y, Kus$der and I Vidav, J. Math. Anal. Appl. 25, 80 (1969). Math., to appear.

2007 J. Math. Phys., Vol. 18, No. 10, October 1977 Alan G. Gibbs and Edward W. Larsen 2007



A Green’s function for a linear equation associated with

solitons
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A linear equation associated with nonlinear wave equations which support solitons is analyzed. A complete
set of solutions of this linear equation is described through the techniques of scattering theory. This set is
used to construct an explicit representation of a Green’s function for perturbation theory. The cases of the
nonlinear Schrédinger and sine-Gordon equations are discussed in some detail.

1. DISCUSSION OF RESULTS

Consider a nonlinear wave equation which supports
solitons,

du+Hu)=0, (1.1)
together with its associated linear equation
L{u)x=23,x+[6Hw)]x=0. (1.2)

Here H(-) is a nonlinear differential operator in one
space dimension, and (1.1) is assumed to admit solution
by the inverse scattering transformation; L(x) denotes
the linearization of 2, + H about #. The two main pur-
poses of this paper are the identification of a complete
set of solutions of (1,2) and the use of this set to rep-
resent a particular Green’s function for equation (1.2).

Associated linear equations such as (1.2) have
appeared in the theoretical literature on the inverse
scattering transform where it has been observed that
both “squared eigenfunctions” and “conserved densities”
satisfy the linear equations. '~ Physically, the
associated linear equations can be interpreted, very
semiclassically, as a meson field which surrounds a
quantum soliton.*~% For this interpretation, consider
a “breather” solution y of the “sine-Gordon” equation

Uy —U =~ Siny.

The “meson field bound to this lump” satisfies
xtt - Xxx: - (COSu)x.

A slight generalization of the material in this paper en-
ables one to display a complete set of solutions for this
“meson field” y. Although we have not used this set for
field theory, we have used it in a study of fluxon—anti-
fluxon annihilation on the Josephson junction transmis-
sion line.? Of course, the linear equation (1.2) is the
first step in any linearized stability analysis,*® and it
is central in the classical perturbation description of
solitons. %*° In fact, as we shall see later, a Green’s
function which naturally arises in classical perturbation
calculations is a particular solution of this associated
linear equation. In each of these areas, a clear
description of the complete family of solutions for the
associated linear equation will be very useful.

We denote the collection of all solutions of (1.2) by

#)Supported in part by NSF Grant MPS75-07621.
b)Supported in part by NSF Grant MPS75-07530.
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N[L ()], the null space of the linear operator L(x). The
standard methods of describing this null space begin
with the assumption that y is a traveling wave,!' which
in our case is a single soliton, *%1° In this special
instance, ux depends upon space and time only through
the combination x - ¢c¢. This simplification permits,
after translation of coordinates, the reduction of Eq.
(1.2) to ordinary differential equations by separation

of variables.*® Such methods are restricted to travel-
ing waveforms.

In this paper, by combining classical methods with
very recent results in inverse scattering theory, we
present an explicit description of the entire null space
N[L ()] which is valid for any solution » of (1.1).
Specifically, we use scattering theory to describe a
complete set of solutions of (1.2), that is, a set of
solutions which spans N[L{x)]. The existence of an
explicit characterization of this basis is another of the
remarkable properties of nonlinear wave equations which
are solved by inverse scattering methods.

This work can be summarized in very general terms.
Consider a solution » of (1.1) which depends upon a
free parameter A, that is, a parameter which does not
appear in the nonlinear wave equation itself. Clearly,
d,u belongs to the null space N[L(«)]. Frequently, when
working with partial differential equations, this observa-
tion is not particularly useful because too few
parameters are explicitly available to yield a basis for
the null space. However, for the exceptional cases
which are rendered completely integrable by the inverse
scattering transform, the initial values of the scattering
data provide enough explicit parameters to generate a
basis for N[L()]. It turns out that this basis consists
of (appropriately normalized) squared eigenfunctions
of inverse scattering theory.!®

Our study emphasizes several important aspects of
the null space. First, N[L ()] consists of two distinct
components which we call the “discrete” and “contin -
uous” subspaces. The discrete subspace is associated
with the N-soliton components of the wave y and is
finite dimensional, while the continuous subspace is
associated with the continuous spectrum in the inverse
scattering transform and is infinite dimensional. This
structure of N[L(x)] is at the heart of our study of
perturbations of solitons.® Second, the derivation
emphasizes formal connections between the associated
linear problem (1.2) and the theory of inverse scatter-
ing. In fact, the reason that (appropriately normalized)
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squared eigenfunctions solve (1.2) and the origin of the
specific normalization are clearly identified in this
paper.

One important use of the basis for N[L ()] is the
constructuion of a Green’s function of regular perturba-
tion theory. Consider a slight perturbation of the non-

linear wave equation (1.1):
atu+H(u)=gF(u), 0<e«1, (1.3)

and seek a regular expansion of the form u =u, +eu,
+ees, With y =y, at =0, the first order correction
u, satisfies the initial value problem

(L () les = 8,0, + [6H o)y = Flu),

1=, (1.4)
and admits a representation of the form

uy= [1 G, ) Flugt)]ar, (1.5)
where the Green’s operator (function) G satisfies

Lug)G=23,G+[6H(u,(t))]G=0, 0<y¢ <y, 0.6)

limG(t,#) =1.

t=t

Since G is a particular solution of (1.2), it can be
represented in terms of the basis of squared eigenfunc-
tions. This expansion provides a new use of squared
eigenfunctions. The representation of the Green’s func-
tion G, together with the structure of the null space
N[L ()], provides the first step, and indeed the crucial
step, in a perturbation theory for solitons. It remains
to use this representation of G to identify secular terms
in the regular perturbation expansion and to remove
these secularities by modulating the parameters in the
unperturbed waveform.®

In this paper we restrict our attention to the nonlinear
SchrSdinger equation and to the sine—Gordon equation
in characteristic coordinates. However, our methods
easily extend to the wide class of evolution equations
solved in Ref, 14.

2. THE NONLINEAR SCHRODINGER CASE

Consider the nonlinear Schrodinger equation

(~ia,+a_+2|r|")r=0, @.1)
and its associated linear equation
[L®)]x=[-d0o0, + H(r)x=0, (2.2)

where it is convenient to consider (2.1) as a system for
a vector with components » and #*; the matrix operator
h is given by

{
d+4lri2 | 292

P\ TR T E AR )

and ¢, denotes one of the Pauli spin matrices,

01 0 ¢ 1 0
141 , 02 y 03=

10 -7 0 0 -1

Al
L

In this case the Green’s function is a matrix G(x, ¢ x’,#')
which is defined by the final value problem in (x’,¢):
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[- 032, + hy(r)]G(x,t| 2, £') =0,

(2.3a)
VX,JC’E (_°°;°°), Vic (O,t):

}}glG(x,tlx',t’):—iosé(x—x’). (2.3b)

Here

hoGlx, t|x",¢")

Glx,t|x,¢).

The solution of the inhomogeneous equation
[-i03d, + h(r)]r,=f, r,(t=0)=0,

is then given by
r, 0= [ 16t 0] 1 ) avar

where  denotes the Hermitian conjugate. Each column
of the Green’s matrix belongs to the null space N[L{r)].

The analysis of this null space follows from the direct
scattering theory of the linear eigenvalue problem—1°

(ax+ ig)'Ul = Qus,
(ax—i§)02=va, _°°<x<°°,

where R =~ @* =». The scattering data S, for this linear
system is defined as

S.:S.Ust’
S,={0,(8), Ec(~o,) ¢,,7;, 7=1,2,...,N}, (2.4)

where p, denotes a reflection coefficient, {¢,} denotes
the discrete eigenvalues, {y;} the normalization of the
discrete eigenfunctions, and S* consists of the complex
conjugates of S,. This notation is now fairly standard;
it is summarized in the Appendix,

The foundation of the inverse scattering method is the
map between r and the scattering data §,. At any fixed
time ¢, this map is one-to-one and invertible. The
evolution of r in ¢ induces an equivalent temporal
evolution of §,. In particular, when r solves the non-
linear Schroedinger equation, the temporal behavior
of the scattering data is given explicitly by!% 14,16

5,8 ={p,(£,1)=exp{4it?t)p,(£,0);

(2.5)
¢,(6)=¢,(0), v;(t)=exp(4i£it) v;(0)}.
Since the map from r to §, is invertible, knowledge of
S5.(8) is equivalent to knowledge of r(-,¢).

The main point of the preceding paragraph is that any
solution of the nonlinear Schrddinger equation is param-
etrized by its scattering data at =0, The variation of
r with respect to each one of these parameters will
provide a member of the null space of L. That is, the
set

or(x,t) _Jor(x,t) , orlx,t) (= 0, w): orlx,t)
85,(+,t=0) |6p,(£,0) 5p,(£,0) fel==, ' 6¢,(6=0)
6r(x,¢)  orlx,t) = or(x,t)

3 = i=1,2, e0n i
6Z,(t=0)" 5y3(t=0) sy;:=0)" 7= ,N (2.6)
provides an infinite number of solutions of (2. 3a).
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TABLE I
srx,t) or(x, )
50, €, D op, &, D
“lowl, 8 Viclo,m)  LoF 50 Vic(-w,),
srix,t) . {d i Srix,t) _ o= f(d = .
5L, =‘2“/f°“(d7;'1'°"t’§>‘j G708 ‘"271"2<E‘I’ ‘”’t’§>?j
or(x, 1) Srix,t)
W*—Zcz‘l’(xtﬂ —W——Zoz\ll(xtg)
Srix,t) Srix,t)
Bp-(E, B 6p_{&, )
=-luag bt EC(w,w), 340,40 EC(cw,w),
i
srix, ) d sree,t) . —fd )
B <4z“ e “’) ‘ac',.t)“z%(z“”‘”’“}sj
I VN or(x, 1)
-SWE_T 24 (x,t,gj) W 2604 (x, ),’L')

Moreover, this set consists of two distinct types of
members—continuous and discrete components.

It is convenient to introduce an additional set of
scattering data §_ which is equivalent to §,. (The origin
of the + subscripts is that the reflection coefficient p,
is defined at x =+ «, while p_ is defined at x= — )
This scattering data is given by

§.=s.Us.,
S_E{p_(f;'), te ("'°°;°°):§j; 7;y i=1,2,.. !A7}5

where the exact definitions are given in the Appendix.
Under the nonlinear Schrdodinger flow, the temporal
evolution of §_is given by

S.(N={p.(&, ) =exp(- 4iE%)p_(&,0):
£, =¢,(0), ¥;(t)=exp(-4it5)v;(0)}.

J

(2.7a)

(2.7)

The variation of r with respect to §_{t=0) provides
another infinite set of solutions of (2. 3a). The realiza-
tion that either of these sets is complete follows after
the variations of r are expressed in terms of “squared
eigenfunctions,”

Uilx, £:8)
¥lx,t8)= .

FA{x,:8) = —io¥{x, 128),

B Wlx, 158
F(x,50)= _
i, £:8) /.

TA(x, £58) = = ioy% {x, 1),

Here (y,,¢,) and (,, ¢,) denote the components of the
eigenvectors ¢ and 3, which are defined in the Appendix.
Table I, which expresses 6r(x,t)/565,(¢) in terms of
these squared eigenfunctions, was obtained by Newell'":
analogous expressions for the direct scattering theory
of the linear Schroedinger equation may pe found in Ref.
18, where they were obtained by a somewhat different
method.

The infinite collection of members of the null space
of L[r] can now be expressed in terms of squared
eigenfunctions using Table I, the chain rule, and the
temporal evolution of the scattering data. For example,
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orix, ) _orle, ) Bp g, D) . orix,t)
68.(£,0) 7 6p_(£,0) 6p_(E,0) 6p_(&,2)
:—%exp(—‘li&zl)\ll"(x,l:&). (2.8)

Thus, the squared eigenfunction ¥4, when multiplied by
the factor exp(- 4:£%), is a solution of the linearized
equation (2.3a). Gardner, Greene, Kruskal, and Miura*®
note an analogous result for the Korteweg—de Vries
equation. We believe that our derivation emphasizes
the true significance of their observations about solu-
tions of “associated linear problems.” For example,
the multiplicative factor exp(-4:£3¢) naturally arises
from the conversion of variations with respect o the
parameters §_(0) into variations with respect to the
functions of time §_(¢).

In this manner the infinite collections &r(x, ¢)/
85,(*,¢=0), which belong to N[L(r}], can be expressed
in terms of squared eigenfunctions. Since Kaup'? has
established the completeness of the squared eigenfunc-
tions, we have, for each fixed ¢ as functions of x, two
complete sets of solutions, Either of these sets will
span N[L{r)}]. The actual completeness relation is given
k))/lz

10 no_ L f 1 - .
(0 1)6(x—x )=-1 fc O YA GO G GO 2

1 1 - . NI .
+;fcbm*‘(x,t‘w[sv(»,t.;)]wc, (2.9)

where the contours of integration run from — e to «
along the real ¢ axis, the first (Ca) indented above all
zeros of a(t), the second (C,) below all zeros of a(¢).

Finally, we derive a representation of the Green’s
function G in terms of this basis of N[L(x)]. First,
we seek G in the form

orix’, i

G(x,t{x’,t’):IW)AT(X,éii)UgdC

or(x’,¢) =T ]
+fmA (x,;£) 0, dt, (2.10)

where the expansion coefficients A and A are column
vectors to be found. Notice that this formula is a linear
combination of members of N[L(r)]; hence, it certainly
solves (2. 3a) as a function of (x’,7’). The expansion
coefficients A and A must be selected to satisfy the final
data (2. 3b). Using this data lim ,,,G = - {o,] yields

12481

((1) (1))5(9( x'}=- ;f‘l"‘(x L) exp(- 4L AT (x, t:8) dt

+§[$A(x"i?§)exp(4i§zt) A7, 10 de,
’ (2.11)

where we have expressed the variations in terms of
squared eigenfunctions. Comparison of (2.11) with (2.9)
shows

A(x,t:§)={—iexp(4i§2t)/[a(C) ¥ (x, :8),
Alx, t:6)={- i exp(= 4ig*1) /(@O P} (x, t:0).

Using these expansion coefficients, we obtain the follow-
ing equivalent representations of G:
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;oY 1 Gr(xf,t')) 6r(x,t)>T
Glx,t|x",t)) = dm [[a(c>]2(as_(c,0) (63*(&0) *

a

] 1 for(x, )\ or(x, )\ ,,.
“"fcb [a(c)r(ag_(c,o>>(as,<;,0)> "f?: 122)

Glx,t|x',¢t")

i fexpl~4®W=]sarr oV gT(o 4
—-1 [ WDV Dot

_ife"" G = DI Ga (0 p20) BT (x, 138) 03 dE;
mJc fa(eN
(2.12b)

Glx,t| %', t)=G (x,t|x", ')+ Gylx, t| ', 1),
where

G lx,t|x' )

i exp[= %W =] ar s VT g
_ﬂ/‘ T2 @) WA, ¢ 00T (x, t:8) 05 dE

_lf eXp[+4z£2(t’_t) “I—,A(X, f’&)I’T(x tg)o' d&
rJ . a(e)ff v et
and

G,(x,t|x",¢")

1 d 3 VAT .
:22;{[—&;? E(exp[—%tz(t'—-t)]‘l"(x AT O, 618D O

~ (i exel- 44— D] ¥R G 15 £) 07, 28, oy
H

_I___d_ pe2( 1 TA(! 41+ T . -
+[a_;]2 T (exp[+ 4ig*(t' = )] AL, 1: 0¥ (x, ;0D O

- [—‘;‘;—]—Sexp[ﬂff(t'— D]FA G, 758 T (x, 58 )03}. (2.12¢)

We have listed representation (2. 12a) because it is
most apparent from this form that G solves the
linearized equation (2. 3a) in (x’,#’) and that G' solves
the same equation in (x,¢). When displaying the final
data as ¢’ ¢, representation (2.12b) is most useful as
our derivation indicates. Representation (2.12c) is the
most useful in the actual perturbation calculations. *
Notice in particular the separation into discrete and
continuous components. Finally, we remark that when
r is a pure N-soliton solution, explicit representations
for both the discrete and continuous squared eigenfunc-
tions exist.®

3. SINE-GORDON CASE

Consider the sine—Gordon equation in characteristic
coordinates,

9, -siné =0, 20, —w<y<+w, (3.1a)
subject to the data

Elx,t=0)=given Vx< -+,

E(+ o, t)=given V>0,

The initial data is constrained to approach an integer
multiple of (27) as x — . In this case, the solution of
the inhomogeneous equation
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3,61 - [cosé L E =T, (3.2a)

Elx,t=0)=0 ¥x< +o,

Exlx=+,0)=0 ¥i>0 (3.2b)
is given by

Ee, = [0 [T 6t ) 1) dx (3.3)
where the Green’s function G is defined by

{8, ~cos[EW, NG x, tx, 1) =0,

Osp<y, —o<y,x"' <o, (3.4a)

1imG(x,t‘x’,t’)=0,

o (3. 4b)

}Il.l;n 8,Glx,t|x ") ==8(x —x").

Moreover, it follows from equations (3.2) and (3. 3) that,
as a function of (x,#), G must satisfy

{a,, — cos[&(x, DG (x, t|x’,¢)=0,

Osp<t, —o<yx,x/<w, (3.5a)
1i.r£}G(x,t‘x’,t’):0,
"' (3.5b)
%i{p 3,Glx,t|x",#")=08(x - x).

All three characteristic problems (3.2), (3.4), (3.5) are
depicted in Fig. 1.

In order to construct the Green’s function G we must
study the null space of the linear operator L =2, —cosé,
where ¢ is a fixed solution of the sine—Gordon equation.
As in the nonlinear Schrodinger case, we use methods
from scattering theory. The same eigenvalue problem
applies with Q=-R=-3¢ .

RN
IOy
OO
AN
A'A’A'A‘A’AA

¢
()

XXX KX KRN
'0'0‘0'0’0‘0’0’0’0'0’0’0’0’0‘0:‘?:':’0'0": o
OO XXX IR
R rd
RN

AN

(7
S8 XN

RN

‘;‘G‘s - 8(x-x)
by X v .

KR BRI XX RN

I O A TN eo
XXX A BRI
[ . 4

AN
RN

G230k -x) A

NS
RIS o
KNG

x3i100 X

)
FIG. 1. Characteristic problems for &, G¢,°1x”,#),
Glx,tl°,*). Solutions sought in shaded regions.
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TABLE II.
6E eyt 2 _ 0beti,t) | 24 (o pir)
m=;‘1'-(x,f>£) 5o, D 7
8t 4
Walol) _siworr) oyl )
1
8¢ (x,8) .d 6l e, ) . _d
Tor, e a5 ¥t st '_53]%":4% E‘I’-(xst;c}l
g g
6 (x,8) i . 5E (e, ) d _
5P+(§,t;h_'7r_£.\p+(x’t’5) 5p_@,t‘)~;’?¢+(x,t,§)
88 () 2 ) 68 G, )2 ,
6‘)/;‘(1‘) —Cj‘l’q.(xat,gj) 'W)L—— gjtb.‘_(x,t,gj)
86,0, d (Wbt oC(,0_, o d (o0 tE)
56,00 T TN T ey 06,80 @\t e

In this case, as & evolves according to the unper-
turbed sine—Gordon equation, the scattering data
evolves as"

S0 ={p,&,1)=¢it/2p (£,0);

£,()=1£,(0), ¥j(N=exp(-it/2¢ )r;(0)}. (3.6)
As before, §_is equivalent to §, and evolves as

S.(y={p(t,0)=¢tt/%p (£,0):

£, (0 =¢,00), ¥;(1)=exp(it/2¢ )y;(0)}. (3.7)

Finally, in Table IIa, the variations of ch with respect
to the Scattering data are given in terms of'®

O, 0:8) = g5y, ) 2 85y, 120D,

B,(v,1:8)= p3(x, 1:0) £ pFv, 1:0).
Here (y,,,) and (¢,, ¢,) are components of the eigenvec-
tors ¢ and ¢ defined in the Appendix. Moreover, by
using the identities

¢.(x,:0)=(1/2i5)8 @,(x,1:8),

¥ _(x, 110 =(1/2i8) ., (x, 13¢),

which follow directly from the linear eigenvalue problem,
the variations of (Cx may be integrated to yield variations
of £. These are summarized in Table Ilb.

As above, the collection
5 (x, 1) _ &8¢ (x, 1)
58.(+,0) )op.(£,0)

8, ) &, )
6¢,(0) ° éw;(O)"”l’z’ ’N}

constitutes an infinite set of members of the null space
of L. Using Table II and the chain rule, we are lead to
seek the Green’s function in the form

Gl 1], 1) = fo 70 Z0A (e, 156)@ (7, 130D

? EG (_00900);

Clearly G satisfies the linearized equation (3.4a). It
remains to satisfy the data (3.5b). As ¢/, G
approaches —6(x - x),

5 —x")==2i [ tAlx, 50)@ (', 158) dE.

X

(3.8)
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Under symmetries (A2), the resolution of the identity
(2.9) takes the form

((1) §’>5(X—x'):-%£[a—é)-]—2

a

X[WAG!  HO¥T (x, 1:8) + 0,8 AW, 0¥ T (x, 4580, ] dE .

Multiplying from the left by the vector (1.1) yields the
completeness relation

1 1
6y —x ):—;/C‘amlll’(x,ti)@_(x ,he)de.

Comparing (3. 8) with (3. 9) yields
Alx,1:0)={1/2nig[alO) P}¥ (x,4:0),

These expansion coefficients yield the representation of
G:

- P 4r) — Z_TT ¢ 55(-’t’,l‘))<5<f(x’,t'))
G(.\,-[|«\ ,[ )-"' 9 e [a(§)]2 <6p,(§,0) 5p_(§,0) d;;

’ (3.10a)

(3.9)

Gl i) x,10)

1
2ni J¢
a

o

%ﬁt])z/ﬁl@&x,l;ﬁ)@,(x’,l’:t)dg.
(3. 10b)

Finally, notice that the asymptotic conditions

lm ., G=1lim____G=0are indeed satisfied if we define

the contour (C) to follow ¢ =¢+i0" as £~ +w.
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APPENDIX

In this appendix, we summarize our notation for the
direct scattering theory.!*® Consider the eigenvalue
problem

(8, + i), = Qu,,
(8, — i), =Ry, =eo<x<+w.

For real ¢, define two pairs of solutions:

Hlx, ) = ((1)) et plx, b)) = (_Ol)e”" as x ~ — !

w(x,c)z((l))e“"; J(x,é):(é)e'”" as x— + .

For real ¢ the pair (¢, E) consists of linearly independent
solutions as does the pair (y,y). These solutions are
related by

olx, ) =a(OPlx, O+ b(E)lx, £),
D, 0)=—alehlx, O+ (0P, &), Im(g)=0,

The expansion coefficients (a,b,a,b) can be obtained
from the asymptotic behavior

_faglei®>
ol )= <b(§)e""‘ ) ’
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_ (b(&)e""‘ ) as x =+, Im(£)=0.

Ple, 0=\ _Zirypits

The coefficient a{¢) admits an analytic continuation into
the upper half ¢ plane where its only zeros occur at the
bound state eigenvalues £, At these eigenvalues, ¢ and
¢ are linearly dependent,

$lx, Zi)=bill)(x, ci)’
a dependence which defines the normalization constant
b,. Similarly, the coefficient 7(¢) admits a continuation
into the lower half { plane where its only zeros occur
at Z,, and b, is defined by &(x,Z;)=5,3(x,,). Finally,
the symmetry @ = - R* yields the relationships

olx,8)=~io[Cx, *)]*, Im(g)<O,
¥x, ) =—io[elx, t¥)*, Im()<0,
alt)=[ale*)]*, Im(¢)<0, (Al)
5(£)=[b()]*, Im(¢)=0,
t,=¢g,F, b,=[0,1,

while the symmetry @ = - R= - R* yields
Plx,8)=-i0,0(x, - &), Im(L)<0
P, ) =-iolx,-t), Im(f<0
a@)=al-¢), Im()<0 (A2)
() =b(-1¢), Im(z)=0

L,=~-t;, b=-b,
In terms of these quantities the scattering data is defined
by

p(&)=b(&)/ alt), v;=b/a],
pAE)=B(8)/aly), v;=[la)ly;]?,

where a}=(d/dt)a(¢) e,
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We study collections of paths—i.e., unparametrized curves—on a manifold such that through every point
and every direction at that point there passes exactly one path. Among such path structures we
characterize, analytically and in terms of symmetries, those which consist of geodesics of a linear

connection. Examples of nongeodesic path structures are given, and some of the results are interpreted

physically.

An axiomatic approach to the spacetime structure of

general relativity can be based on the following concepts:

a four-dimensional manifold M, a Lorentzian conformal
structure  on M, and a projective structure ” on M
compatible with C.' The points of M are considered as
mathematical images of events in physical spacetime,
the conformal structure represents the causal structure
as indicated in particular by the propagation of light,
and the projective structure represents inertia which,
according to Einstein, is identical with gravity, and
which manifests itself particularly simply in free fall
motions of test particles.

Causal structures per se have been investigated in
detail by several authors.? Similar studies concerning
inertial structures which might lead to a deeper under-
standing of Einstein’s law of inertia seem to be lacking.

The world line of a freely falling neutral test particle
is uniquely determined by one of its event and its direc-
tion at that event. One is, therefore, led to consider
collections of paths—unparametrized curves (see
Sec. 1)—such that given a point p and a direction £ at p,
there is exactly one path going through p in the direction
£. The standard example of such a path structure con-
sists of the paths represented by geodesics of a linear
connection. The question thus arises: How can one
characterize, analytically and geometrically, the geo-
desic path structures among the general ones? One
would like particularly to have characterizations which
can be interpreted physically.

In this paper we shall give one convenient analytic
characterization of geodesic path structures (Theorem 1
in Sec. 3) and two geometrical ones (Theorems 2 and 3
in Sec. 4). According to Theorem 3, Einstein’s law of
inertia (using geodesics to represent free fall world
lines) is equivalent to the statement: The set of free fall
world lines is a path structure with the following
property (of “local isotropy”): The collection of all path
elements passing through an event p is invariant under
a group of local diffeomorphisms which acts transitively
on the set of all bases of the direction space (see Sec.

1) at p. (A path element is an equivalence class of paths
which have a second-order contact at p; intuitively it is
a second-order infinitesimal piece of a path.) So,
roughly speaking, the set of all free fall world lines has
the highest possible degree of local isotropy which a
path structure can possess.

In Secs. 1 and 2 we develop the appropriate concepts
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to deal with path structures. Sections 3 and 4 contain
the main results indicated above, and Sec. 5 gives some
examples of nongeodesic path structures.

1. DIRECTIONS AND PATHS

Let M be a connected, paracompact Hausdorff
manifold of class C* (k= 3) and dimension »n > 2. By T,M
we denote its tangent space at pc M, and by 74: TM —M
its tangent bundle. Every C* curve y: I~ M (ICIR) has a
(canonical) 1ift ¥T: I— TM, which we call a special curve
in TM. The veectors y"(s)e T,r,TM are the tangents to
yT. We call a vector X< T°M a special vector, if it can
be obtained as a tangent vector of a special curve in TM,

If 7x is the differential of 7, and Il; the bundle pro-
jection Il: T —~ TM, then special vectors are char-
acterized by mp«X =1II,X. A special C! vector field X:
TM — T*M is called a differential equation of second
order. Its integral curves are special curves in TM.?

In the sequel we shall specialize the concept of a
“curve in M by requiring: If ¥(s,) =¥(s,} and ¥{s;) =¥(s,},
then there exist open intervals Iy, I, and a smooth,
invertible map p:I; —~ I, such that p{s;)=s, and v,
={yop)ll,. (This excludes self-tangency.)

In many physical applications the parametrization of
a curve is arbitrary or not specified a priori. Therefore,
we need the concept of a path T as a “curve without
parameter” or, more rigorously, as an equivalence
class of curves with nowhere vanishing tangents which
differ only by a parameter transformation.? Each curve
y defines a path y. ¥ is a representative of T, y<TI', if
Z: T.

We call an equivalence class § of vectors X,Y,««+
€ T,M which are proportional, X =AY (A#0), a direction
and write £=X =Y =-+-_, The directions generated by
all vectors of T,M \{0} form the direction space DM
which is isomorphic to IP™!. A path I'=y has a (unique)
direction P(s) at each of its points ¥(s).

The collection of all DM over M forms another fiber
bundle DM with projection 7, and compact fibers D, M.
For every curve y in M with ¥+ 0 there exists a canonical
lift ¥ into DM, defined by

2:I—~DM:s—')'/(s).
We call such curves special curves in DM,

Equivalent curves ¥~y (i.e., curves which represent
the same path I) have equivalent lifts, _'}_/’“L'J.. Therefore,
a path I'=y in M generates a unique path ¥ in DM which
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we denote by T (the lift of T to DM), As before a path
in DM 1is said to be special, if it is the lift of a path in
M.

DM is a C*! manifold, so we can construct the bundles
TDM and DDM =D?M with the respective projections
and ;. Besides I, there is another natural map from
DM to DM which is analogous to Tr«: T°M —TM, It is
obtained as follows. Define

R :TM—DM: X~ X =,
Ry:TDM—~D'M: g~ =%,

and consider the diagram

oM “* M 2 DM
Ry, -
DM

Since any two elements &, &, R;'=, Z< DM, have the
same image under R,ompx, there exists a map 7

=R, emy* >R} as indicated. In close analogy to the defini-
tion of special vectors in T°M we define: = € DM is a
special direction, if

5(2) =1(2).

Special paths in DM have everywhere special directions
directions. Moreover, every special direction field of
class C!,

Z:DM—~ D*M: £— =,

determines unigque maximal special integral paths in
DM and in the original manifold M.

2. PATH STRUCTURES

Definition: A path stvucture (PS) P on M is a set of
paths in M such that for every point p € M and every
direction §{,& D M there exists exactly one maximal
path T'c / which contains p and has the direction £, at
p.

The definition implies that through every point £ € DM
runs exactly one lifted path T of a path T'e /. Moreover,
due to the restriction imposed on “curves in M, ” T has
no self intersections whence we have the following
lemma,

Lemma: A path structure ” on M defines a special
direction field (section of D’M),
Z:DM—D°M: £~ =,,
such that for every path T'c  and every point ¢ on r
T,=Z,.
This lemma enables us to define the differentiability

class of a PS.

Definition: A path structure ) is of class C® if the
corresponding section = is of class C°. We always de-
mand s =1,

Any special C!-direction field over DM determines
special maximal integral paths in DM whose projections
to M satisfy the definitions given above which proves the
following lemma,

Lemma: A special direction field of class C*%, s =1,
defines a C*-path structure on M.
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According to the preceding lemmas there is a one-to-
one correspondence between smooth PS’s and special
direction fields. For the local analytical investigation of
PS’s special direction fields play a role analogous to
that of second order differential equations for systems
of curves,

For the futher analysis of PS’s we describe direction
fields in local coordinates of D*M introduced as follows.
Choose any local coordinate system (x%) for UCM and
use standard coordinates (x°, y®) in TU such that a
vector X € TU is given by

0
X=ya5;71 M

In T?U we also define standard coordinates (x°, y°, u°,
w?) by
0 0 3
— a— b -
X=u 8x°+w a—y;c T°U,
Special vector fields over TU are characterized in these

coordinates by ¥”=u°, so that the most general special
vector field is given by

3 . d
Y ¢ d
X =yt ot 95

with smooth functions f°.

In DU we introduce coordinates (x°, t%) 8=1,...,n-1,
based on (x%, y%), by £8:=y%/y" (for y"#0), If y"=0 we
use equation £:=y%/4 (B=1,...,b=1, b+1,...,n)
with °#0. 77(U) is covered by these n coordinate
neighborhoods. Unless more than one of these patches is
necessary we use the nth one with (¢, £)=(x%, &%),

This procedure can be repeated to obtain coordinates
in DU, In TDU there are standard coordinates (x°, £,
#°, n°) such that

E:u“%, + n"gags e TDU,
To get coordinates in D?U the 2n — 1 quantities (u®, %)
can be divided by one of its nonzero members. However,
it Ze D is a special direction (and only those are of
interest to us), then it turns out that there exists always
one nonzero component of the (¥*). For special directions
only # coordinate patches are required, defined by
yB e n&

U
’ v b=1,...,n.
)

o, 88, 5,09 = (3, 3

b=n will be omitted as before,

Furthermore, a special direction field is character-
ized by £ =pu® whence such a field is completely de-
scribed by n - 1 functions of 2n - 1 variables

v'=g"(x°, £°),

Note that prescribing the functions g” in one coordinate
patch of D®M (the nth one in this case) determines all
the other v3(x°, &),

3. GEODESIC PATH STRUCTURES

The most important PS’s are given by the geodesics
of a linear connection I" on M. (Such connections always
exist since M is paracompact.) In local coordinates the
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geodesics are given as the solutions of the equations
¥ = — [3.x%%°, 1)

These geodesics define a path structure r and a
corresponding direction field =r. In terms of the
coordinates defined above Zr is given by
8 Ly 15 2n et ned

— X X X'X -X

- = (x", 53, E’,v‘s): (xa’ -Fs—’.c—" ’ ——(Txﬁjg-_-)
or, using (1) and putting £": =1,

v® = 25,00 £°£7E", (3)

Thus v° is a polynomial in &* of maximal degree 3.
Clearly a projective change of the connection or a change
of its torsion does not affect the functions v*; I is
determined by the projective PS implied by T,

Equation (3) shows further that v® does not contain all
monomials of degree 3 (except for n =2) and that the
coefficients of the other terms are not independent for
different indices 5. Trying to construct a direction field
given by ¢*'s which are polynomials, but cannot be writ-
ten in the form (3), one finds that there exists a dis-
continuity in af least one of the other coordinate patches.
Thus such a direction field is not even C®, We illustrate
this by a simple

Example: n=2: Consider both coordinate patches,
(6%, £,02) = (", £,0) and (°, &,0]) =, &, 7).
Take
v=¢§, p>3.
From (2) we get £¢=¢"1 and

T :_ES-P
which is not continuous for Z:O.

Similarly it can be shown for # > 2 that if a C! path
structure is given by polynomials v°(£%), then these
polynomials can be written in the form (3). Because of
the 1-1 correspondence between polynomials (3) and
geodesic PS’s we can reformulate this result as our
first characterization of geodesic path structures:

Theovem 1: For a given special direction field = of
class C! there exists a linear connection I' whose geo-
desics generate the PS of =, if and only if the coordin-
ates v® of = are polynomials in £*. These polynomials
are necessarily of the form (3), and T is determined by
= up to torsion and projective changes,

4. SYMMETRIES OF PATH STRUCTURES

According to a famous theorem of Helmholiz (1868)
Riemannian spaces can be characterized among the more
general metric spaces as being infinitesimally isotro-
pic.? Since this is an intuitively appealing characteriza-
tion (expressing free mobility of small rigid bodies) the
purpose of this section is to characterize geodesic path
structures in a similar way in terms of symmetries. In
this section we shall show how this can be done.

We first define (finite) symmetries of PS’s. Let ¢:
M —~ M be a diffeomorphism of class C*, ¢ induces a

mapping of the paths I'e P onto a set of paths I'’, which
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again form a PS, 2°, Let us reformulate this operation
in terms of special direction fields. The differential of

b,

by : TM —~TM,
induces a diffeomorphism

d,i=9¢,: DM~DM via ¢,(£)=(¢,X)
for X € £, In the same way the differential

(¢,),: TDM —~ TDM

induces the mapping
Byt ={(Px)e: D’M —~ DM,
for which the following is true:

Lemma: A diffeomorphism ¢: M —~ M of class C*,
k=3, induces diffeomorphisms

é,:DM—~DM and &,,: D*M—~ DM
such that for every special direction field Z: DM — D*M
E%=9,, °Zd]
is again a special direction field,
If = corresponds to 7, then =® corresponds to /2°,

Definition: ¢ is called a symmetry of the path struc-
ture P if P® =/ or, equivalently, if the corresponding
direction field = is invariant under ¢,

e _ T
= =

or é**Esztp*;. (4)

A local symmetry of P is a local diffeomorphism ¢:
U— V of M which maps the restrictions of /-paths to
U into restrictions of P-paths to V.

In order to consider isotropy of path structures, we
denote by /, the subset of ” whose members pass
through p, and formulate the following definition.

Definition: A P-votation about p is a local diffeomor-
phism ¢: U—V of M with fixed point p which maps the
restrictions of elements of 7, to U into restrictions of
elements of 2, to V.

The set of all symmetries of a path structure is a
group G(P), whereas the local symmetries of / and the
P-rotations (for some point p) form pseudogroups, PS’s
determined by projectively flat linear connections have
symmetry groups (or pseudogroups) acting transitively
not only on D M but even on the set of projective bases

of D,M.

Before establishing a converse of the last assertion we
introduce a weakened, infinitesimal analog of the concept
of a /? -rotation, guided by the analogous Helmholtz
theorem, For this purpose we observe that if p is a
fixed point of a local diffeomorphism ¢ of M, then &,
maps D, M onto itself projectively and ¢,, maps N7}
(D,M) into itself, so that it is meaningful to restrict the
second Eq. (4) to D,M, Accordingly, we formulate the
following definition.

Definition: An approximate P-symmetyy ® (APS) at p
is the restriction to I3 (D,M) of a local diffeomorphism
$,, of D'M, induced by a local diffeomorphism ¢ of M
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which leaves p unchanged and satisfies the following
condition:

EEDM =&, E =Eq, . (%)

An APS at p, say ¥, uniquely determines a projective
isomorphism T DM — DpM since ¥ maps fibres into
fibres. The set of all A/S’s at p is a Lie group G, (P,
and the set of the associated maps ¥ is a Lie subgroup
6P(/J) of the full projective group PG(D,M) of D,M. In
fact, the map sending ¥ into ¥ is a homomorphism,

G,(P) = Go(P). (6)

The differentials ¢,, of all local diffeomorphisms
which induce A/S ’s at p form a subgroup L,(P) of the
full linear group LG(T M) of T ,M. Under the standard
homomorphism h: LG(T ,M)—~ PG(D,M) we have

L,(P) = G,(P). (1)

We shall denote the center of LG(T M), which is also the
kernel of z, as Z,.

By a dilation at p we shall mean a local diffeomor-
phism ¢ of M with fixed point p such that ¢,,€Z,,
Gup* id.

Let ¢ be a local diffeomorphism leaving p fixed. Take
local coordinates in M such that x%(p) =0. ¢ is then
given by functions ¢°(x®), and the expression for @,
involves only

82:1

a a
2 __ a __ .
Po= 3%t and Py = Ix"0x°

The direction field = of a path structure is given by
the functions v*(x?, £). If ¥ is an APS at p induced by
¢, then ¥ is completely determined by the numbers

g: g(o) and \P:c:¢gc(0)’
and condition (5) is expressed (in one chart) by

8,5
g,
T GRS L) ®
b
where we have written v*(£%) instead of v%(0, £%). ¢ is a
dilatation at p iff ¥&=£5¢ with f#0,1.

Suppose #— ¥(f) is a one-parameter subgroup of G,(p).
With respect to local coordinates we can represent it
by smooth functions ¥§(¢), ¥5.(¢) satisfying ¥3(0) = 55,
¥3,(0) =0, Taking derivatives at { =0 we obtain param-
eters ¢% =¥2'(0), Y5, =¥5.(0) describing an element of the
Lie algebra of G,(/). Applying this to Eq. (8) we obtain
the infinitesimal version of the invariance condition,

via g (BN EMER + P (e ) (48 + girer )
LA (9)

We now return to the discussion of path structures.
A geodesic path structure /. admits at each point p a
group G’(Pr) of approximate symmetries whose image
G,(Pp) [according to (6)] is the full group PG(D,M); also
L,(Pr):LG(TpM). In particular . admits everywhere
approximate symmetries induced by dilatations, We
shall now prove two theorems showing that the existence

of some approximate symmetrices suffices, in turn,
to characterize path structures as geodesic ones.

Theovem 2: A C' path structure 2 is geodesic if and
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only if it admits at each point an approximate symmetry
which is induced by a dilatation.

Proof: The necessity has been pointed out already. So,
assume that ¢ is a dilatation at p which induces an
approximate P-symmetry. We then have, in local coor-
dinates, Eq. (8) with ¥$=62, f# 0,1. Consequently ¢*
is a polynomial in ¢, Since this holds at any point p, it
follows from Theorem 1 that / is geodesic.

This theorem can be understood intuitively: For /> 0,
a dilatation “stretches” or “compresses” M radially
away from or towards p. A path mapped into itself under
this operation must be “infinitesimally straight.” A
similar idea applies if /< 0. The characterization of
geodesic path structures given in Theorem 2 is closely
related to Weyl’s elementary method to introduce a
linear connection via locally geodesic coordinates.’

Theorem 3: A C“ path structure P is geodesic if and
only if it admits, at each point p< M, a group GP(P) of
approximate symmetries which induces a transitive
action in the set of projective bases of D,M.

Proof: Again, the necessity has been established
already. Let, then, G, (P)induce a transitive actioninthe
set of bases of D M. Then 5,(P):PG(DPM). Relation
(7) then shows that the corresponding group LP(P) satis-
fies L,(P)/L,(P)N z,= PG(D M) whence dimL ()= n® - 1.
Introducing again local coordinates we infer that the
functions ¢ describing P satisfy a system of equations
(9) not only for one system of parameters (y¢, y2,), but
for a whole family of such systems containing »° - 1
linearly independent matrices 73 [which represent ele-
ments of the Lie algebra of L,(/)]. Since / is analytic
the functions " (&) can be represented by power series.
If these are inserted into (9) there results an infinite
system of linear homogeneous equations in the unknowns
%, the coefficients of which contain the expansion co-
efficients of 7 of degrees 4, 5, etc. (The lower degree
terms appear in equations involving also the ¥, these
equations need not be considered. ) The fact that this
system admits »® — 1 linearly independent solutions (ye)
implies that all the expansion coefficients of ¢* of degree
larger than 3 vanish, hence ¢ is a polynomial, so that
Theorem 1 gives the desired result. We give the
laborious proof of the last part of this argument only
for the case n=2. In this case v =37« ¢ and (9) leads to

a0+ DG+ o [(2 -0+ (1 - Dgd]+ e, (4 - 1)y =0,

for 1> 4. The coefficient matrix A of this linear homo-
geneous system for y=(y?, 9}, ¢, yi) reads

—
F5r15 -2a, 3a, 0

6a, —-3a, 4a; -a,
Ta, —4day 5as -2a,
A=]8a, - 3ay

-5a, 6o,

R

Since the space of solutions is at least three-dimensional,
every two-dimensional subdeterminant of A vanishes.
This implies A=0, i.e., ¢ is a polynomial. For 5> 2
the argument is similar,

If n=4 and M is interpreted as spacetime, we obtain
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the physical interpretation of Theorem 3 given in the
Introduction.

We conjecture that Theorem 3 can be generalized to
P3’s of lower differentiability class, even to class C?,
by exploiting (9) or (8) more effectively,

5. NONGEODESIC PATH STRUCTURES

Although nongeodesic path structures have lower sym-
metry than geodesic path structures, they are not
altogether physically uninteresting. To show the exist-
ence of such structures, consider the example in two
dimensions given by

~ g5 o 1-7%5
L’(‘E)Zl—_—)_—g’z and v(E)=1+%2

which is clearly analytic. Parametrized curves repre-
senting the paths can be obtained as solutions of the
differential equations

=392+, F=5/#E+97, (,$)#(0,0).
(The corresponding spray on TR’ is of class C', but not

C®,) Another example, although only of class C', which
is easily integrable, is

w(&) =72, p(E=-7"%

Integral curves through (0, 0) are given by
y=Z[x+0)* -0, 20

plus the two coordinate axes.

To obtain an important physical example we slightly
generalize the concept of a path structure.

Let E be an open submanifold of DM such that 7,(E)
=M. An E path stvuclure P, with domain E is a set of
paths in M such that (a) through each point p e M and
each direction &, E, = EN 7;/(p) there passes exactly
one path of the set, and (b) the lift of each path of /7,
into DM is contained in E. An E path structure will be
called geodesic if there exists a connection T on M such
that each path of /9E can be represented by a geodesic
of T.

Examples of E path structures are collections of paths
which are timelike with respect to a Lorentzian confor-
mal structure of M. In this case E is the set of timelike
directions in DM.

We shall now consider a “timelike”, nongeodesic path
structure of physical importance. Let (R*, n_,} be the
flat Minkowskian spacetime of special relativity, taken
as time orjented, and let F , (= - F, } be a 2-form field
on IR? interpreted as an electromagnetic field. Then the
world lines of particles with specific charge 1 (say) are
determined by
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By, n, =1, >0, (10)
where
Fe, =n*°F,.

Introducing direction coordinates ¢* = y2/#* (¢ =1,2,3)
as in Sec. 1 we see that timelike directions obey

(8P + (&2 + (7P < 1,

and that the direction field corresponding to (10) is given
by®

p(6) = (F%, - Fo e = Fleoe)[1 = (61 - (82 - (£°°)' /2,
Theorem 1 implies that the spacetime paths of charged
particles with a fixed specific charge form a nongeo-

desic, timelike path structure. This examples can easily
be generalized to an arbitrary Lorentzian manifold.

1H, Weyl, Nachr, Ges. Wiss, Gdttingen 99 (1921),
Mathematische Analyse des Rawmnproblems (Springer, Berlin,
1923); J. Ehlers, F.A.E, Pirani, and A. Schild, “The Ge-
ometry of Free Fall and Light Propagation,” in L.
O’Raifeartaigh, Ed., General Relativity (Clarendon, Oxford,
1972), p. 63; M. Castagnino, J. Math, Phys, 12, 2203
(1971); F. A.E, Pirani and A, Schild, “Conformal Geometry
and the Interpretation of the Wey! Tensor,” in B, Hoffman,
Ed., Perspectives in Geometry and Relativity (Indiana U. P.,
Bloomington, 1966), p. 291; J. Ehlers and A, Schild,
Commun. Math, Phys. 32, 119 (1973); F,A.E. Pirani,
“Building Spacetime from Light Rays and Free Particles,”
in Symposia Mathematica Vol, XII (Academic, London, 1973),
p. 67; J. Ehlers, “Survey of General Relativity Theory,” in W,
Israel, Ed., Relativity, Astrophysics and Cosmology
(Reidel, Dordrecht, 1973), p. 1: N.M.J. Woodhouse, J.
Math. Phys, 14, 495 (1973},
2See, e.g., E.H. Kronheimer and R, Penrcse, Proc.
Cambridge Philos. Soc. 63, 481 (1967); B. Carter, Gen. Rel.
Grav, 1, 349 (1971); S.W, Hawking and G.F.R, Ellis, Large
Scale Structuve of Space Time (Cambridge U. P, , Cambridge,
1973).

38, Lang, Introduction to Differentiable Manifolds (Intersci-
ence, New York, 1962),
4To avoid confusion we emphasize that the terms “curve” and
“path” are not generally used in the sense described here. It
is essential, however, to distinguish between these concepts,
and we shall adhere consistently to the terminology proposed
in the text.

See, e.g., D. Laugwitz, Differentialgeometrie (Teubner,
Stuttgart, 1960}, Sec. 15,3,
8In contrast to an “infinitesimal” transformation which, intu-
itively, is a map close to the identity, an “approximate”
symmetry is “finite,”” but preserves the figure of interest—
here /*,~only “infinitesimally.”

"H. Weyl, Raum, Zeit, Materie (Springer, Berlin, 1923),
5th ed.
8Clearly this direction field can be continuously extended to
the set of null directions on which v® vanishes. Hence, the
limiting paths are represented by null geodesics.
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Volterra equations on the infinite interval with the kernel multiplied by a small parameter are studied. An
approximate solution is obtained and proved to be uniformly valid for all time as the parameter tends to
zero. The equation is a generalization of the model for the transport of charged particles in a random

magnetic field.

1. INTRODUCTION

Integral equations of Volterra type arise in a wide
variety of areas in physical and biological sciences-—
see for example Refs. 1-3. Usually they describe pro-
cesses such as the “renewal” process, in which the un-
known function at any time is expressible in terms of
its values in the past.

The present work generalizes the results of Ref. 3
where an equation of the form

fts @)= 6(0) - o [ K(t = 7) £(7; 0)d7 (1.1)
is shown to describe a model for the transport of
charged particles in a turbulent plasma, such asthecos-
mic rays in the interplanetary solar wind or interstellar
gas. In that model, f(#; o) denotes the cosmic ray flux,
K(f) is a logarithmically growing kernel related to the
two-point correlation function, and « is a small para-
meter—see Ref. 4. The purpose is to find, as ¢ -0*, a
solution that would be uniformly valid for all ¢t [0, «).

There are two standard methods for solving (1.1). Un-
fortunately, neither of them is useful for our purpose.
The first is what is known as the Neumann series. For
a fixed a, one expands f in a power series in a and
equates coefficients of the same power.? It can be
shown that, under mild conditions on ¢{¢f) and K(¢), the
series converge. However, as { becomes larger and
larger, the convergence can become slower and slower,

Therefore, in general, the series is not useful for study-

ing the solution for large ¢.

The other method is by the use of the Laplace trans-
form. The difficulty in the method is that the inversion
process and the proof that the function so obtained is in-
deed a solution are nontrivial tasks-see Ref. 5. Often
the inversion has to be done by numerical means.

In our problem, the exact solution depends on a para-
meter and the time variable ¢ and there are two limiting
processes, viz, o —~0* and /~~. We want to find an
asymptotic solution, as a —0*, that would be valid not
only for every fixed ¢, but for all time ¢, i.e., to seek a
function g (¢; ), as an approximation that differs from
the exact solution by an amount which tends to zero with
a, uniformly in the interval 0 s ¢ <<,

First, an approximation to the solution of the integral
equation is produced by a heuristic argument. Then its
uniform validity for all time ¢ is proved.
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2. UNIFORMLY VALID APPROXIMATIONS
Uniformly valid solutions are found for Volterra inte-
gral equations of the form
flt;)=1-q f:K(t— TV f(7; @)dT

where « is a small positive parameter. [For simplicity,
the argument o will be dropped from the various func-
tions from now on; for example, f(¢; a) will be written

as f(#).]

In the model of cosmic ray transport (see Ref. 4),
flH=1- af In{l+¢—17)f(7)d7, the kernel is positive
and mcreasmg Consider more generally f(f)=1
- af K(t = 7)f(7)d7T. If the kernel is positive and in-
creasmg and if we expect the solution to be bounded,
then the major contribution of the kernel to the integral
would come from large values of /- 7. Let g{{) be the
solution to the equation

o
gW)=1-ak(®) [ g(r)ar.
1t would be assumed that K€ C? for 0 <

Theorem: If (1) K(£)>0, t>05(2) a/(t +b) < K'(t} < ¢/
(t +d) where a, b, ¢, and d are positive constants; (3)
~a/(t +b)?2 < K"(t)<0; and (4) K”(¢)/K’(¢) is nondecreas-
ing, then f —~g=0(1) uniformly in ¢ as o ~0*.

Proof: The proof is in the same spirit as the one
given in Ref. 3.

A. Integral equation for the error
(1) Let a()= f(¢) - g (), the error.
1(t)= o) - o [ K(t - Dh(7)dr ,
where
o(t)= a K(¢t) f:g(‘r)d‘r -a f;K(t - T)g(7)dT.

(2) Since the integral equation satisfied by f has the
same kernel, by the convolution theorem,*

h=¢+dxf".
B. Properties of g

Then h satisfies

(1) First note that g can be solved exactly. For if we
let G(£) = f:g(T)dT, then

G'(H+aK(HG(t)=1,

50
={1/exp[ j;)t aK(t)dr]} fot [exp fos aK(t)dr]ds
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(2) g(¢) has a zero: The existence comes from the
fact that G(0)=0 and by L’Hospital’s rule G(«)=0, so
there exists a £, such that 0<f, <~ and G’(#,)=0; that is,
g(t,)=0.

(3) g(¢) has only one zero: The uniqueness comes
from the equation

g'(t)=- aK'()G(t)~ a K(t) g (1),

where at a zero of g, the last term is zero, the first
term is negative and so g’ <0, Since at adjacent zeroes
of g, the signs of g’ must be opposite, we conclude that
g () has only one zero.

C. Estimate of the zero of g
Let £, be the zero of g ().

= l/aK(l/a) for o such that
Let U(t) = exp j a K(7)dT , then

(1) Lower bound:
K(1/a)=1.

g(t)=1- aK(t) )f U(ddr

Ut
so

a K(¢

=)

) [ giyar.

Since U(¢) is increasing, we have
1< aK(t)t,; (2.1)

that is, f,> 1/a K(¢,) for all a. Suppose ¢, > 1/a K(1/a)
is not true for an o satistying K(1/a)> 1. Then

1
b= aK(1/a)’

atK(t,) <at0K|:aK(11/a)] < K(ll/a) K':oz K(ll/a)]

<1, since K(1/a)=1,
so at,K(f,)<1, a contradiction to (2.1).

(2) Upper bound: f,<1/a for a sufficiently small, It
will be shown that g(l/ a) <0 for a sufficiently small.
Consider again

a K(f)
U(?)

Let ¢, be a point at which K(f,) > 1 and write
¢ _ [t t
Jivmar= [T + ftxU(T)dT for >t .

g(t)=1- f U(r)dr .

Evaluating the second integral by parts, we get

t u(t) Ut 1t K'(7)
S unaT= R - akw) * a f,l v 7 4
U(?) U, 1t K'(7)
> 3K " - + 5 ftl U(r) _—_Kz(T) ar,
S0
. aK({) rf K(t) K (7)
glt) < - B0} U(r)dr + 70) <U(t = f u(r T)d7>,

(2.2)
where the first term is negative and U(¢,) < exp f:l K(7)dT,

for a 1.
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What remains to be shown is

1/ K’(T) w
'[1 U(T) &%) ar

as a - 0*. We have

U(T)=exp[a f ;K(S)ds] ,

where using integration by parts and the fact that K’(¢)
<c/(t +d), we get

f;K(S)dS = T K(T) - ¢]
=T[K(¢) - c]+T[K(T) - K()],
where

k() -K(n)= [ ‘Kisus<e L4,

SO
f;K(S)dS > T[K(t) - c]-c(t +d).

Therefore,

, o g

> K;((tt)) exp[~ ac(t +d)] f:lexp[a'r(K(t) —o)dr

- K'(t)
~ oK (D[K(D) - ] exp|

x {exp[ at(K(¢) - ¢)] - exp[at,(K(t) - )]},

- ac(t +d))

(2.3)

[ "o Kz((T)) ar

a
> (1/a+b)aK3(1/a) exp(~ ¢ - acd)

cYomfe(d)--omlos (2]

for « small such that K(1/a)>c. Observing that the
first term —~« and the second term -0 as ¢ ~0*, the
proof is complete.

t,<ML,/aL, for a sufficiently small
,=InK(1/a). Let

(3) Upper bound:
where M is a constant, L, K(l/a)
()= expf K(7)dT, then from (2.2)

o) > f v(r) KAy dr,

so from (2. 3), we obtain

K'(t,)

U(¢,) = SRR = <] exp[ - aclt, +d)]

x {exp| at (K{t,) - )] - exp[at (K(t)) - )]} .

For « sufficiently small,
K'(t,)
aK3(t,)
x {1 - exp[— at(K(t,) - )+ at (K(t,) - O]},

3In K(¢,) = at, K(4,) - 2act, - acd - ln[——-yaU((tt )]
(4

() = exp[~ ac(t, +d)+ at (K(t,) - ¢)]

Rina Ling 2020



+1n{1 — exp[ - at(K(t,) - c)+ at,(K(t,) - ) }.
(2.4)
Suppose for any >0 and o, no matter how small,
there exists o <a, such that ¢, =k L,/aL,. We will ob-

tain a contradiction to (2.4).
1st term:

atK(t) _ kL, (kL2> 1
3InK(t) ~ 3L, \oL,)InK(1/a)’
for some a <a,, a, sufficiently small

K(EL,/aL))
L, ’
Since K(t) ~ K(1) < ¢ In((¢ +d)/7) for 7<¢, we have

) () enl ot
aL,)” "N\a /)~ kL,/aL ]’

=E
3

So

K(kL,/aL)) N K(k/a)

ifk=1,
I I if 2

€ezl-¢ (2.5)
where

€=~ [In(k+ad)+L,—Ink—InL,] <¢, <1

L,
if a, is sufficiently small.
Finally,
al K(t) kR
§1n—K(t0_) >3 {(1-¢,)) for k=1, some a<a,,
o, arbitrarily small.
2nd term:
- 2cat, ~2c .
SIK(,)  3k(L) since af, <1 for «,
sufficiently small,
-2c

N .
SmK(i/aL) by estimate (1).

But 1/aL, ~= as a —0*, therefore given any ¢,>0, we
have that

-2cat, )
3inK(7.) > - f i < "
3InK(2,) €, for o, sufficiently small
3rd term:
Clearly
_—acd for o, sufficientl N
3lnk(t) €3 ap iciently small.
4th term:
- [ aT(¢,)/K'(£,)]
3ln K(¢,) )
Note that
aU(t) _ allt)
-t <
E) “K(i/a) forasmal,
where
1> a aa
(N > =
K (Ot 1/a+d 1+ab’
2021 J. Math. Phys., Vol. 18, No. 10, October 1977

SO

aU(t) < (1+ ab)U(t) < (1+5)U(t)
K'(¢,) a a ’

Therefore, given any ¢,>0,
- In[alU(t,)/K’(£,)]/3InK(t,) >~ ¢, for a small.
S5th term:

In{1 - exp[ - af(K(t,) ~ o)+ at (K(t) - )]}
3InK(,)

By estimate (2),
exp[- aifK{t,) - c)] < explc - at,K(4,)]
for o small,

where

kL,  [kL,
(ItOK([O) = T; K((IL1>

zkL,(1-¢,) by (2.5),
~o ag a-0,

Therefore, the numerator of the 5th term is bounded
away from -, and given any ¢, >0,

In{l - exp[- al (K(t,) - o)+ at (K(2,) - c)]}
3InK(t,)

>~¢, for a small.

For k sufficiently large the five terms add up to a
number greater than 1, a contradiction to (2.4).

(4) Lower bound: {,>In(N-K({,))/aK(t,) for a suffi-
ciently small where N=(1-¢,)/a, 0<g,<1.

A lower and an upper bound will be put on [jK(s)ds.
Lower bound:

j; K(s)ds= sK(s)L: - f; SK'(s)ds

[

+d ds

;
ZTK(T)—j s
b 8

< 7K(T)-c].
Upper bound:

f:)K(s)ds =(s+ b)K(s) |; - f;(s +b)K’(s)ds
<(T+b)K(T) - bK(0) - a7
< T[K(T) — a]+ bK(T).
Therefore, we have
exp{at, (K(L) - c]} < U(t,)
< exp{at, [K(1,) - a]+ abK(t )}

and since o/, and aK(f)) <aK(1/a) both go to zero as
a=0, Ut,) ~exp[al k()] as =0,

Now we are ready to derive the above lower bound {(4)
on [, for o small. As before,

1= aK(l,)
)

_ aK(f,)
U(t,)

';D U(t)dr

f;" exp{aT[K(7) - a]+ abK(T)}dT
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< a[ﬁgto) exp[ abK(¢,)] f;o exp{aT[K(t,) - a]}dT

=[K(t,)/U(t,)|(exp{at, [K(t,) - a]+ abK(t,)}
- exp[ abK(t,))/[K(t,) - a]

CK(t) Ult) +e,-1

for « sufficiently

U(to) K(to) -
small, 0<e <1,
s0
— al(ty) <(eo - DK(L),
Utt,) > (1 €°> K(t,),
Ult,)>In[N+*K(t,)], where N= 1-¢ .

On the other hand,

U(t,) =exp[a j'O‘O K(7)dT] < exp [at K(L)],
so InU(¢,) < at, K(t,) for all @ and

al K(L,) >In[N*K(t))] for o small,

s In{N-K(t,)] '
0 aK(t,)
D.Bound ong
(1) Bound on g for g positive: Since
&'(t)=—aK'()G(t) ~ aK(£)g(t)

and g(0)=1, g'{({) <0 for 0<t<#,and so 0<g(f) <1 on
0<t<t,.

(2) Bound on g for g negative: If £>¢,, then

g(t)=1~ _U_(ET ft‘) U(t)dt +j U(T)dT
where

K’( 7 4
ECR

! _ U@ U(t,y)
j;o U(r)dr= G —-—-”K +f U(r)
and
IO“”“=£%%“
s0
- aK(¢)

K’)
—o0 f v sxrm @

A second integration by parts yields

f‘ K1) .

) arrm &

glt)= (2.6)

_UK'(1)
QK3

], lem -

0

U)K (t,)

@K 3(¢,)

3K (T)K"(7)
K5(T)

} U(r)dr .

Therefore,
K'(t) U)K (¢,)K(E)
oKX " T aU(DK ()

aK(t) [!/3K'®—KK"
U(t) o’K*

glt)=-

(2.7

>Ud'r,
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where

t 3K/2_KK”
£<__—02K4 >Ud‘r

0

_ t 3K12_K ” UK'

B ,[0 < aK 2K’ aK2>dT

- 3K"(t)) - K(1)K"(t) KAT)
h aK *(i)K'(t,) f U() 2()

since — K”/K’ is nonincreasing.
From (2.6) and (2.7) we see that

K’(t) 3K'2(t)) — K(£,)K"(t,)
8] < YEON alofz(to)K’(to)
c 3c
at + D) © [a(t0+d)1<2(to)
K(¢)
* a(t0+b)K2(t)}|g(t)l
- c 3c+K t,)
T a(t +d)K (L) atoKz(t)

lg(®)]

lg®)],

since

3c+K(t,) _ 3c . 1
at, K3(t)  ab,K3t,)  atK(t,)

3c 1

< — <+ for o small
k() In[ N'E(2,)] @

<06,<1 for ¢ sufficiently small,

l&(t)] < +8,|g(t)],

c
alt + d)K *(t)

C
1-95,)alt + KD

E. Bound on ¢

|g(t)] < say .

_ m
T alt + KD

Using the results in Secs. 2C and 2D,
that ¢(¢)=0(1) uniformly in 0 < <« as a ~0*.
(1) Bound on ¢(¢) for 0 <t<f,: We have

o(t) = aK(t) f'g(‘r)d‘r— o f’K (1) gt = 7)dT

= o [ [K(1) - K(7)) g(t - 7T
Since
K(t)—K(T)SCIH’::Z for T<¢,
l‘)<acf In — dT for 0sf<t,
¢ T+d
——acj; In t+d dr
1
=—OlC(f+d)f Insds, where s=—+4
d/ (ted) t+d
\—ozc(t+d)f;1nsds
=ac(t+d)
< aclt, +d),

where at,< ML,/L, for a sufficiently small, so ¢(¢)
=0(1) uniformly on [0,7] as @ ~0*.
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(2) Bound on ¢{¢) for ¢, <t <w: We have
o(£)= ¢, (t,)+ ¢o(t) for £ <t<e,
where
$(t)=a [ P[K(H) ~K(t - )] g(7)dT,
o.(f) = af [K(t) - K(¢-T))g(T)dT.

We want to show that ¢,(¢)=0(1) uniformly in ¢ as
a —-0*. We have

| ¢u(0)] < a [} [K(O) - K(t~7)]|g(7)]dr

j;t< cln t_t:fd> (T+drjnK2(T) dr

Kemf\ (1-=a) 5%

T+d
s(t+d)-d>

A

cm

d
s

2(:0) (tged) [ (t+d)

T+d

1

ds

S

cm

d
1n<1—S+ m>

cm ! Iln(l—s)ld

A

Kz(to) (tord) / (t+d)

2

7
<scm o®t] <

=o(l) as a =0*.

F. Absolute integrability of ¥

Applying the Laplace transform to the integral equa-
tion and inverting to obtain f, it can be shown that f’ is
absolutely integrable,

flity=1-a j‘:K(t -T)f(T)dT.
Let f(s)= [ es'f(t)dt, K(s)= [ estK(t)dt, then

fis)= E(_I_-I_EIzK_(sT) = %), say .
Three properties of D(s) can be shown:
(1) Clearly if s is a zero of D(s), then so is §.
(2) D(s)#0 for Re[s] sufficiently large.
(3) D(s) has two zeroes for a sufficiently small.
Proof of (2): Let the Laplace transform of K,(¢)
=1n(1+¢) be denoted by K (s). We have

,
Ky (n) = 67 E(7) for r real,

where
e oat
E(’l’)-—‘[ Tt
so K () <1/r2
Since K(#) < cin(1+t/d)+ K(0),
K(O)

|E(s)| < K(x) < cd K (xd) +

2023 J. Math. Phys., Vol. 18, No. 10, October 1977

for x>0, x=Re[s].

|D(s)[=]s]|1- (- ak(s))]

<ls|1-alRS)]],
since
a|K(s)| < a (cdl—(o(xd)+ KiO))
cd  K(0)
<a(;o+ =)
= aQ(x)

. 1
<1 if Q(x)<aa

so | D(s)|>0 for x sufficiently large.

Proof of (3): It was shown in Ref. 3 that D (s)=s
+ asK,(s) has only two zeroes (which are conjugates of
each other) and the only singularity of D,(s) is the
branch point of the logarithm at s=0. [D,(s)=s+ ae®E(s)
=s+ ae¥(-Ins - v+ e, (s)) where v is the Euler constant
and e (s) is analytic.] Since

K(0)+a1n<1+ -§>s1{(£)seln(1+ di>+K(0),
K(#)=K(0)+aln <1+ 3t>+ a(¢t),

where

t t
0<6(f) < AW LAY
<9(t)<cln<1+d> a1n<1+b>

Let §(s) be the Laplace transform of 8(¢), then

R(S) - K(O)

+abRy(bs)+8(s),

S0
D(s)=s(1 + aK(s))
=s[1+ aabk, (bs)]+ aK(0)+ asb(s),
where
[8(s)| < 8(x) < cdE,(dx) - abK(bx)
x=Refs].

It can be shown, by the Rouche theorem, that D(s) has
only two zeroes. Consider the positive-oriented cir-
cular contour with a slit along the negative real axis,
say C, C=Uj_, C, where

C,={s=Re**; 0< g <[r-arctan(c/(R?

—62)1/2]},

C,={s=x+ic: —(R*-¢?)"?<x<0},

C,={s=ee’ - n/2<8<1/2},
C,={s=x-ie: -(R*~¢)"?<x<0},
C,={s=Re*: - r+arctan(e/(R2-¢%)'/?) < g <0},

where R is sufficiently large and ¢ small so that for o
= o, say, the zeroes of D(s) lie inside the contour C. If
a<a,, the zeroes of D(s) lie inside the circle of radius
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Ca

FIG. 1.

R and center at the origin, so let R be fixed and let ¢
be small so that the zeroes are inside C. See Fig. 1.
On C,

|D, - D|=als||K,-E|
<als|([K|+|E])
<a|s|(P,+P), where P, and P
are constants,
||| |1+ oK
SR
2|s[(1-aP) for a sufficiently small.

Therefore,
|D, - D|<|D| on C for o small

and by Rouche’s theorem, D,(s) and D(s) have the same
number of zeroes inside C.

The two zeroes of Dy(s) are in the left-half-plane; if
now the Rouche theorem is applied to the contour con-
sisting of C,, V), C;, V,, and C,, it is clear that the
two zeroes of D(s) are also in the left-half-plane.

Utilizing the poles and branch cut of [D(s)]™, we {ind
the inverse

r+iR est

ds,

1
t)= 7— lim
f() 27” Rl-*m r=iR D(S)

where »>0 such that [D(s)]™* has no singularities for
Re[s] =z 7.

Consider the following positively oriented paths:
T,={s=r+iv: —R<y<R},
T,={s=Re': arctan(R?-7?)!/?/r)<p

< g-arctan(6/(R? - 5%)'/?)},

2024 J. Math. Phys., Vol. 18, No. 10, October 1977

T,={s=x+i8: —(R*=6%)'/2<y
< (2= )72,
T,={s=ee' —7+arctan(s/(¢*-62)'/?)<g
< - arctan(8/(¢? - 629},
T,={s=x-ib: —(R?-86*)"/?<x<(c*-6%)"2},
T,={s=Re'; - 7+arctan(s/(R?-6%)"/2)<g
< - arctan((R%~ »2)!/2/r},

where 0<6<¢ <7, ¢ small, and R sufficiently large such
that the two poles of [D(s)]™ are inside the closed con-
tour. See Fig. 2.

By Cauchy’s residue theorem,

1 est 1 et
e —— ds= Res[es*/D] -~ f —ds.
271 fr"o D(s) Z [ / ] 271 4 r; D(s) ds

B
Let s, be a pole of [{D(s)]™, then
Res[e®!/D]|,., =b,e%",
where

(=1lim (s - 5,)/D(s),
s—sg
Res[e*/D]|,.;x =b¥e%’.

For contours I, and I';: Since |Dy(s)|~R as R—<0,
from (2.9),

| est ' ext

ORI O

as R—~«, x=Re[s], so the contribution of the contours
T, and I'; vanish as R —.

For contour T',: Since |Dy(s)|~ alne™, as in above, we
see that the contribution of the contour I', vanishes as
e =0

For contours I', and T'y:

3\
T‘\ K ‘\’
To
N
o 3
L) 5
5] /{ v
Ty s
T‘S /
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exfdx

0%

e-ltdg

. est _ -€
lim ,/;2 D(s) ds = ,[R x+aabe*[-1nx -y + ,(x)]+ aK(0) + ax8(x)

R
- -£ g+ aabe [Ink+in+y—e (- £)]~ aK(0)+ atb(- &)’

the result for T', is minus the complex conjugate. Let

e*-1
z

dz

H

e,(8)=— ey~ 5)=f

Q

and let R ~», ¢ —0*; then

f(£)=2Re[b e%t]+1(¢),

where
1()=-af etB(HdE,
where
B = - abet _—
{&+ aabe [InE+ v+ e,(£)] - aK(0) + a£0(- &) + (aabr e )
Since

B(£)~(aabIlng)® as £~0*, B(£)~[£+ath(~ £)] %™ as E~,

the integral I {¢) converges uniformly and

f'(£)=2Re[s,b,e%]+ af: EeB(E)dE, |f/()|<2|sob, | Rt + af: Ee"t*B(E)dE .

Since Re[s;] <0,

Sl @ at <2|sgb, | [Re[s,][*+ o [ 7 B(8)E,
but

1= f(0)=2Re[b,] - a [ " B(£)d§,
So

ST @t < 2[s,b, | |Re[s,] [+ 2Re(b,] - 1.

G. Uniform validity
F(&)-gt)=p(O)+ [} ¢(7) f'(t = 7T,
using the results in Secs. 2E and 2F,

[f-gl<o)1+ [7|F/()]d) =o(1) as a=~0.
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On the combined Dirac-Einstein-Maxwell field equations

M. J. Hamilton® and A. Das®

Department of Mathematics, Simon Fraser University, Burnaby, British Columbia V54 1S6, Canada
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This paper discusses the combined Dirac-Einstein—-Maxwell equations in general relativity. The
combined equations are derived from a variational principle which involves the variation of tetrad fields. A
class of exact, self-consistent solutions is found where the metric is static, the electromagnetic field is just
electrostatic, and the spinor field is stationary in the wave mechanical sense. These solutions are
analogous to Dirac's plane wave solutions which propagate along the x°® axis and are not square
integrable. It is shown that under reasonable physical conditions there do not exist solutions with finite
total charge. It seems that the static electro-gravitational background is not compatible with localizable

matter fields possessing intrinsic spin.

1. INTRODUCTION

In recent years! a lot of interest has been focused on
spinor fields in curved space—time. In our opinion it is
a promising sigu that people are investigating the pos-
sibilities of gravitational effects on the structure of
elementary particles. These pursuits might bring
Einstein’s gravitational theory closer to laboratory
experiments.

Some years ago*® it was realized that a maiter field
which generates both an attractive and a repulsive field
may very well allow stable self-consistent solutions due
to the possible equilibrium between two types of forces.
Indeed a class of exact, self-consistent solutions of the
combined Dirac—Einstein—Maxwell equations were
found where the spinor affinity was assumed to have an
extremely simple form® not allowing the general spin
transformations. In special relativity a similar problem
was taken up® for the Dirac field in the presence of
electromagnetism and a Stuckelberg-type cohesive
force. Again, some exact, self-consistent solutions
were found, Similarly, the combined Dirac—Maxwell
equations were investigated® in the curved geometry of
Rastall’s gravity. Analogous to the spin-3 cases,
several papers®’ came out with exact, self-consistent
solutions of the combined Klein—Gordon—Einstein—
Maxwell field equations,

In this paper we investigate the combined Dirac~—
Einstein—Maxwell field equations using the spinor
calculus in its full generality. Even the writing of the
combined equations, especially the gravitational equa-
tions, is not completely obvious. The most reasonable
approach is the variational derivation, In this case,
however, the variation of the metric is ineffective and
we have to consider the variation of the tetrad field.
Fortunately, the elegant paper of Rosenfeld® developed
the variational machinery for the combined spinor and
gravitational fields. These techniques were explicitly
adopted by Bergmann and Thomson® for the combined
Dirac—Einstein equations. The complicated expression
for the material energy—momentum—stress tensor
of their paper is shown to reduce to the symmetrized

DThis paper is based on the Ph.D. thesis of this author sub-
mitted to the Mathematics Department, Simon Fraser
University.

b)Sypported by NRC Grant No, -3993,
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canonical tensor in the Appendix of this paper. Brill
and Wheeler!’ arrived at the same result in the the four-
component formalism, though in a less rigorous way.

Following the tradition of previous papers, *=" we in-

vestigate here the solutions such that the metric is
static, the electromagnetic field is just electrostatic,
and the Dirac field is stationary in the wave-mechani-
cal sense. From the Dirac field only “spin-up” elec-
tron-type waves are chosen, However, unlike previous
investigations the solutions are not at all plentiful. Only
one solution is found which corresponds in‘some sense
to an electron plane wave propagating along the x° direc-
tion. Furthermore, under the assumptions given, the
nonexistence of “square-integrable” solutions is con-
cluded. Physically speaking, the “mystic” spin seems
to have an impact on the symmetry of the space—time
geometry and the static electro-gravitational setting is
too restrictive for the existence of physically interest-
ing solutions. There are analogous results regarding
the nonexistence of neutrino solutions to the combined
Weyl—Einstein equations. 11-3% In particular, Madore!!
has shown that there exist no static axially symmetric
neutrino fields in general relativity, while Wainwright!?
has shown that there exist no nontrivial neutrino fields
of energyclass E, with static metric.

2. PRELIMINARIES: SPINOR CALCULUS

The purpose of this work is to investigate the com-
bined Dirac—Einstein—Maxwell equations. A natural
formalism for these equations is the two-component
spinor calculus, which has been extensively described. !
Our definitions and notations: Let M denote the semi-
Riemannian space—time manifold with signature - 2.
Spinor indices will be denoted by capital Latin letters,
with conjugate indices dashed, and take on the values
1,2. Small Latin letters denote space—time tensor in-
dices ranging from 1—4, and unless otherwise noted
Greek letters denote spatial tensor indices ranging from
1~3, Invariant tensor or spinor indices are denoted by
parentheses: Thus X‘4®’ is a spinor invariant, while
‘™ is a tensor invariant, y,; denotes the antisym-
metric spinor metric, and o™® the spin matrices.

Spin indices are raised and lowered using ¥:

{0 1
XA=7"2xg, Xa=X¥sa, YAB:')’“ZeXp(le)(_l 0)=

Copyright © 1977 American Institute of Physics 2026



Further,
VAB =- 'YBA= 584,
the Kronecker delta.

Let the solution of the combined equations be valid on
the manifold M, and suppose M is obtained from M by
excising the singularities. Then the solution is valid
globally over M. Geroch?® has shown that for a C* non-
compact space—time manifold N the global existence
of spinor fields on N is equivalent to the existence of a
global field of orthonormal tetrads. If A, denotes such
a tetrad field, the general relativistic spin matrices
may be defined by

B g mBC 2.1)
where 0™FC gre the usual special-relativistic Pauli
matrices up to a real conformal factor. An equivalent
approach is to require that 0¥4” g, y4® satisfy the
following axioms!®:

Axiom I: 0of4% =giB4"

AXiOm II: OmB' AOnB c=" %gmn‘yAC + %inmnsrol SB'AorB’C >
where 7,,,., denotes the Levi-Civita tensor, Axiom I
requires the spin matrices to be Hermitian, and Axiom
II may be looked upon as the generalized commutation
relations., The most important algebraic consequences

of these axioms are the following:

0,7 4050 + 0,7 40 mprc == Zmn¥ acs (2.2)
0,2 40uprc = 0" 40 mpre = Mmnsr® *2 40 "5rc (2.3)
0'mB 'AOnB’A =E&mns (2. 4)
0" 5 a0merp =VYBrc'Y AD (2.5)
O™ 40751007 = 5(g T "y — 8O

+g ™0 po g — NP0, poy). (2.6)

Covariant differentiation of spinors is introduced
through spinor affinities analogous to the usual
Christoffel symbols. For a covariant 1-spinor ¢,

(2.7

The requirement that the usual correspondence be-
tween tensors and spinors be preserved under covariant
differentiations motivates

§A1m=§A,m-rBAm {p.

Axiom III: 0™, =0,

The most general expression for the spinor affinities
consistent with Axiom III may be shown to be
T cn == t[0pcn0 '"AIB,;; +{Rto™ %0,y

+ 84 o2ied, + 8, In(¥1/ )],

Here ¥1/? ig the real conformal factor in the spin
metric 7,5, € is a real constant, {7} the usual
Christoffel symbols, and the 4-vector ¢, remains to be
interpreted. Under a gauge-type spin transformation
ARg = 08%5 exp(ieo),

=0~ ¢,k°

(2.8)

(2.9)
Together with the usual philosophy of minimal electro-

magnetic interaction, (2.9) provides motivation for
identification of ¢, with the electromagnetic potential.
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This choice is originally due to Infeld and Van der
Waerden. 7 This identification has an important mathe-
matical consequence. Using (2. 8), we have

v o =1rA% (2e, - e,k)'

Therefore, in the presence of a nonvanishing electro-
magnetic field y 4% |, is not identically zero (even if the
metric y4? is constant).

(2.10)

3. THE COMBINED EQUATIONS

The combined Dirac—Einstein—Maxwell field equa-
tions may be derived from a stationary action principle
based upon the Lagrangian

[ =V=Z 3R - 4TFMF,) - 16V3mi(V Imx*E

+'JIB'AXAXE'II+OJB'AEB'£AII)]+C' c. ¢.1)

Here F,;= ¢,;; — ®;1x, units have been chosen such that
c¢=G="#=1, and c.c. stands for complex conjugation.
For the independent fields appearing in L, we take

by, AP, XA, E4, X%, Ea. The choice of the tetrad
components A, as the fundamental geometric variables
rather than the more usual metric components g;, is a
characteristic feature of half-integer spin fields.? From
(2.1), (2.8), the Lagrangian (3. 1) involves the tetrad

in a manner which cannot be expressed in terms of g,
alone. The Euler—Lagrange equations which result
from the variation of (3. 1) may be written

D‘a E(’IA'HXA,U— (m/\/f) £p=0, (3.2)

D8 =gt4Bg 4 + (m/N2) X =0, (3.3)

M'=Fim —2V2§ =0, (3.4)

Qi =Gy +8n(-F,'F, + 58, F®F,+M;,)=0. (3.5)
The current j' is given by

P 2eoty (XAxE + £4EPY), e=Vdme, (3.6)

Here e, m represent the “bare” charge, mass param-
eters of the wave field. M;, denotes the contribution of
the wave fields to the energy—momentum, and is given
explicitly by

My =- (i/ﬁ)(%mx"xs' Thu GJB’AXAXBII{ - oiB,AEAEB'II

~ 0Bt Epy) +c.c. (3.7)

A summary of the derivation of (3.5), (3.7) is given in
the Appendix. For convenience in later work, we also
write the @;; =0 equations as

Gyy == 8m(Ey; + M) =—-81Ty;. (3.8)

One may show that the Dirac equations!? imply M*|, =0,
and that the Dirac and Maxwell equations together give
Tij 17 = 0.

Equations (3.2)—(3.5) contain 24 unknowns: 10(gy,)
+4(x*) +4(8,) + 4(d,) + 1(e) + 1(m). Because of the
freedom of imposing a gauge condition on the electro-
magnetic field and four coordinate conditions, there are
27 equations: 10(Q;,) + 4(M*) + 4(D!;) + 4(D%)

+ 4(coordinate) + 1(gauge). The number of independent
equations is reduced by the five identities: 4(Q*/;, =0)
+1(M*), = 0). Thus we have 22 independent equations
for the 22 unknown functions and two unknown constants.
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This system may be made determinate by prescribing
values for e, m. In addition to the 22 independent equa-
tions, which must hold locally everywhere, there may
be global restrictions on the solutions. For example,
for solutions with finite total charge, one might require
that this charge be ¢. Such a condition appears in Das
and Coffman. ? In view of the scarcity of integral con-
servation laws in general relativity, this condition
seems a good candidate to replace the usual square in-
tegrability of wavefunctions. Such additional global
requirements could affect the arbitrariness in the choice
of e, m. For our static solutions, we shall see that e
and m cannot be chosen independently.

4. STATIC SOLUTIONS OF THE COMBINED
EQUATIONS

We wish to find exact solutions of the combined equa-
tions such that the electric and gravitational fields are
static and the Dirac field is stationary in the wave-
mechanical sense. For a static metric, we use the
normal form

& = — k(dx?)? — p(dx?)? - 1(dx®)? +Fldx?)?. (4.1)

The metric of any static space—time may be written
locally in the form (4. 1), since the metric of a 3-space
may always be put in normal form.'® With this choice,
Axioms I, II will be satisfied provided the spin matrices
are taken to be a conformal factor times thoge of special
relativity:

U,A,B:h-”z 01) UzA,B:k-”? 0 —i)
V2 \1 0/’ 2 \i 0/’

s l-1/2 1 0 s f—‘l/Z (1
sas 1707 _
M (o -1> =g og>

We set v,45 =exp(i6)(% ). By fixing the electromagnetic

gauge, one may take 9 =0. Corresponding to (4.1), we
assume for the electromagnetic potential

$.=0, ¢;=0. (4.3)

Thus for mathematical simplicity our model does not
take account of the magnetic field.

4.2)

One form in which Dirac’s equations are traditionally
written in special relativity is!®
(zaa—t +ia°V-Bm) P=0, (4. 4)
Here 8 and the components of @ are certain complex
constant 4X4 matrices, and ¥ represents the 4-compo-
nent wave field. Comparing our Dirac equations with
(4. 4) for the case of special relativity, we find

by== (X +iky), dy=x'+iky,

. . 4.5)

by == (C —iky), Yy=X =ity (

In particular, for a pure ¢; wave field we have
X'=£,=0, x*=it,. (4.6)

For our static case, this corresponds to a “spin-up”
pure electron wave.

Using (2.8), (3.2), (3.3), (4.1), (4.2), the general
Dirac equations for a static metric and electrostatic
Maxwell field may be written
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_ ;"-1/2)(2'l — ik-1/2x2'2 _ l-1/2x1'3 +f-1/2x1'4

-1/2
- [l y (1nhkf),3-ief"”¢] X! - 3[r/2Qnkiy) 4

+ikV 2 (Inklf) ] Xt =méy, (4.7)
S ke PR e AN gt
- 5lr 2 (nkif) | - iRV 2(nkif) o] X2
l-1/2 .
+ [ 7 (inikf) 5 +ief Vi | Xt =mty, {4.8)
h-1/2£2"1 + ik'uz'sz',z + 1'1/251',3 +f-l/2§1:'4
l-1/2 )
+ [—4-— (1nhkf)'3+zef'”z¢] £+ 4nV 2kl f) 4
+ikV Hnhlf) o] £po=~ mx?, (4.9)
h'1/2£11'1 _ ik-1/2£1:,2 — l-1/2£2J'3 +f-1/2£2"4
+ 4[R2kt f) - itV 2(Inklf) 4] &y
-1/2
- [571— (lnhkf)'?,—ief‘”zq)] £y =— mx2. (4.10)
Using the pure y; conditions (4.6), these equations
become
BV 2Eg  + iV 2y, o + 407V 2 (InkLf) 4
+ikV ¥ (Innlf) ] £5.=0, (4.11)
(In&,) 4 =i(mfV 2+ o), (4,12)
Ingy = — +Inkkf + X(x1, 2%, x%), (4.13)

where X is an arbitrary function. We look for solutions
satisfying the separability condition

Py =S(x) P(t), t=x' (4.14)
Using (4.14), (4.12) gives

P =exp(~iCt), (4.15)

FYE=(1/m)(C - €p). (4.16)

Making the scale transformation ¢’ =(C/m) ¢ and drop-
ping primes, we have C =m. Then (4. 13) may be
written

£y = (i/2) Sexp(-imt), S=(hk)V*B(xl,x?),

where B is arbitrary, Thus the general separable pure
¥, solution of the static Dirac equations is given by
(4.15), (4.16), (4.17), and the general solution of
(4.11).

(4.17)

For a static solution, the first three Maxwell equa-
tions are identically satisfied, and if one assumes the
“balance” condition

e=%m, (4.18)
it can be shown that M* =0 iff @,, =0. One may also
show that the assumption e =Km, |K|#1, K+0, leads
to an inconsistency between M*=0 and @, =0, so that
(4.18) does not constitute an additional agsumption

For the field equations, it is convenient to use the
metric form

== e (gyadx® dx®) +e® df?, (4.19)
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where g,z is in normal form. With our static pure ¥,
assumptions, the @,;=0 and @, =0 field equations
become

Ros— b gasl-e¥ Byw +5e¥ Byw +8mm|S[2) =0, (4.20)

Ry +Let D w+4rme® |S|*=0, (4.21)
Here B,w=g*%w, 45 Bjw=g%w ,ws, and R, and other
barred quantities refer to the positive def_inite 3-space,
From (4.19) it follows?®® that Ry =~ z €?*A,w. Then
combining (4, 20), (4.21),

RaBZO’ (4' 22)

which implies the associated 3-space is flat. Then we
write (4.19) as

& =—e™ dx* dx* + e* df*. (4.23)
The @, =0 field equation may now be written as

© yo = 30,40, =8rme™ [S|2. (4.24)
Combining (4.17), (4.23), we have

S=e“ 4 B(x}, x?). (4.25)

The remaining Dirac equation (4.11) now becomes
(4.26)

We have not yet discussed the @,, =0 field equations.
For our static case, these equations reduce to M,,=0.
From (3.7) these equations become

[S|2 k12 (h4h = FYF,5) + 2iR7V/ 3(SS { - SS,,) =0,

S48y - fw g +i(S7S , - fw ) =0.

(4.27)
[S|%R=V/2(f 17 = kMR 4) + 2071/ (S5, = §S,,) =0,  (4.28)
SS 3~ SS, 3 =0. (4.29)

(4.29) is identically satisfied by (4.25) and the reality
of w. Combining (4.26)—(4.28),

e“/2= | P(x})/B(x}, 2%, (4. 30)

where P is arbitrary. (4.26) is then satisfied iff B is
analytic, (4.24) implies /B[ =const, and we set B=1.
Then w=w(x3), and our remaining Q,, =0 equation
becomes

(4.31)

Setting V=e"%/?, the general solution is found to be

w” — H(w")? =8rme=’?,

V== (3/2rm) P(x* + Cy| g,=0, g;=Cy), (4.32)

where )/ represents the Weierstrass /-function, ?! with
invariants g, and g3, and C;, C, are arbitrary real
constants, The periodic nature of the Weierstrass /-
function gives rise to singularities in the geometry
which are probably true singularities. For example,
using the diagonalized tetrad

s el 6 st sl /2
Moy =08y e Ay =0 8y e /2

[ (4.33)

one finds R 35y, =Ry33 =€*’?, which diverges as one
approaches a zero of the /-function. Furthermore, the
total charge for such solutions, given by

Q:fv3 j4n4 \/z;dsx, (4. 34)
diverges. Here n, represents the unit normal to the
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hypersurface Vs, This work may be summarized in the
propositions:

Proposition 1: A class of exact, self-consistent solu-
tions of the combined Dirac—Einstein—Maxwell field
equations (3.2)—(3.5) with static electro-gravitational
fields is given by

& =—e™dx® dx® +e* df?,

e/2=_(3/2mm) P(x*+ C,| g,=0, g3=Cy);
Xt =ity =— () expl(w/4) — imt],

Xl=£,=0, e/?=1xVirp, e=zm,

(As mentioned previously, the w-—¢ relation above is
the Weyl—Majumdar relation, Unlike the Majumdar
solutions?? to the Einstein~Maxwell equations, the Dirac
field here completely specifies the geometry.)

Proposition 2: There does not exist a maximally ex-
tended solution of the combined Dirac—Einstein—
Maxwell equations (3.2)~(3.5) with nontrivial Dirac and
Maxwell fields satisfying: (i) static space—time; (ii)
algebraic spinor structure given by Axioms I-III, with
minimal electromagnetic interaction; (iii) purely elec-
trostatic Maxwell field; (iv) space—time separable pure
34 Dirac field; (v) finite total charge.

APPENDIX: VARIATIONAL DERIVATION OF
THE EINSTEIN EQUATIONS

The equations @;; =0 may be derived from the
Lagrangian (3. 1) either by the general method of
Rosenfeld, 8 or directly by varying the tetrad A/, Here
we use Rosenfeld’s elegant approach, Let [=/- RV=¢,
and define

\/_—?T‘fa-%ﬁ 57?%)\"“. (A1)
Variation of (3. 1) with respect to the tetrad then leads
to the field equations

GH=-8rT¥, (A2)
where we have used s
g i i
It =M a0+ Ay (A3)
i

Let @, denote the various nongravitational field varia-
bles, and / =LV-g. Let @,,; represent the usual
covariant derivative for tensor fields, and for spinors
define x4, =x*,, - iepp,x*, where x*,, is the spinor
derivative of Sec. 2, For the Lagrangian (3.1), [ de-
pends upon the matter fields only through the @, and
their first covariant derivatives @,,;, and is invariant
under both Lorentz and general coordinate transforma-
tions. Then Rosenfeld shows

i 1 oL Ny .
ij _
T = 167 [m Qauj -Lg" - Rjklnk] ) (A4)
where R depends upon the transformation properties
of the fields @, and is defined in Rosenfeld. One finds
that (A4) may be written

T =EY + MY, (A5)
where
EY=-F*F, +31g"FOF,, (a6)
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(A7)

1 oL
J— | == J ki
M4 167 [aQo“ Qol "Ro lk] ’

with @, denoting the Dirac fields. After considerable
calculation, one finds

1
o7 Ro " Ix
3 . , .
=575 ¥ on(0 0%, — P X ia
i . . .
+ 573 ol OO (gt B Ak, — *B A, ) (E 4Ec), FC.C
(A8)

In another formalism, this expression appears in
Bergmann and Thomson. ? However, considerable
simplification is possible by using the Dirac equations.
Defining the canonical energy—momentum tensor M?/
as usual by

it = L BLm Qo' ~g¥L,, L,=L+4nF*F,, (A9)

~ 167 8Q,,
one finds
R, = (14 — i), (A10)
Combining (A7), (A10), we find
MY = (MY + MY, (A11)

the symmetrized canonical energy—momentum tensor,
(A2), (A5), (A8), (All) then give the desired field
equations.
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The Bronzan-Lee model of a soluble field theory with vertex function is analyzed from the viewpoint of
the N-quantum approximation. Determination of the Heisenberg field expansions in the single-source one-
and two-meson sectors of the model yields three scattering amplitudes, a production amplitude, and the
renormalization constants in agreement with other derivations. The solutions to one algebraic and three
linear integral equations, the mathematical complexity of which is reminiscent of the Tamm-Dancoff
eigenvalue approach in the Lee model with two nontrivial sources, are required for this purpose. Finite
results compatible with the conventional renormalization program are obtained from the field expansions
and the equations of motion by prescribing that each normal-ordered product of in-fields in an expansion
have the same quantum numbers as its Heisenberg field and, so that all relevant terms are included for a
sector, all possible combinations of in-fields consistent with the quantum numbers of the sector must
occur. In general, this recipe is substituted in place of power counting, which evidently is inappropriate in
higher sectors of the Lee model. The investigation of one- and two-meson exchange interactions of two
sources in the Lee model via the N-quantum approximation has been carried out, and similar work is
contemplated in charged scalar theory and the classic Chew-Low model.

I. INTRODUCTION

The N-quantum approximation (NQA) was proposed
by Greenberg' as a nonperturbative framework of
calculation which presumably upon further development
would provide experimental predictions from theories
of strong interactions. In the application of the NQA to
a specific quantum field theory, one expresses the
Heisenberg field operators as finite-degree normal-
ordered expansions in an irreducible set of in-fields,
and then substitutes them into the field equations where
renormal ordering and comparing of different normal-
ordered products of in-fields yields a set of coupled
equations for the desired c-number expansion coef-
ficients. These, at first, unknown coefficients are
essentially vertex functions, or scattering and pro-
duction amplitudes relevant to the various processes
allowed by the theory.

Since there are relatively few published papers which
use or discuss the NQA, it is convenient and perhaps
worthwhile to indicate briefly the types of examples
already considered, the complications encountered
and the successes achieved in the evolution of the
method. Greenberg’s original effort gives a general
introduction to the NQA and uses the Ward—Hurst—
Thirring? (WHT) model to study, in first order of the
approximation, the technical problem of making the
scheme compatible with the renormalization program.
A difficulty with the renormalization procedure in this
application was pointed out by Halprin® and subsequently
corrected by Greenberg, * but only a partial rationale
for adopting this particular procedure was given. A
version of the NQA for the description of bound states

AWork supported in part by Grant No. GU-3774-158 of the Na~
tional Science Foundation.

Ywork supported in part by a Resident Study Fellowship from
the IBM Corporation.
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in relativistic quantum field theory has been given by
Greenberg and Genolio, ® who treat the deuteron in
pseudoscalar-meson theory. For this purpose, they
substituted Heisenberg field expansions with the smal-
lest nontrivial number of normal-ordered terms into
the field equations and obtained the simplest manifestly
covariant equation for the deuteron wave function. In
the weak-binding, nonrelativistic limit where renormali-
zation effects vanish, this equation reduces to a
Pauli—Schridinger equation with the quantitative struc-
ture expected of pseudoscalar-meson theory. In another
application® the NQA yields the formal exact solution

of the vector derivative coupling model’ in a direct way,
and makes explicit that the S matrix is unity.

Some additional insight into the NQA was obtained
when Pagnamenta® applied it to the V and V6 sectors
of the Lee model and the neutral scalar field in inter-
action with nonrecoiling nucleons. To first order of the
approximation he found some difficulties with the re-
normalization in the former case, such as the vanishing
of the VNGO vertex function in the point source limit.
Upon resorting to a renormalization scheme similar to
that used by Greenberg and in view of the simplicity
of the Lee model, these difficulties were overcome and
correct results were established. The possibility of
successfully coping with dynamical bound states and
resonances from the viewpoint of the NQA was demon-
strated on the examples of the V0 bound state and the
unstable V particle. In the case of the neutral scalar
field model, the mass renormalization and expansion
coefficients are exact in the first order N-quantum
solution, while the wavefunction renormalization
constant Z is approximate. In each higher order the
coefficients are exact, and a better approximation to
Z is obtained. Halprin® studied the problem of assuring
that the equations for the c-number coefficients are
solved in a manner consistent with renormalization,
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and attempted to relieve the troubles encountered by
Greenberg and Pagnamenta by devising a systematic
method for dropping and/or retaining terms when
solving these equations. He did this by a coupling
constant power-counting technique which in effect
demands that, in the solution of a particular N-quantum
coefficient, terms are not retained which involve
higher order processes. This worked quite well when
applied to the V and V6 sectors of the Lee model but
encountered some difficulties in the WHT model. ' Thus,
power counting provides a guide to the manner in which
the equations for N-quantum coefficients can be solved
by dropping unwanted terms, but apparently it cannot
be applied straightforwardly in all cases. Thus, it
remains that the principal shortcomings of the NQA lie
in not knowing when to terminate the field expansions
and how to solve the equations for the c-number co-
efficients in a manner consistent with the renormaliza-
tion.

The purpose of this paper is to gain further working
experience with the NQA by applying it to the lowest
nontrivial sectors of the Bronzan—Lee model. !° This
model, although admittedly crude, was originally set
up to provide some insight into the dynamics of strong
interactions. Finite results consistent with renormali-
zation are obtained from the field expansions and the
equations of motion in a straightforward way. Each
term in a field expansion is required to have the same
quantum numbers as its Heisenberg operator, and all
possible normal ordered products of in-fields relevant
to a given sector are included. In view of the selection
rules of the model, these sectors are completely solved
in terms of three nonsingular integral equations of the
type encountered in the Tamm—Dancoff solution of the
2V sector of the Lee model. ' By contrast, in the WHT
model one encounters the mathematical complications
of having to solve a quadratic integral equation in
lowest order and nonlinear integral equations in
higher orders.

Section II describes the Bronzan-Lee theory and gives
a brief survey of its literature. It then goes on to set
up the field equations and identify the irreducible set
of in-fields for the case of stable particles and no bound
states. Section IIl is concerned with the field expan-
sions and S-matrix elements in the V and U sectors.
Equations for the N-quantum coefficients are established
in Sec. IV, and the well-known V sector is solved. This
section also includes a diagrammatic representation
of the equations. In Sec. V the solutions to three linear
integral equations lead to a complete description of the
U sector. Some conclusions and further applications
of the NQA are discussed in Sec. VL.

tl. EQUATIONS OF MOTION AND ASYMPTOTIC
FIELDS

The dynamical structure of the Lee model has been
generalized by Bronzan, who introduced a third static
and spinless fermion U and coupled it to the original
V particle and the neutral scalar boson 6. This modifi-
cation was implemented in terms of a second Yukawa-
type interaction which describes the virtual emission
and absorption of a V and a 6 by the U. In the Lee
model the heavy N particle has no internal states,
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and the only virtual elementary processes allowed by
the selection rules are the emission and absorption

of an N and a 6 by the V., Thus, there are no radiative
corrections to the vertex part, and one diagram ap-
pears as the correction to the V-particle self-energy.

In contrast, the Bronzan—Lee model has a nontrivial
vertex function renormalization in addition to the
renormalizations already underlying the Lee model.
From the conventional diagrammatic viewpoint this
function embodies all proper graphs which contain one
U- and one V-particle line, plus one external meson
line. The vertex function, the U~ and V-particle
propagators, the off-energy-shell scattering amplitude
for a ¢ incident on a ¥, and all the renormalization con-
stants were established by Bronzan via the Wigner—
Brillouin perturbation series approach to transition
matrix elements. The addition of a 6-particle to the U
sector leads to a four-body sector involving the elastic
scattering of a 6 by the U particle, and the production
of two and three mesons in association with a ¥ and
N particle, respectively. This sector has also been
analyzed by Bronzan, > who found that the corresponding
dynamical equations reduce to the solution of a single
Fredholm integral equation in one variable, An analo-
gous situation occurs in the VV§6 sector of the Lee
model, 13

Besides being a very valuable framework for the
discussion of the renormalization problem and off-
energy- shell techniques, the Bronzan—Lee model
has importance as a general testing ground for dynami-
cal questions and various methods of caleulation in
field theory. In the former category, we mention the
paper of Liossatos, !* which demonstrates, among other
things, that, in the limit where the wavefunction re-
normalization constant of the V particle vanishes, the
Bronzan—Lee model is equivalent to a composite theory
containing only Fermi-type couplings among the U,

N, and 6 particles. More recently, Choudhury, !° fol-
lowing the procedures of Maxon'® and Scarfone, !” has
applied the Lehmann—Symanzik—Zimmermann'®
(L.SZ) formalism to the two lowest nontrivial sectors
of the Bronzan—Lee model and derived all the 7
functions and the relevant scattering and production
amplitudes. All the renormalization constants were
obtained and found to agree with the results first
calculated by Bronzan, and subsequently also by
Liossatos. An independent but related effort by Chen-
Cheung® in a similarly extended Lee model deals
with the renormalization problem from a Green’ func-
tion approach.

Nonrelativistic versions of the Bronzan—Lee model
have been studied by North, ?° and by Fonseca and
Shanley.?' The former author solves the model in
terms of the old-fashioned strong-coupling theory of
Wentzel and suggests a procedure for obtaining a
bootstrap solution, while the latter authors use the
theory as a framework for gaining insight into four-
body scattering systems.

For future purposes, it is convenient to treat all
heavy particles as bosons. In so far as predictions of
the theory are concerned the distinction between heavy
fermions and heavy bosons is irrelevant providing the
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interactions are spin-independent, and we only consider
states involving at most one heavy particle. In accor-
dance with the renormalized Hamiltonian which de-
scribes the particle processes previously mentioned,
we write the following set of Heisenberg field equations
for the Bronzan— Lee model:

ZU<z‘i —my + Omu) U)=2z, [ flwAk, HV()d%k,

dt (1a)

Z, (i% —m+ 6m) V() =2z, [ flw)A*(k, HU(Hd%
+g [ flw)Ak, HN(H)dk, (1b)
(i% - m> N(ty=g [ fw)A*(k, YV (D)%, (1c)
(i% - w)A(k, H=2Z, [w)VH(OU) + gf(wIN (O V(D). )

The operators U(t), V(¢), and N(f) are the renormalized
field operators that asymptotically annihilate U, V,

and N particles, respectively. Their Hermitian con-
jugates are the corresponding creation operators. For
simplicity, both V and N are assigned the same energy,
i.e., mass m, while U has the energy m,; Z,

and Z, are the U- and V-field wavefunction renormaliza-
tion constants; 6m, and 8m are the mass renormaliza-
tion counterterms, while the parameters A and g are,
respectively, the UV6 and VNG renormalized coupling
constants; Z, is the UVé vertex renormalization con-
stant. The operator A(k, {) asymptotically annihilates

a meson of 3-momentum k and relativistic energy

wk) = w=(K+ p?)¥?, where u is the rest mass. The
real quantity f(w) is an abbreviation for the ratio
p{w)/(2mM¥? (2w)*2, where p(w) is an w-dependent
cutoff function that guarantees convergence of inte-
grations over w in the high-energy limit, and prevents
the existence of any ghost states.

Equal-time commutation relations are given by
v, vrl=2zy, v, vii)l=2z3,
(N, N()]=1, [Ak,8),AK,N]=58k-Kk).

(2)

All other possible commutators vanish, The Heisenberg
equations of motion are based on selection rules which
allow the following operators to be constants of the
motion:

B(t) = Z,U(U(t) + Z , V(£ V() + N*(N(2),
Q) = Z U (U(t) = N*(HON(t)

(3a)

(3b)
+ [ A%k, DAk, k.

Therefore, in the Tamm—Dancoff method of solution
the state vector space is decomposed into mutually
nonoverlapping subspaces which are labeled by the
discrete values of B and . Analogously, in the NQA
we may associate a pair of quantum numbers with a
Heisenberg field for all values of the time ¢t. This is to
be expected since the B and @ values of a state change
accordingly under the action of such field operators,
The operators U(f), V(t), N(¢), and A(k, {) have (B, Q)
values given, respectively, by (-1, 1), (-1,0),
(-1,1), and (0, -1). Annihilation operators have quan-
tum numbers of the opposite sign. In contrast to the
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Tamm-Dancoff formalism, where a physical state

is expanded in terms of all bare states having the same
B and @ values, here individual contributions to the
expansion of a Heisenberg field in a complete set of
in-fields have the same quantum numbers obtained by
adding the individual B and @ values of the correspond-
ing in-fields.

It is advantageous to express the equations of motion
with respect to the Fourier-transform variables. In
this way, we obtain the following coupled field equa-
tions:

Zy(H —my, +6m)UH)=2Z, [ [ Ak, G)V(H - G)d®kdG,

(4a)
Z (E-m+ smMYV(E)
=2z, [ [fwA*(k, HYU(H + E)d*kdH (4b)
+g [ [ Alw)A(k, GIN(E - G)d®%dG,
(F-mN(F)=g [ [ f(w)A* (&, G)V(F +G)d*kdG, (4c)
(G - wA(k, G)=AZ f(w) [ V(H)U(H + G)dH
+gf(w) [ N(E)V(E + G)dE. (4d)

As previously stated, the central idea underlying
the NQA requires that field equations of a specific
theory be solved by expressing each field operator as
an approximate expansion in terms of an irreducible
set of asymptotic operators that create or destroy
stable particles. Hence, in the first step we must
identify the asymptotic fields. This is done by con-
sidering the possible energy spectrum due to the inter-
actions in the theory. If we assume U and V are stable
elementary particles so that each field has a single
in-field limit defined in the LSZ sense, and if there
are no bound states to account for, then the four in-
fields U,,, V., N;,, and A (k) constitute an asympoti-
cally irreducible set. The commutation relations as-
sociated with these operators have the free-field form

[Uhu U;n]—__l’ [Vim VLJ:I

[Nim N;n]zly [Ain(k)’ A;n(k,)lzé(k—k"L (5)

while all other commutators vanish. The presence of
bound states would require independent in-fields to
complete the present set, Since the asymptotic condi-
tion makes sense only for stable objects, unstable
particles must be regarded as resonance complexes
which in the remote past were separate stable particles
that will in the far future again become these particles.
For example, an unstable U particle will show up as

a resonance in the V6 scattering cross section. In any
case, there would always only be four Heisenberg fields
in the theory.

1. FIELD EXPANSIONS AND S-MATRIX ELEMENTS
IN THE (NONTRIVIAL) ONE-HEAVY-PARTICLE
SECTORS

Having defined a complete set of asymptotic fields,
we now develop the expansion for each field operator
in the U- and V-particle sectors. We require that
each term in an expansion have the same quantum
numbers as its Heisenberg operator. In addition, so
that all pertinent terms are included for a sector,
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the series must contain all possible combinations of
in-fields consistent with the quantum numbers of the
sector. This is reminiscent of the Tamm— Dancoff
procedure of superimposing all bare states having the
quantum numbers of a given physical state. Thus, the
in-field expansions for the Fourier-transformed fields
in the V and U sectors are written in the normal-ordered
forms

UH)=08(H - my) Uy + [ 4y (0)6(H = m - w)V, A (KR
+ [ [ty (w0, 0" )B(H = m = w0 = @ IN A, (A, (K)

xd%d%’, (6a)
VIEY=8(E - m)V .+ [ v,,()5(E = m - wIN A, (K)d%

+ [0, (W)S(E + w - myA LK) ,d%

+ [ [ vy, BB + 0 - = mALKIV,,

XA (K )PREE

+ [ [ e, 0", 0" B(E +w =0 = 0" —m)

XA KN, A, (KA (KRR PR (6b)

N(FY=0(F =m)N,, + fnu(w)ﬁ(F +w-m)AL RV, &k
+ [ [n,(w, w)B(F +w - w =m)A}(R)N,,
XA, & kdR’ + [ [ 1w, 0)O(F + @ + 0"~ my)
x A} (KA, KU, d3kd® R

+ [ [ (w0, 0, 0" F 4w+ @' —w” —m)

XA} KA LKV, A, KPRk ER”

+ ffffnzs(w, W, W W (Ftw+w —w” ~w" - m)
X A;,n(k)A;n(k’)NinAm(k”)A‘n(k”')dSkdak'dak”dak"',

AK,G) = 5(G - w)A (k) +5(G)ay, (0N}, Vs, (6c)

+ [ a(w, " )8(G ~ 0 INN A L (KPR
+ o, ()G +m - my)

XViUp+ f Upp(w, WG = W Vi,V A 1k R
+ [ aya(w, w)B(G +w' +m —myA (K INLU Bk
+ [ apw, 0, wBG - W = w" Vi,

XN A (KA (KR PR

+ [fa,w, o, w")B(G +w' —w”
XALKING VA LK )dR PR

o [ oot @B 4~ 5"
XNiA L (K )NinAin(k")Asn(k”')agk'dsk" &R,

In these expansions the coefficients u, v,m, and
a are labeled by two subscripts ¢j. The first of these
indicates a V or U sector association, {=1 for V, and
i=2 for U. The second index j denotes the number of
the coefficient within a sector. With no bound states
or unstable particles present, these expansions are
complete for any analysis up through the U sector.
All terms have the same quantum numbers as their
corresponding Heisenberg field, and each is identified
with one sector or the other. Note the omission of
any terms involving more than one-heavy-particle
creation or annihilation operator. In a future communi-

(6d)
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cation this restriction will be removed by considering
the NQA technique in the VN and VV sectors of the
Lee model where a two-heavy-particle bound state is
already known to exist in each case. As already men-
tioned, Greenberg and Genolio have demonstrated how
the NQA could be applied to bound state problems by
treating the deuteron in pseudoscalar-meson theory.
Since their effort is confined to the one-meson ex-
change approximation, it is worthwhile, even at the
static-model level, to gain experience with the NQA
in a soluble two-heavy-particle system involving the
exchange of two mesons. This may be the first example
of an exact NQA calculation of this type.

Diagrammatic representation of the expansion co-
efficients provides an illuminating means of interpreting
both the expansion rules stated earlier and the struc-
ture of the equations for the c-number coefficients
given in Sec. IV. We show in Fig. 1 graphs for the
UVé vertex v,,, the V8 scattering coefficient v,,, and
the V86— N66 production coefficient vy; with the V leg
off the mass shell in each case. The expansion coef-
ficients denote connected parts of matrix elements
of the Heisenberg fields sandwiched between in-
states. Reading the diagrams from bottom to top,
we can use the customary “+ie trick” to obtain retarded
propagators, Double lines represent the off-shell
Heisenberg fields while single lines at the bottom re-
present in-field creation operators. Single lines at
the top symbolize in-field annihilation operators, and
the black box itself stands for the coefficient. A delta
function expressing over-all energy conservation ac-
companies each graph, Double lines not terminating
on a box (see Fig. 3, for example) are interpreted
as renormalized propagators,

In the sectors under consideration there are four
amplitudes. We determine a set of N-quantum coef-
ficients of interest for S-matrix elements describing
the elastiec scatterings N6, V8, and N86, and the
production V6 — N88 by contracting the N or V particle
from the corresponding out-state. This leads to

Swe-nor = 0(k =K'} +1im 7,(w’, w) expli(w’ - w)t], (7

Sye.ye =0(k=-K)+ %15“ Vpolw”, w) expli(w’ - w)t], (8)

U g v
\
\
\
N\
Y21 Vo2
/f 7
/ // FIG., 1. U-sector coefficients
/e / appearing in the in-field ex-
8 V() g V(E) pansion of the Heisenberg V
8 N o field.
\ /
\ /
\ /
V23
/
/
/
8 VIE)
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Pryge ngrge =V2 1im (0, 0", w) explifw’ +o” - w)t],
9)
Sxoor-Nomgns = %[5(1( -k")5(k" —=k'")

+ 6(k - k"')é(k' —k”)]

+ %}'}T{nm(w” , w)8(K —KYexpli(w” - w)]

+ n,(w”, w5k -k"') X expli(w” - w')¢]
+n,(w”"’, w)8(K —k")expli(w”’ - w)t]
+n,(w”’, W)k - k") expli(w”’ - w')t]}

+2 lim (W, 0", 0, w)

xexpli(w” +w" - w' - w)t]. (10)

Before using the NQA technique to derive equations
for the expansion coefficients, it should be noted that
the ordering of the equal-time Heisenberg fields in the
equations of motion is not unique. We choose to proceed
with the ordering in Eq. (4) because the resulting
equations for the coefficients are simple. This is re-
miniscent of dispersion theory where one’s success
in solving a matrix element of a current or field opera-
tor with respect to physical states depends on which
particles are contracted. That there is a close cor-
respondence between the NQA and dispersion theory
is seen in the connection between such a matrix element
and the expansion coefficients of one field, On the
other hand, a Tamm-Dancoff expansion coefficient
couples, in general, not only to one or more NQA
coefficients, but to NQA coefficients of different
Heisenberg fields.

By considering matrix elements of the field equa-
tions, it is possible to know beforehand which ordering
will yield the simplest equations for the expansion
coefficients. For example, consider writing Eq. (4a)
as

Zy(H=my+0my) 0, in|UH)|B, in)
=2Z, 2. [flw) (0, in|A(k,G)|n, in)
X ( n, in| V(H - G)| 8, in ) d3kdG (11)

where the state [8,in) has the quantum numbers of
the U particle, and a complete set over in-states has
been inserted on the right-hand side of the equation,
Because of the selection rules in the theory, it follows
that the only contribution to the sum over n» comes
from the one-particle ¢ states. On the other hand, had
we used the ordering V(H - G)A(k, G) in Eq. (4a), the
intermediate states would have been the physical one-
particle V state and the N6 scattering states. The
ordering which involves the simplest intermediate
states is the desirable one. If the B state is taken to be
the U-particle in-state |U,, ), then the former case
yields the expression

Zybmy=2Z, [ flw)v,(w)dk, (12)
while the latter leads to
Zydmy=2Z, [ flw)a,, (w)dk
AZy [ [ Aw)ags(w, o), (w))dRdk . (13)
Compared with Eq. (12), it is obvious that Eq. (13) is

a more complicated way of writing Z,6m,. Similar
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considerations of other matrix elements of the field
equations show that the solutions in the sectors under
discussion are found with the least mathematical re-
sistance when the field operators are ordered as in
Eqs. (4a)—(4d).

1V. EQUATIONS FOR THE N-QUANTUM COEFFICIENTS
AND THEIR GRAPHICAL EQUIVALENTS: SOLUTION
OF THE ONE-MESON Vv SECTOR

Although the procedure for implementing the NQA
has been described elsewhere, ! we briefly reiterate
it here for completeness of the exposition. To solve
for the unknown c-number coefficients appearing in the
in-field expansions of the Fourier-transformed Heisen-
berg field operators, the latter expressions are sub-
stituted into the equations of motion, and products of
in-field operators on the right-hand sides are renormal
ordered by means of their commutation relations. Then,
by virtue of the property that different products of in-
field operators are independent, the resulting equa-
tions yield relations for the coefficients. Products of
in-field operators associated with sectors higher than
U are ignored in this process.

Using this technique in the U-field equation of mo-
tion, we come upon Eq. (12) and two other equations,
namely,

Zy(w+m—my+dmyu, (w)

=2Z,[flw) + [0, , w)d®' ], (14a)
Zy(w+ o +m=my+5myy,(w,w’)
= 2\ [fw)vy, (@) +flw vy, ()]

FAZ, [ flw" Voglw”, w, w0 )R, (14b)

In a similar manner, the V-field equation of motion
leads to

Zypim=g [ flwyny,(w)dk, (15a)
Zy(w + om)vy (w) =gflw) +& [ Ao, w)np(w’, w)d®k’ . (15b)
Z (my = m ~ w + 5m)vy, (w) =\Z flw) + 2g ff(w')"m

X(w', w)dk . (15¢)
ZAw' = w+5m)vy(w, w)
=AZ (@)t (w') + gF (w0 Iy (w)
+22 [flo" Mpy(0”, w, o' )dk”,
Zy(w’ +w” -+ 0m)vy,(w, 0, w”)
=AZ f(0),5(w, ") + 28[flw 5 (w, ")
+flo"Myy(w, )]
+2¢ [ flo" ", 0, o, " )" (15¢)

The renormalization constants, and the scattering and
production amplitudes in the V and U sectors can be
calculated without recourse to the o coefficients in the
6-field expansion. However, to complete the goal of
the NQA in the present case, we include the remaining
equations for the coefficients that follow from the
equations of motion for the N and 6 fields. These are

7y,(w) = - gflw)/w, (16a)
(0" = wng,(w, ©) =gflw)v, (@), (16b)

(15d)
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(my =m=w -0, (v, w)

= 38 (w)vy, (W) + flw vy, (w)], (16¢)
(w” = w=-w WMy, w,w”)
= 32 ()55, w") + AW Vpp(w, )], (16d)
(0" +w" -0 =whn,(vw,w, 0", ")
= 381 ()0, (0w’ , w7, W) + Ao Yvg,(w, 0", w")],  (16e)
ay{w)=-gflw)/w (172)
(0 = w)a,(w, ) =gflwr, (), (17b)
(my —m - w)a,,(w)
=2Z flw) + gflw) [nf(w v, ()R, (17¢)
(W' = way(w, w ) =AZ flwh, (w') + gflwnf (")
+ gf(w) 1% (0" g, (w”, ' )R,
(My ~m = w = way{w, w) (17d)
=AZ f(w)ofy(w') + gflw)vy (W)
+gf(w) [nl(w” ,w ), (0" )dPk", (17e)
(w=-w -, lw,w, ")
=AZ f(whty,(w', ")
+ zg[fwingy (g, (") + Al ey, (w))]
+gAw) [l (0" )eyy(w”’, W', w" )%, (171)
(0"~ =), (w,w,w”) (17g)

=AZ flwed (o iy, (") + gf(w) vy, (w’, 0”)
+ gflwng(w”, w') + [ni(w”, o )", o ER",
(W + w" = w = w)aw, w, w0, w")
=2AZ flwyefleNuw”, w"')
+ g (W) yy(w’, ", ") + gl fwnfy(w”, ey, (")
+ flomt(w”’, w v, (w")]
+gf(w) [0, w ) vylw” ", w”, w" )dk"".

In view of the boundary conditions imposed on the
Heisenberg field operators by the in-field expansions,
we want only the retarded (+ Z¢) solutions of these
equations. With this in mind, we proceed with the
N-quantum solution of the theory up through the U
sector. The analysis of the V and V6 sectors of the
Lee model by this means has already been given in
Ref, 8, and the former case is included here for re-
ference. It is obvious that the V sector is unaltered
by the additional X coupling.

(17h)

The well-known expression for Z,6m is obtained
by combining Egs. (15a) and (16a). We find

Zvﬁm:-ngfz(w)dw/w. (18)

The coefficient v,, follows from the separable integral
equation that results when Egs. (15b) and (16b) are
combined. Thus

hw)v, (w)=gf (), (19)

where #{w) is a function familiar from the classic work
of Kdllén and Pauli, 2 and defined by

Mw)=Z yw + Z ,0m + g [ Lo )d% /(w'-w - i). (20a)
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In view of Eq. (18), we may also write
Hw)=wlZ,+ & [ (W )Er [ (' ~w—ie).

In this way, we extract the zero of h(w) at w =0 and
obtain a function within the square brackets of Eq.
(20b), which has a cut for 4 <w < «© and no zero or
poles in the cut plane. Use of Eq. (19) in Eqs. (16b)
and (17b) leads to

n{w, ') = 0w, @) =g Wiflw)/ (0 —w +iedh(w’).  (21)
To finish off the NQA solution of the V sector, it
remains to calculate the S matrix element for N6
elastic scattering, and the V-field renormalization
constant, Z,. The first of these follows from Eqs. (7)
and (21), and is given by
Syo-ner = Ok —K’) — 2Tib(w - 0% (w)/ M(w), (22)

where the Riemann—Lebesgue lemma has been used
in the form

}jgl[exp(iwz)/(w_ ie)] = 2mis(W). (23)

(20b)

The vanishing of i(w) at zero meson energy signifies
that the exact (renormalized) N6 scattering amplitude
Ay (w) defined via Eq. (22) by

A yolw) = —41g%w R (w)/ w) (24)

has a pole derived from the V particle. The convention-
al requirement that A, ,(w) at w =0 be equal to the

Born amplitude -47ngZf?(w) prefaced by g? instead of

the square of the unrenormalized coupling constant,

g%, leads to the desired expression

Zy=1-g[fAw)dPk/w?. (25)
This is equivalent to setting the residue of 2 *(w) at
w =0 equal to unity or, alternatively, writing 2’(0)=1,
where the prime denotes differentiation with respect

to w. Substitution of Eq. (25) into Eq. (20b) leads to
yet another version of h(w), namely

w [~ Imh(w)dw’
- + —_
w)=w <1 p fu —_w’z(w’—w—ié)\)'
Hereafter, the quantity in parentheses is represented
by the function S{w).

(20¢)

We next construct the diagrammatic equivalents of
the equations for the coefficients associated with the
V sector. Again, this has already been considered in
Ref. 8, but is repeated here in our notation for con-
venience. Equation (16a) for »,, is shown in Fig. 2.
The same figure with the 6 particle instead of the
N particle off the mass shell gives the equation for
a,,. The V-particle mass renormalization equation is
depicted in Fig. 3 and follows from Eq. (15a).
Equations (15b) and (16b), showing the coupling between

v v
By = FIG, 2, Diagrammatic repre-
// sentation of Eq. (16a} for ny,.
/ /
/ /
/ /
8 N 8 N
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Z,3m = "

FIG. 3. V-particle mass renormalization given by Eq. (15a).

vy, and n,,, are illustrated in Fig. 4. Equation (19) is
given by Fig. 5. Analogous figures representing the
connection between v,, and «,, follow from Eqgs. (15b)
and (17b) and the equality a,,=n,,.

It is of interest to note here in the V-sector treat-
ment a comparison between objects of calculation in
the NQA and dispersion theory. The latter approach
commonly deals with matrix elements of a current
operator which can be expressed in terms of the matrix
element of the corresponding field operator and thereby
makes connection with a ¢-number coefficient of the
NQA. For example, the VN6 interaction factor, gf(w),
on the right-hand side of Eq. (17a) equals the matrix
element ( N, 1J|V, ), where J is the #-particle current
operator J(t) at { =0. Here we define

()= (— i +w)A(k, D=[H,Ak, 1] +wAk, ), (26)

where H is the renormalized Hamiltonian of the theory.
Using Eq. (26) to express the matrix element of J in
terms of the matrix element of A(k, 0), we learn that
a,, is equal to -gf(w)/w in agreement with Eq. (17a).
Likewise one defines a V-particle current operator
Jp(t)= (_i% + m) V(t)=[H, V()] +mV (), (27)
and finds in dispersion theory?® that the VN9 vertex
function (0!J,IN6,, ) is calculated to be —gwf(w)/(w).

8 N 8 N 2} N
\
\\ \\ B \
\ \ \ \
N \\ \
_.8 -
o FEeom | +z) + | M2
T
\V|IN
v \
v v
L v
& N & N
\ \\
\\ \
AN
P2 = Vil
7
/ v
/
/
g N /
/
g N

FIG. 4. Equations coupling vy; and n;,.
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q N 4 N 9\ N
\ \ 8 N \
\ \ \ \
\ AW \ A
\
- =1
iy ——E_—"‘"; v + 2y + vy
v
Y g iInN
v v
v

FIG. 5. Algebraic equation for v; obtained from the graphs in
Fig. 4.

The matrix element of the V-field operator at =0
represents v,;, and thus Eq. (27) implies that v,, is
given by gf(w)/h(w), as expected. Again, in dispersion
theory?® the matrix element (N, (JIN§',, ) for N@
scattering is found to be the negative of gf(w)f{w’)/h(w).
Therefore, Eq. (26) implies that o, is given as in

Eq. (21). Of course, a dispersion relations calculation
of the matrix element of a field operator itself with
respect to the appropriate in-states will lead directly
to the corresponding NQA coefficient. Both the NQA
and dispersion theory, like the Tamm-—Dancoff and
LSZ formalisms, are nonperturbative methods of
solution. However, in the V-sector the second named
approach requires the solution of an Omnes-type and

a Low-type integral equation while the other methods
achieve the desired results algebraically.

The dynamics of the U-sector is carried by the
three coefficients shown in Fig. 1, each of which
satisfies an integral equation that can be derived from
the set of equations for the c-number coefficients.
For the purpose of interpreting the structure of these
integral equations, it is instructive to also present
them by graphical means, However, for economy of
presentation we do not provide diagrams for all the
equations in the set, The U-particle mass renormaliza-
tion is given graphically in Fig. 6.

We first consider the appropriate graphs for a
diagrammatic construction of the integral equation
for v,,. To do this, we seek the coupling between the
UV6 and UNY8 vertex functions v,, and n,,, each with
one leg off the mass shell, Taking into account the
symmetry property of identical bosons, we find the
relevant diagrams are those displayed in Fig. 7, which
lead to the separated integral for v,, shown in Fig. 8,
In analytic form, this equation reads

hlx = @)y () =AZ,f(w) + £f(w) f A V(@)%

Xx=—w-w’' + i€

(28)
U v}
Zy3my, FIG,. 6., U-particle mass re-
= V2) normalization given by
T Eq. (12).
e\ |V
U
U
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FIG. 7. Equations coupling vy and ny.

where x =m —m, and the i may be dropped here since
for a stable U particle we have x < u, A comparison

of graphs in Figs. 5 and 8 explains the factor of
h(x—w) appearing on the left-hand side of Eq. (28).

We wish to rewrite Eq. (28) in terms of another
function, ¢(w,x), defined by

h(x — w) v, (w)
AL flw)

It is easily seen that ¢(w, x) satisfies the integral equa-
tion

Hlw, %)= (29)

(30)

qb(w,x):l-—; h(x-—w')(w’+w—x) ’

lfmlmh(w’)d)(w',x)dw'

which is similar to the well-known Killén—Pauli
singular integral equation. There are standard analyti-
cal techniques for solving this type of equation and
generalizations thereof, ?? Let us obtain next the inte-
gral equation for the V@ scattering amplitude embodied
in the coefficient v,, with the V leg off the mass shell.
In this case we expand v,, in terms of those graphs
having either a U field or an N field off the mass shell
as shown in Fig. 9. This implicates three other coef-
ficients, and the expansion of one of these, namely

g, also given in the same figure, yields the coupling
n
u v ( v u
l v
vay ='E§_1m vay |+ZY +1lvey |+ |va
/
7 7 / 7
/ 7 / N A
’ / g v &\ 1
/ / N /9,\
g v 6 v / /
’ v /
L 6 8 3

FIG. 8. Integral equation for vy obtained from the graphs in
Fig, 7.
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FIG. 9. Equations showing the expansion of vy, and its coupling
with 795,

of diagrammatic equations which leads to the following
analytic form of the integral equation for v,, illustrated
in Fig. 10:

S (AW /0 +AZ f (w)ty,

Mo =)y w, ') = -

L ! " (31>
flw v, (w”, w)dk
8 /W) W —w=-w" +ie ’
As before, the presence of the factor h{w’ —w) on the

left-hand side of this equation is the result of combining

+
o v & v @ v & v
\ \ \ \
\ \ \ \
\ \ \ \
\ A
<l lu + YXiv+e | + v
zy 21 /A 22 22
/
v // v 9"\\ ' / v
ra
My, AN Sl IN
/ / /
8 8 7 /
7 v oy )
L 6 6 ]

FIG. 10. Integral equation for v,; obtained from the graphs in
Figs. 2 and 9,
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the first and fifth graphs on the right side with the
graph on the left side in Fig. 10. Of course, here as
in Fig. 8, the closed loop involving the box signifies
the occurrence of an integral equation. The absence of
this feature in Fig, 5 led to an algebraic equation for
vy, as we have seen. It is useful to introduce the
function x(w, w’) defined by

X(w, ) =R(w —w)vy,(w, )/ (W)f(w). (32)

One can then readily establish that y satisfies the
singular integral equation

X(w, ") -
1 1 Imh(w” ) (w”, w )dw” (33)
T w Fxo(w) -2 fu hw =0 Nw” +w-—w’ -’

where x(w’) is an abbreviation for AZ u,, (w’)/g*f(w’).
This differs from the Killén—Pauli equation for the
V6 amplitude, off the mass shell, in the usual Lee
model by the presence of the additional term y, in the
inhomogeneous part due t{o the U particle.

We now proceed to set up the third integral equation
in the U sector. The relevant “physical” process is
the collision of a meson with a V particle and the
production of an N and two mesons by these particles.
The appropriate coefficient is v,, with the V leg off
shell. As in the previous cases, we look for an ex-
pansion of v,, in terms of other possible coefficients
permitted by the selection rules in the theory. The
graphs in question are shown in Fig, 11 where the ex-
pansion of n,, provides the diagrammatic coupling of
equations needed for the separated integral equation
for v,, given in Fig. 12. The mathematical expression

g N g & N 8"
\ 7 \ /
\\ / \ /
/ \ /
N1/ \
3
Vo3 = - T":“ Vo3 +
7
/ / ﬂ
/ /
/ /
8 v 2] v

A
6
g N g" r g N 8" 9 N g"
\\ / \ // \\ //
’
\ /
\ / y \5 /
- |
ne3 |73 Y3 * |ves
/ // // v // v
‘7 / ’
// N / / /
86 , LS
16 ém om /9 N i

FIG. 11. Equations showing the expansion of vy3 and its cou-
pling with ny,.
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of this figure takes the form
I’ +w" =w)vyw. 0, w")

8@ (W) (@) 1 1
- 2 ( * ))

oW —w+i%) Moo - + &

+AZ, f (0, (w', w”)

f(wlll)v (wlll,wl’wl/)dskll/
+g2f(w)f w/l fw’_w—w”, +ie . (34)
Again, except for the u,, term due to the U particle,
this is the equation for the production amplitude, off
the mass shell, found in the unmodified Lee model.
Here, also, we introduce another function ¢ (w, w’, w”)
defined by

=28(w’ + w” =)W (W )ve(w, 0, w”")

£f (W) (w)f (w")

Y (w9 w' yw”)=

(35)
and obeying the integral equation
P{w, o', w"}
hw') hw”
Tw~w" e w-w'—i
T d(w,w”)
1 © [Imh(wlu)]d) (0.’”,, U)’, w" )dw,” (36)

- ;'_fu Bw +w -0 o +w-w -w”~i)’

where we let ,(w’, w”) symbolize —2AZ h(w" Yr(w" Yu,,
(w', w")/ & (W )f(w”). In solving integral equations
such as (33) and (36) the unknown terms y, and ¢, are
treated as constants which are determined after the
formal solutions are found. These points will be taken
up in the next section which deals with the NQA solu-
tion of the full U sector.

A review of the preceeding equations shows that the
V and U sectors of the Bronzan—Lee model are solved,
respectively, by one algebraic and three singular
integral equations in the NQA. One less integral equa-

8 W g & N ¢ N @8 N &
/ \ / \ I\

\ / N // \

\\ / N/ \.

1=
3
n
F
ot
2
N
+

-4
Va3 [T E-m|Ves +Z,

ql N 9" 9' N
/X

\\ L / \

\ ! \\

uz2 + ves + Va3

FIG. 12, Integral equation for v,; obtained from the graphs in
Fig, 11,
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tion is required in a similar treatment of the V6 sector
of the Lee model. As in the Tamm—Dancoff eigenvalue
method one works with off-the-mass-shell amplitudes
such as those defined by Eqs. (21), (32), and (35). In
the U sector this entails two separate problems. One
of these involves the V@ scattering amplitude with the
V leg off shell and the production process Vo — N9@
with a different off-shell extrapolation, while the other
deals with the amplitude for N8 scattering with the

N leg off shell through its connections with the amplitude
for N6 scattering and the production amplitude with the
V leg off shell, In the L.SZ approach the solution to two
singular integral equations solves the entire U sector,
One such equation performs a similar function in the
V8 sector of the ordinary Lee model. There is a great
deal of similarity between the LSZ analysis of the

U sector and the VV sector of the Lee model. The
latter problem is also solved by two singular integral
equations, yielding two scattering amplitudes, a
production amplitude, and an equation for the deter-
mination of the two-heavy-particle bound state energy
which follows from the analytic properties of the 7
function appropriate to the VV propagator. An analogous
consideration of the U particle propagator leads to its
mass renormalization constant.

It is known that the LSZ method of solution in models
of the present type has both a formal and calculational
appeal not enjoyed by the N-quantum, dispersion, and
eigenvalue treatments. The reason for this is traced
to the additional degree of freedom due to the time
variable in the T functions. '®* These functions are
coupled through the Matthew—Salam equations which
contain the dynamics of the model in question. In
momentum space the 7 functions in these equations
carry a Fourier transform variable corresponding
to the time, and the extra information in this variable
reduces to a minimum the number of integral equations
needed for a complete solution. From a mathematical
point of view the NQA solution of the U sector is of the
same order of complexity as the Tamm—Dancoff
eigenvalue method. The former has the advantage of
yielding the complete Heisenberg fields, while the latter
uses expansions in terms of states. Of course, on the
relativistic level the NQA is to be desired since it works
directly with connected graphs and is manifestly co-
variant.* The inclusion of the U particle in Amado’s
dispersion calculation of V@ elastic scattering yields
a very complicated set of dispersion relations,

V. N-QUANTUM SOLUTION OF THE TWO-MESON
U SECTOR

This section is concerned with the evaluation of
coefficients associated with the U sector. For this
purpose, we require the solutions to the three singular
integral equations developed in the previous section.
After obtaining expressions for v,,, v,,, ¥,,, we make
use of the c-number equations to determine the re-
maining U-sector coefficients., From these results
we are led to the renormalization constants and the
S-matrix elements.

1t is not necessary to dwell on the available techni-
ques for solving Egs. (30), (33), and (36). As indicated
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earlier, standard mathematical routines exist for
dealing with these equations. In spirit we adopt the
procedures used in previous papers.*”'?® The mathe-
matical structure of Eqs. (30), (33), and (36) should
be compared with the integral equations that occur

in the 2V sector of the Lee model. ?® In this comparison
it will be observed that the principal difference between
the two classes of equations is the use of the inverse
V-particle propagator function %(w) in the former

case vis-d-vis the corresponding VN propagator
function in the latter case. Both functions have a

zero point, the same cut from p to positive infinity,
and the same behavior at infinity. Thus, the same
techniques of analysis apply in both instances. From
the solution to Eq. (30), we have via Eq. (29) that

1”21(('0) (37)

_AZf(w) 1
T ZAT AR (»T-Z +A) [I*(x"")'lf(x”)'

The integral I ,(Z) was first introduced in the solution
of the V@ sector of the original Lee model. 2% Its general
definition in the complex Z plane is given by

1 (7 1 dw
l(®=3 f LI (m) @-2BW=0) ’ (38)

where W is a real variable. Both h(x) and I (x) are
real integrals since the stability of the U particle
requires that x < .

The mass renormalization is calculated by sub-
stituting Eq. (37) into Eq. (12) and carrying out some
contour integrations. In this process one establishes
the expression

7—1;[“ (ImB(w) 1, (x—w)dw

—1 _Z‘Vl_%'[ﬁ"(x)—z;z—xlx(x)]. (39)

Since the steps leading to Eq. (39} are not so obvious,
the interested reader may wish to consult the Appendix
of Ref. 17, where a similar integral is evaluated in
detail. As expected from previous works the result
for Z ;5my is

Zybmy=(0222/2g%) [x + 26m - h(x)/ 2} d*(x)], (40)

where d*(x) =1+ k(x),(x). In the NQA, the mass re-
normalizations Z,6m and Z,6m, are obtained from
equations for c-number coefficients. Another approach
makes use of the property that the V and U propagators
have poles at the observed masses m and my, re-
spectively. In the same context, the wavefunction re-
normalization constants Z, and Z, are derived from
the fact that the corresponding residues of these
propagators at these poles equal unity. To determine
Z,, we adopt here a definition of the coupling constant
A which makes the exact scattering of mesons by a

V particle equal to the lowest order perturbation theory
result at the unphysical energy w=x. The exact
amplitude for this process will follow from the solu-
tion to Eq. (33). In the meanwhile, the vertex function
renormalization constant Z, is determined as usual

by prescribing that the UV6 vertex function be normaliz-
ed to unity on the mass shell. In this way, we have
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Z,= ¢ x, %) =Z {1+ h() ()] (41)

Having secured v,; and all the V-sector coefficients,
we are now in position to derive expressions for the
coefficients n,;, a,;, and a,,. The first of these is
immediately read off from Egs. {16¢) and (37). The
second is obtained from Egs. (17e), (19), (21) and the
solution of Eq. (30) embodied in Egs. (29) and (37).
We write a,, in the convenient form

& (W)f (") (ﬁﬂ“") + l’u("‘w')). (42)

x=w-w \ f(0') flx-w")

In a like manner, we use Egs. (16a) and (17¢) to see
that the third coefficient «,, is expressed by

QZI(W):)\f(CU)/(x—w). (43)

We now turn our attention to Eq. (33) and results
derivable from its solution. Again, it is worth pointing
out the similarity in the mathematical structure between
this equation and the singular integral equation that
describes VN scattering in the Lee model.?® From
the solution to Eq. {33), and in view of Eq. (32), the
coefficient v,, for the description of V6 scattering be-
comes

Aplw, w )=

7’}22(0)1 w’)
_ &S () (") ( d(w') 2(w’ ~w) o (' ~w)
T wlw-w'-ig\ Blw)d* (W) d*(w")

_AZ f(whuy (W)
(w-w'-i)Z,

hw))w' -w)l. (w'—w)—w’lw'(w')])
X <1 * wd(w’) : (44)

At this point we find the U-sector coefficient u,, from
Eq. (14a) by making use of the above expression for
v,, and recalling the important relation established in
Eg. (39). After a considerable amount of algebra, we
obtain the desired result

) (0) = 202 Z,f (0)/D(w, %), (45)
where
D(w, x)=Z3[2Z,~(AZ,/g)* (w-x)d*(w) + (AZ,/g)?
X [h(w)=h(x)d*(w)/d*(x)]. (46)

Thus v,, is completely determined when Eqs. (44) and
(45) are combined. With the solutions for v,, and u,,
at hand, we can now find n,, and «@,,. The former fol-
lows straightaway from Eq. (16d) while the latter is
determined through Eq. (17d) and the already known
coefficients appearing therein. We easily find that

ales, o) =LV
202,/g¢  d) a7
X(D(w’)d*(w’) h(w’)d’(w’))' @

Concluding this part on the solution to Eq. (33) and
its use in computing coefficients, we evaluate the
S-matrix elements for the elastic scattering of a meson
V particle, and the production of two mesons and an
N particle. At the same time, we complete the deter-
mination of the renormalization constants in the theory
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by obtaining Z,. Equations (8), (23), (44), and (45)
lead to

S yg ver = O(k=K') + 27 d{w-w")g2f 2 (w)

d (w) - 22z /gy 48
X[h(md*(w) o ami g “®

Here the second term in the square brackets is ob-
viously due to the A coupling and, on the mass shell,
w=x, contains the direct U-particle pole, signified
by D(x, x)=0. The first term alone describes V6 scat-
tering in the Lee model, and has been derived and
discusseqd in the literature by a variety of methods,
including the one presently under examination. The
possibility for a strong coupling V8 bound state in the
Lee model, signaled by the vanishing of d*(w) for

w < i, has been well documented. ?” Of course, it is
seen from Eq. (48) that this situation can also arise
in the Bronzan—Lee model. We wish further to point
out that, had the meson in the out-state of S,, been con-
tracted instead of the V particle, then Eq. (8) would
contain a,, in place of v,,, as evidenced by Eq. (47).

To establish Z,,, we proceed in analogy with the
NGO scattering case and define A by comparing the
exact (renormalized) expression for the V8 scattering
amplitude with the result of lowest order perturbation
theory at the unphysical meson energy w =x, where
in the latter case the unrenormalized UV8 coupling
constant A, is replaced by A. This is equivalent to
setting the residue of the second term in the square
bracket in Eq. (48) at w =x equal to A\®>, This translates
into the statement

D' {w, x)]| =225 (%), (49)
which leads via the definition of D(w, x) to the form
Zy=1+302,/g) - 5(\2,/8Z )

X[a@ ()20 (x)= B2 () ()], (50)

as expected. To calculate the production amplitude,
we combine Eqs. (9), (16d), and (44). The resulting
expression is simplified by employing an identity®®
satisfied by I,(Z) and yields

P g g row = 27185 (w0’ Yo"

1 D)
x‘@(d'(w)h(w')h(w") —D(w,x)d‘(w)h(w')h(w"))' &1

The final integral equation to consider is that satisfied
by ¥(w, w’, w"”), where w’ and w” enter only as param-
eters. Note the similarity between Eq. (36) and the
Tamm—Dancoff equation in Ref. 25 which describes
the scattering of two meson by two coincident N-par-
ticles. These equations differ from the corresponding
equation for N8 scattering in the Lee model only in
their homogeneous terms. Equation (14b) and the
formal solution to Eq. (30) provide two simultaneous
relations for the evaluation of v,, and u,,. These
coefficients in turn determine the remaining o co-
efficients in the U sector, and the S matrix element
for N80 scattering.

The solution to Eq. (36), together with Eq. (35),
gives
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Vgalw, w’, ")

h((.l)’ + (.U” )
wd(w +w”)

- (7‘Z,1/Z ;;)f(w)uga_(w' , w” (1 n
W Tt w -+
X{(w" + " ~ w0, 0w +w" = w)~(w +w)

w? +w W'+

(o' +w")]
__ &f ) (Wf(w” W' w"
2w Y(w” Y w + w” — w + i) (o.)—w"—if w—w =€

2h(w’+w”)
wd“(w’ +w”)

Xw' +w” = w) ¥

X (o' +w")]>. (52)

At this stage we have essentially the same mathematical
situation for v,, and u,, as previously for v,, and u,,,
The coupled equations for the former pair of coefficients
are now given by Eqs. (14b) and (52). Again, after a
tedious but straightforward computation, we arrive at

Uy{w, w ) =gAZyZ , f(w)f (' )h(w + W)/ h(w)h(w”)

X D(w + w’, x).

wrawr (@0 T =)~ (w + 0" M, n

(53)

The substitution of this result into Eq. (52) provides the
final answer for v,,. Then, of course, n,, follows at
once from Egs. (16e), (52) and (53). It remains only

to determine a,, and a,, in terms of the fundamental
functions in the theory. In the former case, we learn
from Eq. (17h) and the known expressions for the
coefficients on the right-hand side that

QQG((&)”’ +wll - wl _w)

= [gY () (") (") (" h(w" +w"”’)]
X[ h(w " Yalw " (w" +w" ~ )
Xd (w" + " w" +w” - w’ ~w+ie)]

(e e )

54
D(w" +wl/l,x) ( )

Finally, «,, follows from Eq. (17f). Here also all the
coefficients on the right-hand side are at hand, and we
easily find that

W, w, ©")

(55)

This completes the derivation of all the NQA coef-
ficients in the V and U sectors of the Bronzan—Lee
model, To conclude this phase which deals with the
solution to Eq. (36) and its ramifications, we cal-
culate the S-matrix element for the scattering of two
mesons by an N particle. For this purpose we require
the use of Egs. (10), (16e), (21), (23), (52), and (53) to
obtain

=" +w" - w)v,lw, w, 0 )/ (w-w -’ +i).

Sion g #gme

= 3[6(k—-k")5( ~k") + 6(k-k"" )5 (K’ ~k")]
~Mig?6(w + w' - w" - " W) (@ 0" (W)

2042 J. Math. Phys., Vol. 18, No. 10, October 1977

[ —k") + 5=k o [B0 = k") + B0k’ = k)] o }
{ (o) FH@ o) S

+27i ] 0 {w+w —w” =" (W) (" )f (0" ) (")
% h(w+w ) ()0 h(w” Ya(w Yd (w+w' )]
(o oM 1)

D(w" +w”, x)

(56)

The interpretation of the structure of Sy,,. parallels
that given in the case of the scattering of two mesons
by two N particles. The Dirac delta functions in the
first part of Eq. (56) denote the possibility of no
scattering, and the following part in curly brackets
describes the elastic scattering of one meson by the

N source while the other meson is unscattered. The
first term in the square brackets of the connected
part arises in the ordinary Lee model (A=0). The
second term is obviously due to the influence of the

U particle. It is clear from the form of o, in Eq. (54)
that this coefficient describes the connected part of the
NB9 elastic scattering amplitude.

VI. CONCLUSION

Over the years a number of soluble quantum field-
theoretic models have been proposed as guides to
understanding mass and charge renormalization, the
dynamics of strong interactions, and a variety of
techniques of calculation which include the Tamm—~
Dancoff eigenvalue approach, dispersion relations,
the LSZ formalism, functional methods, and the NQA.
The Bronzan-—Lee model provides a very valuable
context for all of these considerations, and in this
paper we have used it to extend the application of the
NQA and to gain insight into the methodology of this
calculational tool.

We have seen that the single-source one- and two-
meson sectors of this model are solved in the NQA by
one algebraic and three linear integral equations, re-
spectively, the mathematical complexity of which re-
minds one of the Tamm—Dancoff approach in the 2V
sector of the Lee model. Although these two methods
of solution are qualitatively different, there is the
parallel aspect, at least in the present framework,
of expanding a Heisenberg field operator in terms
of in-fields, and a Schrodinger eigenstate of the total
Hamiltonian in terms of bare states, where in each
case contributions to the series have the same quantum
numbers as the sector under investigation. Thus, in
view of the strong selection rules in the model, there
is an automatic truncation of the Heisenberg field ex-
pansions consistent with a particular sector and the
conventional renormalization program. When these
expansions are substituted in the field equations, nor-
mal-ordered products of in-field operators associated
with sectors higher than those under consideration
are neglected. In general, we substitute this approach
in place of power counting,® introduced to achieve a
properly renormalized theory, since power counting
is evidently inappropriate in higher sectors of the Lee
model.?® This will be shown in a subsequent paper
which deals with the 2V case, and amplifies the close
relationship between the NQA and dispersion relations.
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There are extensions of the present work which may
also be worth studying. For example, one can think
of solving the Bronzan—Lee model in the presence of
unstable U particle, x> u, via the NQA. This would
require that U,  be removed from the asymptotic opera-
tor ring of in-field. On the other hand the existence
of a V6 dynamical bound state would necessitate in-
troducing a new and independent in-field to complete
the set of asymptotic operators. In view of the ap-
proximate relationship between the Bronzan—Lee
model and the more realistic charged scalar theory®
there is also the possibility of using the NQA to investi-
gate the two-meson solution of the latter case which
is distinguished by its two- and three-particle unitarity
and a crossing symmetric scattering amplitude.
Furthermore, one could approach the interesting
question of dynamical bound states in meson—nucleon
scattering by using the NQA in charged scalar theory
with a sufficiently large coupling constant.

Work on the NQA analysis of the bound state formed
by the interaction between two V particles in the Lee
model has been carried out.?® This suggests the
possibility of extending the treatment to the two-source
problem in charged scalar theory, and then going on
to explore the NQA description of the interaction
between two nucleons in the classic Chew—Low model.
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Some remarks on the Wronskian technique and the inverse

scattering transform?
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A connection between the Wronskian technique of Calogero and Degasperis and the Lax theorem is made
by finding the time evolution of the eigenfunctions of the linear operator for the inverse scattering
transform of the isospectral flow equations. The significance of the temporal half of the Bicklund
transformations is discussed via specific examples. An explicit proof of the permutability theorem of the
Bécklund transformation for the case r = — g is given. New Wronskian identities with respect to bound-
state constants, which hold for all potentials allowable in the inverse scattering transform, are found.

1. INTRODUCTION

In a series of remarkable papers by Calogero and
Degasperis, 1-6 4 generalized Wronskian technique was
developed and applied to the Schrddinger and the gen-
eralized Zakharov—Shabat operator to generate classes
of nonlinear evolutionary equations solvable by the in-
verse-scattering transform, and their Backlund trans-
formations. The technique gives much insight to the
connection between the linear dispersion relations and
the nonlinear equations’; furthermore, it generalizes
the known Bicklund transformations and gives a spectral
significance to them.

The purpose of the present work is to extend the theory
in two respects:

(1) We make a connection between the Wronskian
technique and the well-known Lax theorem® (in the
formalism of Ablowitz ef al.®) by finding the time evolu-
tion of the eigenfunctions of the inverse scattering
transforms for general nonlinear equations generated
by the technique.

(2) Since only the spatial half of the Bdcklund trans-
formations were obtained in Refs. 1—4, we demon-
strate how the other half may be obtained in specific
examples, and point out their spectral significance with
respect to the transmission coefficients.

For the purpose of explicitly proving the permutability
theorem of the Bicklund transformation, we have also
shown how a quadratic Bicklund transformation is com-
posed of two “linear” ones.

Finally, in the Appendix, we derive new Wronskian
identities for the discrete eigenstates of the Zakharov—
Shabat operator, by which one can obtain the time de-
pendence of the bound-state constants for a larger class
of potentials than was assumed in Refs. 1—6.

The present work relies heavily on the results of
Refs. 1—4, to which we refer the readers for much
of the details.

1l. SUMMARY OF RESULTS OF CALOGERO
AND DEGASPERIS

In this section, we summarize some of the results of

a)This work was supported in part by the Air Force Office of
Scientific Research, Grant 76-3085,

2044  Journal of Mathematical Physics, Vol. 18, No. 10, October 1977

Refs, 1—-4. We shall present the results corresponding
to the Schrodinger operator in a slightly different form
from those of Refs. 1—3 by translating their results into
2X2 matrix forms, This has the advantage of revealing
the similarities and differences between the Schridinger
and the Zakharov—Shabat operator; furthermore, one
obtains information about the transmission coefficients
in addition to the reflection coefficients.

The linear eigenvalue problem of concern here is

by +ikos = Vi, (2.1)
where
h
Wy, k, 1) = , (2.2)
42
1 0 0 ¢
03 = . V(x, f): (2. 3)
0 -1 vy 0

As indicated, both ¥ and V depend on x and /. The
Zakharov—Shabat problem and the Schrédinger problem
differ in the boundary conditions of V at x —+ %

(i) For the Zakharov—Shabat problem,

lim g = limr = 0; (2.4)
x =i x =t 0

(ii) for the Schrédinger problem,
r=1, limg=0. (2.5)

x=toc

For every real k, there exists two independent solutions
of (2,1), denoted by the columns of the matrix

A
B(x, k1) = (2.6)

Yy Uy

Given two sets of potentials V and V' and their corre-
sponding solutions ® and &’ of Eq. (2.1), the following
fundamental indentity is satisfied by virtue of Eq. (2.1)
for an arbitrary matrix function F:

T {Z—f + (VT —ikgy)F + F(V - ikoa)}é
a 174
:5;[¢> F3), (2.7

Copyright © 1977 American Institute of Physics 2044



where T denotes matrix transpose. The Wronskian

&(x, b, 0

identities are derived from iteration schemes for F in exp(— ikx) o' (k) exp(- ikx)
Eq. (2.7). -: . (2.8
X4
a™ (k) exp(ikx) exp(ikx)
®(x, &, f)

. - bl
A. Zakharov-Shabat problem 53(k) explo ikx) 0

The eigenfunction for real % are defined by their o . . (2.9
asymptotic boundary conditions 0 B (k) exp(ikx)

|
One defines the following quantities and operators:
a®’(k) £ ™ (k) a () (k) £ B (R)B(R) £ 1
A (k)= , (2.10)
1xa® (R’ (R) - B (k)B4 (R) a (k) + o' (k)
0 B () (k)
B(k) =~ ; (2.11)
B (R)B (k) 0
f

here, a®’and 8%’ pertains to coefficients, in Eqs. (2.8) and
and (2.9), for solutions of Eq. (2.1) with potential V, H® ol (A0 0] =nwi™), n=1, (2.19)

and o®”, 8% are analogous coefficients for solutions
with potential V’.

For arbitrary functions a, b, define

a a 0
7 = , (2.12)
b 0d
and
a 1 3 g’ +vlg —viv —v'Iy a
A = ? T3 ox + ’
b : g'lg+qlg’ -q'Iv’ —qlr b
(2.13)
where
If(x, 1) = [ "atf(E, ). (2.14)

For the arbitrary matrix F(x) in Eq. (2.7), we define
its diagonal and off-diagonal elements as

0 F +F,
F(x): +§0'3H (2015)
where
H:03F+Fcrsn (2.16)

In Ref. 4, an iteration scheme was developed from Eq.
(2.7), by which an infinite number of identities can be
obtained from an initially known one. We shall use the
superscript “ on the quantities F, H, etc., to denote
those obtained at the nth iteration. The subscripts =
will denote quantities obtained from two initial F’s as
defined immediately below. Starting with

0zx1
FO - , (2.17)
1 0
one obtains H{® =0,
vy 0
HY =n @M)= , (2.18)
0 gxq’
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At the nth interation, the terms inside the braces of
Eg. (2.7 can be expressed in terms of H’s as follows:

3
HD — ikH = = F{ + (V'T ~ ikog) F

+ F{(V = ikoy) (2.20)

for n= 0, with'®
Fip =3 [T ae@®(8), iowi(0), (2.21)
Fi == 4 [T db(op®(8), 0,0(8). (2.22)

Given F{? in Eqs. (2.17), Eq. (2.20) determines H!,
and Egs. (2.19), (2.21), (2.22), (2.15) determines F{’,
F and thus Ff; and the iteration can be repeated.
Integrating Eq. (2.7) for each » and using Eqs. (2. 8)—
(2.11) give

[ ax(@THS)
- ql

— R AL () - [ 5 (i) (FE (= )
={

3

-~

+ F(- °°)0'3)] B(r), (2.23)

where A, and B are defined in Egs. (2.10) and (2.11).
Nonlinear evolutionary equations are obtained in the
limit

¥ —v+r,dl, q'~q-+aq.dt. (2, 24)
Then, the operator A becomes
1 3 vlg ~ vlv
A~L=""log— +2 ; (2.25)
2t ox
qlg - qlr
H becomes
2r
HM = p® =g | (L™ , (2.26)
2q
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7y
H™ = p™ dt = |(GL)™ dt.
~q;
In this limit, a linear combination of Eq. (2.23), for
different », implies that if, for constants C%),

(2.27

n N
SCmE+ B¢ <o,
11 m=l

(2.28)

then the evolution of @*’(k) and 8*’(¢) are given by*
?)(k):O, (2.29)

25 CE iRyt

N
af R+ LCPER) ™ e Wi Ry =0,  (2.30)
=1 m=i

-~

Equations (2.28) are the nonlinear evolution equations.
Similarly, for two different sets of potentials,
(¢',r") and (g,7), if, for constants p{*’,

n’ N’
Spim® s LpeHm <o,
1=1 m=1

(2.31)

the reflection and transmission coefficients,
(@®(k), 8 (k) and (@®)’(k), 8% (k) are related by

(2.32)
_l

a® (k) = oY (k)| f(ik) ® g(iR)]/ [ flik) £ g(ik)]

B. Schrédinger problem

and
a®) (k) =W (X[ F(ik) 7 gik) /[ Flik) £ glik) [0/ o,

(2.33)
where

n
flik) = L P \GER) Y, (2.34)

1=1
glik) = 25 P (ik)™, (2.35)

msl

0% — 1 (F,(ik) + G,(iR)), {2.38)

n? 121
F*(ik) — Ep’(-) [E (ik)l-j-l (Fl_(lol)(_ o) 4 Fz_(hl )(_ oo)):]
1=1

=0
{2.37)
. m=l
G,(ik) = NE pm“’[ 25 (k)™ (Fy, 41 (- o0)
m=l 3=0
£ Fp Y1)~ w))]. (2.38)

Equation (2. 31) gives the generalized Bicklund trans-
formations. The usual BAcklund transformation is the
special case when f(ik} + g(ik) are linear functions of k.

In this case, »=1. The eigenfunction of Eq. (2.1) for real k are characterized by the boundary conditions

— 2ik exp(= ikx)

d:(x, k) -
=+ \ exp(- ikx) + R(k) exp(ikx)
— 2ikT (k) exp(- ikx) 0
x:..un

T{k) exp(~ kx) T(k) exp(ikx)

— 2ikR(k) exp(- ikx)

exp(ikx) + R(k) exp(— ikx)

The coefficients satisfy the relations T (k) =T(~ k), R(k)=R(-P).

For two potentials, q, gq’, we let
Dix)=g-q’, S(x)=g+q’.
For an arbitrary function #{x), one defines the matrix
- 2¢(x)
Flx) =
2 2o+ [T ad o) - Th vk 32

It is shown in Ref. 2 that the identity (2.7) generates the
iterations

HI™Y - 4kPH™

_FP

=S (77 10 R)F + FOO(V — iggh)), (2.42)
where'?
_ 0 -1
FO , (2.43)
1 0
_ -2 _ 2k~ [ dyD(y)
F® = :
-2k + [ “ayDiy) S(x) (2.44)
2046 J. Math. Phys., Vol. 18, No. 10, October 1977

.0

%0 _aiko - / dyD(p)p ()

(2.39)
(2. 40)
(2.41)
r
(with ¢! =1),
and
~ a¢(n) ©
HP =3(1-0y a; {with H{V =0), (2.45)
a(b*(nd) _ 83 *(n) ad)*(n)
g = T T2

*%*”i"’w(x) / T Do) dy.  (2.46)

Equations (2. 43) and (2. 44) determine H{" in Egs.
(2.42). Equations (2.45), (2.46), and (2.41) determine

K.M. Case and S.C. Chiu 2046



I'N‘f) and d)é“. The iteration can now be repeated. Similar
to Eq. (2.23) in the Zakharov—Shabat problem, one
has the Wronskian identities

~ n=1 ~
[T axeTHM® = (4B, n=1,2,....
- 7=0
(2.47)
where
B R+R’ 1+RR' -TT'
Bj°>:_4k2
R'+R
- TT'
+21k/ D(v)dv _ , (2.48)
0
R-R' 1-RR' -TT'
B = 9k o o ,  (2.49)
-14+R'R+T'T R’'-R
N 0 TT'
Bl =4k (=) _
T'T 0
© 0 TT
-2ikf Doy dy[ . (2.50)
e -T'T 0
In the limit
g’ ~q+q,dt, (2.51)
HD =1, (2.52)
with
ﬁfl)=§%(l—03); (2.53)
H™ ~ gy (2.54)
with
}7_‘”:%(0-3_ l)qh (2. 55)
and
a(p(n)
h™ =31 = o) , (2.56)
ax
with
a(;*(n‘rl)_ asgg 4)* aq {n)
T =" e +4q 5 +2 ¢> . (2.57)

In this limit, for constants C}*’, the nonlinear evolu-
tion equation

IE\ ~ o~
LCHR™M =0

SCHR 4 (2.58)
1=1 m=1
and Eq. (2.47) implies that'!
T,=T,=0, (2.59)
R, =w(k)R, (2.60)
and
R, =- w(k)R, (2.61)
2047 J. Math. Phys., Vol. 18, No. 10, October 1977

where

wlk) =i i ~i:’<4k2)'"/ [k > Cl-
m=l 1=1

Bécklurd transformations are obtained from linear
combinations of H{:

’(4k2)"1] . (2.62)

y p‘ H 4 Tp‘”H"“’ 0, (2.63)
14
which, according to Eq. (2.47), implies that
, 2ikf(k) — glk)
R'= 27 ) + 20F) R, (2.64)
=, 20kf(R) +2(k) 5
SR -G (2.65)
where
Fk) = Sp (AR, (2. 66)
1=1
Nl
FR) = L4, (2.67)
m=1
In addition,
. [2ik7 (%) - §(k)] gt
= [Zikf(k) ) FiORR (2.68)
= [2iRF(R) + 3(R) 6% =
7= [mzikf(k)_g(k ]WT (2. 69)
where
w1 i
y(*)(k) — Z;pz(-) Z}(4k2)l-1-1J-(f)(k)
1=t i=l
N m=l .
+ L [ 23 (4R 79 (R) — (4R2)™L(24F)
m=1 i=1
X/-’D(v)dy], (2.70)
and )
8 (k) = 6% (= k), (2.71)
with
IO =4k p (= =) - 2ik [~ DGO L () dy.  (2.72)

Il. TIME EVOLUTION OF EIGENFUNCTIONS

We can now find the time evolution of the solution of
Eq. (2.1) corresponding to the Zakharov—Shabat and
the Schrodinger problem, given the time evolution of the
potentials, i.e., Eqgs. (2.28) and (2.58).

A. Zakharov-Shabat problem
We first note that as

VI-V+V,d, 3.1
F! becomes
FM~fm 0@, n=1,2,..., (3.2)
with
01
FALI (G , (3.3)
10
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and

F&—r™mar, n=1,2,..., (3.4)
But
0 -1
FARESS ol (3.5)
1 0
Furthermore, Eq. (2.20) becomes
R iep
afm . .
=4 (V — iaR) ) + £V = iayk), (3.6)
except for h*?, which satisfies
n& = FOY, (3.7

We also note that Eqs. (2.21),
7= 1, are symmetric,

(2.22) imply that £,

In the following, we shall prove that if the solution ¥
of Eq. (2.1) evolves according to

n n 1l
[ 5 e )(ik)l-l] by = - F50>[ S S )i
1=1

1=l j=1

N m=l
+25C0 2 (ik)’"'j'lf*‘“:l Y, (3.8)

m=1 i=0
then the isospectral flow of the potentials in Eq. (2.1) is
n N
CE M 4 i cwptm o, (3.9)

1=t m=1
The proof follows the standard procedure. First we
differentiate Eq. (3.8) with respect to x and use Eq.
(2.1) to obtain

a, 2%y
C(-) b l-l] ¢
[,%{ O Frrre

n 1-1
— Ff”’ { Ecl(-) E(ik)l-i-l

i=1 j=1

ar ) ) ¥ =, jo1
X| = # AV —dogk) | + 26 25 (i)™

m=1 i=0

[au + 9V —icxle]}lb. (3.10)
By Eq. (3.6), Eq. (3.10) can be written as
0% ey
(=) -1
[EC (k) ] Alox
g\ 1l i
- _ F_(O){ >_/cl(-) Z(ik)l“"l
1=1 i=l
XY™ Z kR + (fogk — VI)FYY]
mul
£ CE T (i
m=1 =0
X[BH) — kR + (ioyk — VT)f,“‘)]}z/). (3.11)

Next, we differentiate Eq. (2.1) with respect to ¢,

multiplying the result by 37, C{7(ik)'" and use Eq. (3.8)
to obtain
2048 J. Math. Phys., Vol. 18, No. 10, October 1977

[Zn?C )(Z )l 1] Zd}
1=1 oxot

= F_‘O’{ Z?C}"(ik)"lF_‘U’(V, — io3k,)
1=

n 1-1
_ (VT _ iOak)[Z—_)Cz(') E(ik)l'j'lf_(j)
1=l j=1

3

N -1
2 C +) Z\I( ) -i-1f*(j)]}w. (3. 12)

m=1 =0

Equating the right-hand sides of Eqs. (3.11) and (3. 12),

using Eq. (3.7), and rearranging, we obtain
n 1.1 .

25C8 2GR — ikh D]

1 i=0

N m=l . X
+ 22C8 iR nI - ikk)

m=l i=0

=iak, 2,CHGR) L, (3.13)

1=1

The isospectral flow equation is Eq. (3.13) with #,=0,
which is Eq. (3.9).

As an example, let C{7?=0for i>2, C¥ =0 for j>4.
The nonlinear evolution equation is
¥+ fom(rq)tdx' 7, 2
i . + ¢ +C"
i+ q (x (rq)edx’ -4 2q
¥y Vex = 27/2(]
+ Cz(") + éCé')
— 4y Gyx — 2q21‘
Vexx — 67{17’3:
+iel -0, (3.14)

~ Gxxx + 61/71‘];—

where subscripts x and ¢ stands for partial derivatives.
The time evolution of ¢ is

(CFik + CE)i (x, By 1)

0 1 iy 3 [ V(g ax’
_ ) *
- 2 1 1
-10 Ef (g7), ax’ 24t
X
R 0 1
+ Z}(ik)’C,‘:{
1=0
5 y 0 v, —vq
+ 22 6R)C) +35(CH + iRCV)
P 0 -q 7q  qs
¢ Txx_ 27’2‘] qu - qyr
Lot
+4Cy , J (ot r, 0. (3.15)
VG~ q¥y = Gex + 2G°,
B. Schrédinger problem
Again, as ¢’ ~q+q; dt
K.M. Case and S.C. Chiu 2048



Fm £, (3.16)

_ -1 —ik
FARESS) , (3.17)
-tk q
and
FMofmay (3.18)
except for
0 -1
f 0 _ F“” (3.19)
1 0

Again, Eq. (2.42) holds with H*("’Nreplaced by 1™, and
F™ replaced by £, except for 1®’, which satisfies

B4 —_ FOy,, (3.20

We may now state that if » =1 and the evolution in
time of the solution J of Eq. (2.1) is

55 G ety 43,
1<l

i} 4k2 1-j- 1f(])

i

:_ﬁ(m[i}
© Lia

(3.21)

+ %‘15( (4k2)m-1-1f(/)] J) ,

m=1

\mi

then the isospectral flow of ¢ of Eq. (2.1) is Eq. (2.58).
The proof goes in exactly the same way as before. The
only difference is that (ik) is replaced by (4%%). As an
example, let C*'=C{") =0 for i >2; then the equation
of motion is

Ci Gt ~ 444; +245 [ e dx) = O, +2C{7g,

+ zcé*)(sqqx - qrxx) =0, (3. 22)

and the time evolution of ¢ is
(C§) + 4k° Cz"))qbt

0 1

fl

-1 0
_meq,dx' —qt—Zikf”qtdx'
xcz(_) x x

-~ =20k [ g dx" g -2ikg, +2q [ g,

ik 2g ik 2q
+2C8 +C# ap?
1 ik 1 ik
2q, - 4ikq - 2q, +4ikq,.+ 4q"
+ b. (3.23)
4q - 2q, +4ikq

Remarks: A consequence of Egs. (3.8) and (3.21) is
that the time dependences of the bound-state constants
are the same as those of the refelction coefficients,
namely Eq. (2.30) and Egs. (2.60)—(2.61). To derive
this fact from the Wronskian identities without excessive
restrictions on the potentials, one must derive the
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Wronskian identities for the appropriate derivatives of
the Jost solutions with respect to k (see the Appendix).

IV. ON BACKLUND TRANSFORMATIONS

It was clear from the derivations in Refs. 3, 4 that
the Bicklund transformations (2.31) [or (2.63)] makes
no reference as to what evolution equations the poten-
tials (»’, ¢”) and (7, ¢) satisfy, and hence cannot guar-
antee that they evolve via the same equation. A remark-
able result of Refs. 3, 4 is that the reflection coeffi-
cients have the same time dependence [as manifested in
Eq. (2.32) or (2.64) and (2.65)] once Eq. (2.31) [or
Eq. (2.63)] is satisfied with constant p& [or p&'].
However, it should also be noted that if the primed and
unprimed potentials satisfy the same nonlinear equa-
tions, the transmission coefficients must also have the
same time dependence, i.e., they must both be con-
stants in the case of isospectral flows, as implied by
Eq. (2.29) [or (2.59)].'® The relations between the
transmission coefficients are actually Eq. (2.33) [or
Egs. (2.68) and (2.69)], which contains 6% [or 8®],
whose time dependences are unknown. We must, there-
fore, impose the same nonlinear equation (2.28) [or
(2.58)], on both sets of potentials, and thus guarantee
that 6% (or 8%)) are “mutual constants of motion,”* A
1ook at the first few 6%)’s shows that they are differ-
ences or products of constants of motion for the individ-
ual pair of potentials. For example, for the Zakharov—
Shabat problem.

F =F® —o, (4.1
F(==) == Fi (=) =4 [~ dt(rg=+'q"); (4.2)
F (= 0) == F) (= o) =[F)(- )}, (4.3)
F (= =) =~ F(-=) =1 [ " at

x[(r'q{ = q"r}) = (rg, - qry)]. (4.9

These are easily recognized as constants of motion if
the isospectral flow equations are imposed.

The nature of the temporal half of the Backlund
transformation is clear; it must be such that together
with the spatial half they imply that both sets of poten-
tials simultaneously satisfy the same nonlinear
equation, *° thus forcing 6% [or 6*’] to be constants.
The simplest choice, but not the only choice, is to
differentiate Eq. (2.31) [or (2.63)] once with respect
to time /, apply the appropriate isospectral flow equa-
tion for both sets of potentials, and integrate once with
respect to x. We shall illustrate this procedure by
simple examples, namely, the sine—Gordon and the
Korteweg—de Vries equations and restrict ourselves to
only linear and quadratic Bicklund transformations.
These should demonstrate the general idea.

First, consider the Korteweg—de Vries equation. For

the linear Bicklund transformation, p*’ =0 for 7 > 1,
=1, and we have
@t aitla-q) [avia-a’) +pi7(g-q") =0. (4.5)

Differentiating with respect to time and using the fact
that both ¢ and ¢’ satisfy
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qt = 3(q2)x = Qxxs (4. 6)

and integrate with respect to x, we obtain
g +qi =039 - g/, - 3¢" + ¢, [p{" + f: (g-q") av].
(4.7

Equations (4.5) and (4.7) are the two halves of the
Bicklund transformation. Following Ref. 3, if we let

g == Wy, (4.8)

(4.9

and choose the constant of integration appropriately,
we get

’ ’
q =— Wy

w, + ! =3B - (w - w)?] (4.10)
and
wp + wf =p % w, - w]) + 2(w - WNwyy, - 20k - 2w,w,].
(4.11)
These results are equivalent to those of Ref. 16.

The next simplest Bdcklund transformation is ob-
tained by letting i) =0 for i >2, p{*’=01for i>1, and
Py’ =1. We have

(Qex~ ) = 20 = ¢™) + (g, + gD (w - @) = 3(g - N w - )?

+pi Mg - @+ 5 g - 47+ (g - ¢ w - )] =0,
(4.12)
where
re , I )
w=["qdy, w'=[ q'av.
Similar to Eq. (4.7), we have

(4.13)

T = Qe = [4@° - ™) + ¢ ~ 47 - 2(g,x - 0'07)]
+(g, + g +w-w)
+{w, —w){g+¢") + 3w = w) = pMNw - w) = 5]
~0. (4.14)

Equation (4.14) may be considered as the temporal half
of the quadratic Bicklund transformation.

As a second example, we consider the sine—Gordon
equation, which is a special case of Eq. (3.14) with
C{=C =0, and g=-7, i.e.,

th = 27‘th (4. 15)
where
w= [ Trde. (4.16)

The usual form of the sine—Gordon equation is obtained
by letting

Y=y {4.17)
and then

Uy =sinu (4.18)
and

W, =% cosu. (4.19)
2050 J. Math. Phys., Vol. 18, No. 10, October 1877

The spatial half of the linear B&cklund transformation
s 17
is

P{-)(’V’—T)-%(’V-FT'),—(T—V,)(W_W'):O’ (4.20)
or

wh+u, =208 sin[(u’ - u)/2)]. (4.21)

Following the prescribed procedure, we get the temporal
half of the BAcklund transformation:

=7 )P+ W =W+ (r+ YW, + W) =0, (4.22)
or, equivalently
(ef — 1) = (2/p{) sinf (w +u")/2]. (4.23)

These results are well known in the literature.'®

For the quadratic Bdcklund transformation, we may
take pi =1, pi=%3i(k™ + k), p# =Lk« and
all other p#’=0.'" Equation (2. 31) becomes

i+ 70 + = D)W = W) + (r = )P (r + ")
=ik =)+ 50+ )
{4 + 7" + (W = WP = 2 (W = W)} = dik'
X[(ry= v+ (r+ YW = W) =ik (r+#)]=0,
(4.24)

and the temporal half of the Bdcklund transformation is

(e + 7Dzl + 7P+ (W~ W]
— (k) 4 kYW = W) - Ik
+ (W, + WH(r,+ v+ (= YW - W)

+i(k* + k) (r = )] =0, (4.25)

We conclude this section by showing explicitly how
the quadratic Bicklund transformation (4.24) may be
considered as composed of two successive linear
Bdcklund transformations of the form (4. 20) or its
equivalent. For this purpose, we introduce the following
notations:

R, =vz7, (4.26)

Q=w-w, (4.27)

o, =4(RE+ @Y - Lik®q, (4.28)
and

K.=Rl'a.,. (4.29)

Then K, =0, or equivalently o, =0, are linear Backlund
transformations as Eq. (4.20). It is clear that Eq.
(4. 24) can be written as

3K+ Roa, - ik'K_]=0. (4.30)

For some 7,, let
Ry, =7+ 1, (4.381)
Ri,=n+7, (4.32)
Q=W,-W, (4.33)
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Q=W - W, (4.34)

ay =5 (R}, + 9 - k™0, (4.35)

of. =R + Q) - 3ikQ7, (4.36)

Ky, :Rlﬁ-laux y (4.37)
and

K, ZR{{JQ}.’*,{- (4.38)

It can be easily shown that Eq. (4.30) can be written
as

(Khx - K{‘x) + (Rl- + Rl'o) (alo + all-)

(4.39)

Therefore, if a;, =0 is a linear Bicklund transforma-
tion from 7 to 7; with constant 1k®’ and a';.=0 is one
from 7, to ’ with constant ix'-’, then Eq. (4.39) is
automatically satisfied.

- (KK, + K] )+ QUK + QK] =0,

Similarly, let us define

B, =5 (RE+ 0% - 3k, (4. 40)

J, =R8,,. (4.41)
Then Eq. (4.30) can also be written as

Aoy + RB, — 6 ]=0. (4. 42)
Again, for some 7,, let

Ry=7rx 7, (4. 43)

R), =7,z 7', (4.44)

Jpo =Ry, 8y, =3{R,. +RyuQy ik Ry, ], (4. 45)

B =RLBL, = HRL + RLQY - ik ORL]; (4.46)

then Eq. (4.42) can be written as
yog = J2-) + Ry + RE) (Byy +B5.) = (i, + ik )

(4. 47)

so that it is also equivalent to a Bicklund transforma-
tion, 8,,=0, from ¥ to %, with constant ix"’, succeeded
by another, 8, =0, from 7, to v’ with constant i,
Equations (4.39) and (4. 47) demonstrate the validity of
the permutability theorem. We note that when «-
=-«"*and 7, 7’ are real, both 7; and #, are complex,
and are not solutions from the inverse-scattering theory
of the sine—Gordon equation.

+ Qi + Qydy. =0,

A consequence of the permutability theorem is that
Eq. {4.24) can be replaced by either a;, =0 and af_.=0
or B,,=0 and B, _=0. If we express the latter four equa-
tions in the form of Eq. (4. 21) and eliminate u;, u,,

U1y, Uy, We have the well-known!® result relating u, u,,
#,, and u”:

w’+ k%4 ) -,
tan( 4u> =T _z,) tan(—“l‘lu)

Knowing three solutions «, #;, and u,, Eq. (4.48) en-

(4. 48)

ables us to calculate a fourth solution, »’, algebraically,

This is a remarkable simplification, considering the
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complexity of the original quadratic Bicklund transfor-
mation (4. 24).

V. SUMMARY

We have shown that there is a direct connection be-
tween the Wronskian technique and the Lax theorem.
Given the evolutionary equation (3.9) or (2.58), the
time evolution of the eigenfunction of the linear operator
is given by Eq. (3.8) or (3,21), respectively.

In order to see the complete spectral meaning of the
Backlund transformation, it is necessary to look at
both the reflection and transmission coefficients. It is
then seen that in order that the transmission coefficients
of the two sets of potentials be constants simultaneously,
the same nonlinear evolutionary equation has to be im-
posed on both sets of potentials. The temporal half of
the B#cklund transformation serves to identify the
evolutionary equation and its effect is to force 6%’
(or %)), defined by (2.36) [or (2.70)], to be “mutual
constants of motion.”

We have also shown that the quadratic Bicklund
transformation can be regarded as two successive lin-
ear Bicklund transformations, and given an explicit
proof of the permutability theorem.

APPENDIX

We shall derive an identity for the discrete spectrum
of the Zakharov--Shabat problem.

As is well known, the Jost solution defined by

exp(~ tkx)
¢(k’ x) -
xo-s 0

alk) exp(ikx) (A1)

-

*=*<\b(k) exp(ikx)

can be analytically continued into the upper half plane.
Let ¢’(k, x) and Y(k, x) be solutions of Eq. (2.1) corre-
sponding to two different potentials, V' and V, respec-
tively. Suppose, at k=«;, Imk; >0, both $’(k, x) and
P(k, x) are simple bound states; then

a(k;) =a’(x;) =0, (A2)

but their derivatives with respect to # do not vanish. It
can be easily seen that for H{™ defined in Eq. (2.19),

[T EMY, dx=0. (A3)

Let ), })e the derivative of §; = y(«;, x) with respect to %
at k,. ¥, satisfies

J . . . .

awi:(V—zGSK{)w,—zoaw,. (A4)
It follows that, for the matrices F{",
é T gy,
é”x‘ [zf)i 2 Zf) {l

=9 [HE — ik HO W, = i9] T FiMayy,. (A5)
Similarly,
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0 .
a_’z[ {'I'Fgo')lpi]

= FLHY — i HE N, — v oy FY,. (A6)

Summing Eqs. (A5) and (A8), integrating over x and us-
ing the definition of H{ and (A3), we have

IMY i I, n=z1l, (A7)
where

1= [ T ax [T HOY S THOY], (A8)
and

I =Cla (k) C,a '(xy), (A9)

where C,, C/are the bound-state constants defined by

0
P - , (A10)
*=+= \C, exp(ikx)
and ¢ is the derivative of a with respect to k.
Therefore, we have
10 = (i@ (1) Cf £ a (1)) C,). (A11)

Equations (A11), with I{"’ defined by Eq. (A8) is the
identity sought. In the limit V' =V + V, di, linear com-
binations of Eqs. (A11) implies that if Eq. (2.28) is the
evolutionary equation for V, the time evolution of C, is
the same as &, i.e., given by {2.30) with % replaced
by k;. A similar identity can obviously be obtained for
the bound-state constants, C,, in the lower half plane
and imples that C; have the same time dependence as
a' with k replaced by ;. One may also develop sim-
ilar identities for the Schrddinger operator.
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We introduce a special class of j-dependent analytic operator valued functions, the completely monotonic
operators, and find the general properties of their spectrum and of their resolvent. Next we study an
important and wide subclass of such operators, for which it is possible to reach more detailed information
about the leading singularity of the resolvent in the j plane, and in some cases to completely determine it.

1. INTRODUCTION

Positive operators in ordered spaces and the pertur-
bation theory for linear operators have been widely
treated in mathematical literature, Little attention has
been paid, however, to the great variety of problems
that arise in the perturbation theory for positive linear
operators depending on a parameter. In the study of the
multiperipheral operator equation! we had to tackle a
problem of this kind: In order to solve the multi-
peripheral equation one has to find the resolvent of an
operator A(j), depending analytically on the parameter
7, and having positivity properties (4.1) (a completely
monotonic operator). In the present paper we forget the
particular physical features of the problem and study
it from a purely mathematical point of view. We believe
that the results obtained or, at least, the general lines
we followed may be useful in solving other physical
problems involving linear operator equations.

The subject matter is arranged as follows, In Sec, 2
we introduce the necessary mathematical formalism on
Banach lattices and positive operators. In the next sec-
tion we quote or derive the results needed later about
the resolvent of a positive operator. In Sec, 3 analytic
families of operators are considered, attention being
concentrated mainly on completely monotonic operator-
valued functions A(j): We justify their introduction and
give the most general results about their resolvent
R(»,A(j)). As a main result, we identify the position of
the rightmost j-plane singularity of R(xj, A(j)) when X,
is a positive real number, In the last part of the paper
we study a particular family of such operators, interest-
ing from a physical point of view, for which we can
give a detailed expression of the j-plane rightmost
singularity of the resolvent,

2. MATHEMATICAL PRELIMINARIES

In this section we recall some definitions and prop-
erties about ordered vector spaces, in particular
Banach lattices.

Let A be a real linear vector space. A subset € is a
cone if it has the following two properties:

(i) ¥ x and y belong to €, and «@ and B are real non-
negative numbers, then ax + 8y =@,

(ii) If x and — x are elements of €, then x =0,

The presence of a cone in a vector space, defines a
(partial) order in it, It is enough to set x < vy when y — x
& Q. The relation so defined satisfies all properties re-
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quired in order for the space to be partially ordered. 2
Later, when we mention a partially ordered vector
space, we shall refer to the order induced by the cone
€. In such a space we say that a functional x* is posi-
tive if for any x € €, {(x*,x)= 0, We also say that an
operator A is positive if for any x € @, Ax ¢ @, % We
shall writex2 0if x<c @, x>0if x <@ and x #0,
Analogous notation will be used for positive functionals
and operators.

In the theory of positive operators a recurrent con-
cept is the one of reproducing cones, A cone (€ is re-
producing if every element x <« 4 can be written in the
form x =« - v, where « and v belong to C,

A partially ordered vector space is called a lattice,
if for any two elements x and v of the space, we may
define the supremum »w =xV vy and the infimum z=xAy,
w is such that x <w and v <wu, and, if an element «
exists such that x <« and v <u, then w <z, In an
analogous way we define the infimum,

In a lattice we call positive and negative parts of an
element x the vectors x,=xVv0 and x_= (-x)Vv 0, It is
obvious that x =x, - x_, where x,,x_< €. Therefore, @
is reproducing. The modulus of x is the vector (x|
=x,+x_. We quote here some properties? of a lattice
that will be useful later:

(a) For each x, x,Ax_=0,
(b

(c

for any twox,v, |x—y|=lx,-v, |+ |x.-y_],

for any two x, y, ]x-hv[ < ]x| + |y|,

)
)
) 2.1)
)

(d)if x,v,2c@, +y)Azs (xAz)+(vAz),

xAy)tz=xrz+yArz,

The next step is to introduce a topology in a partially
ordered vector space or in a lattice by means of a
norm || +||

A very important structure is obtained when a con-
sistency condition between norm and order is satisfied,
Explicitly, if 4 is both a lattice and a Banach space,
and if

|x| <]y| implies |x| <[] @ 2)

for any two elements x,y € 4, then 4 is called a Banach
lattice. This is in fact the most relevant structure in

this paper, and the remainder of this section is devoted
to explaining the main properties of a Banach lattice A,

From condition (2.2) one can easily deduce that if
x,y< Q@ and x <y, then [[x]| <||yl|; for any ¥ one has ||x|]
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=|l 1x lll. Conversely these two properties imply (2. 2).

The cone C is closed. For if the sequence {x,} of
positive elements tends to x, from Eq. (2,1b), we have

bea=ll = [ ben=x {1 = | Fra= x| +2 |l = 5,5,

where we set x =x, - x_, It follows that x,—x,, that is,
x_.=0,

We consider now the dual A* of 4. The set of linear
continuous positive functionals is a cone in A*, which
we call €*, C€* is reproducing and A* is itself a Banach
lattice. *

Similarly the sum and the product of two linear posi-
tive operators is a positive operator, and the bounded
positive operators in 4 form a cone in the space L(A)
of continuous operators. It is easy to show that if € is
closed in A, this cone is closed in L(A). Indeed, if
A,— A and all A, are positive, then for any x « € and
any n,Ax <Q, and therefore lim,..Ax=Axc d, We
shall also take into account that the transpose of a
positive operator is positive.

Proposition 2,1: If A is a positive operator, then
“A” = SUDyep <1 ”AXH_
xz €

By definition
Al = sup |Ax | = sup |Ax]| =a.
nxin=si ngnsi
x=C

In a Banach lattice, from Eq. (2.1c), we have Ax|
=AM, ~-x ) = |Ax, - Ax_| € Ax,+Ax_=A|x|, Thus

sup [l Ax[ = sup | |Ax || < sup [A|x]]
uxit<i et =1 nxlu=t
= sup HAxH =M
uxn <1
x=C

and the proposition follows.

In a similar way we can show that for every x € C,
2]l = supyexn<yg X%, %),
xR C¥
Proposition 2,2: If x <@, we can find a functional
x* & ©* such that (x*,x) = llx|| and ||x*|| =1,

A well-known result of functional analysis® says that
for any x € 4 there exists a functional v* « #*, such that
(v*,x) =lIxl| and |ly*|=1.

In our case it is enough to choose x*=y¥, where
y¥=y¥—y¥ Then |lx*| <lly¥+yXli=l1y*lll=[y*l=1.
On the other hand, (x*,x)= (y*,x) =[xl = (x*,x), so that
o*, %) =Ixll and |jx*]| =1.

Proposition 2,3: Ex,ye B andx#0, y#0, xAy=0,
then a functional x* € T* exists such that (x*,x) = ||xi|
and (x*,y)=0. For the length proof see Ref, 4.

Proposition 2. 4: Let x ¢ /4 be such that for any x*
eQ@*, (x*,x)=0. Thenx < C.

Suppose that this is not true. Then x =x, - x_ with
x_#0, Let x,=0, Then we apply Proposition 2. 2: There
is a positive functional x} such that x¥,x_)=||x_||. Thus
(%, x)=-llx_|| <0, against the hypothesis. Let x,#0.
Then we apply Proposition 2.3: As x,Ax_=0 by Eq.
(2.1a), there exists a positive functional x¥ < €*, such

2054 J. Math. Phys., Vol. 18, No. 10, October 1977

that (x#,x_) = lix_|| and (x5,x,) =0, Therefore, {(x¥,x)
=—(x,,%_) <0, in opposition to the hypothesis.

Corollary 2.5: Let A be an operator defined in a
Banach lattice such that {(x*, Ax)=> 0 for any x = € and
any x* < C*, Then A is a positive operator,

In the last part of this section we introduce some
definitions and properties about special topics that will
be reconsidered later. An element x < @ is quasi-
interior if (x*,x) >0 for any x* > 0. An example: Let
L? be, as usual, the space of equivalence classes of
real-valued functions f(f) p-integrable (1 < p <) with
respect to the Lebesgue measure on the real axis; L?
is a Banach lattice, the positive elements being the
functions f(¢) = 0 almost everywhere, whereas the quasi-
interior functions satisfy f(f) > 0 almost everywhere.

We call the operator A quasi-interior if x > 0 implies
Ax quasi-interior, In the above example, Let A, be the
bounded operator corresponding to the kernel K (¢, ¢')
acting from L? to L (1< p,q <=)8; then, if K(t,#')>0
almost everywhere, Ay is a quasi-interior operator.

So far a real Banach lattice 4 was considered. How-
ever we also need the concept of a complex Banach
lattice. " The complexification of 4 of a vector space is
obtained simply by considering the space 8°=/A +iA,
but in order to make it a lattice we need some hypothes-
es on 4. We shall assume A is order complete: For
any subset 4 _ A such that there exists an element of 3
greater than any element of 4, 4 has a supremum in f3,
Then it is possible to define a modulus of any element
z =x+iyv < A° by means of the formula

|z| = sup |cosx +sinby|. (2.3)
0=6<2r
Then, extending the norm of 4 by means of ||z|| =||1z1||

for any z < 4°, one may verify that the analog of Eq.
(2. 2) is satisfied and therefore 4° is a Banach lattice,
We say that a subset 4 < 4° is order bounded if there
exists some x € 4 such that |z| <x for any 2 €4. An
example of order complete space is L?, ® The complex-
ification is the obvious one,

Now let A be an operator acting in 4°, or briefly, a
complex operator, We can define the linear modulus of
A, only at the cost of some hypotheses on A and on A.
We suppose A is order complete and A is order bounded:
That is, A maps order bounded sets onto order bounded
sets, Then the definition

|A|x=sup |Az| for any xe @ 2.4
fzl=x
makes sense, and the operator |A| is called the
modulus of A, ? It satisfies the inequality
|Az| = |A]|z]| for any z 4%, 2.5)

Finally we give an example that we shall exploit
later. Let A be the bounded operator corresponding
to the complex kernel K(¢,#’) from a complex L? toa
complex L? (1 <p,q <=),% Then |K(¢,t')| defines a
bounded positive operator A g and Ay is order bounded.

Indeed, for any complex g=g(t} for which 1g(®)| < f(¢?),
where f=f({) is nonnegative almost everywhere, we

L. Bonora and P. Pasti 2054



have
lagg|=| [ K, thg(t)dt’|

< [ K@, )| ft)at' =A g f. (2.6)
From definition (2. 4) we also have
|[Ak] <A4ig. 2.7

3. SPECTRAL PROPERTIES OF POSITIVE
OPERATORS

We give here some general results about the spec-
trum and the resolvent of a positive operator. They
are both useful by themselves and necessary as an in-
troduction to the topic dealt with in the next section,
For this purpose we need some definitions and general
results from spectral analysis of operators. In this
section A will be a bounded operator in a Banach space
A°. The resolvent of A is the operator R(x,A) = (A= A),
if it exists and is bounded. The set p(4) of the complex
X plane, where this condition is satisfied, is called the
resolvent set of A, The complementary set of p(4),
o(A), is the spectrum of A, 0(4) is a closed and bounded
set.

For A, u €p(4), the equation

R(\,A)= R(u,A)= (L= MR, A)R(u, A) B.1)
holds, If B is a bounded operator too, we have the
relation

R(A;A) - RO\, B) :R(A,A)(A - B)R(A: B)9

rep(A)np(B). 3.2)

From the first equation one gets that, in p(4), R(3, A)
is an analytic operator-valued function with derivatives
given by the formulas

dk

— R\, A)= (- 1YEIR*I(),A4), k=1,2,---,

oy (3.3)

Therefore, in a neighborhood of an isolated singularity
Ay, R(A,A) admits a Laurent series expansion

o

ROGA)= 2 (= 20)"C,+ D 0= 2)7D,,

n=0

(8.4)

where C,, D, are bounded operators in 3¢, defined by the
contour integrals:

cnzz—l./(x- A) IR (n, A)da,
TSy 3. 5)

— _1__ n-1
D,= 5= [(x- o)™ IR (n, A) dn.

y is a counterclockwise oriented circular path with
center at Ao, contained in p(A). It is well known that D,
= P is a projection operator, that is, P2=P, Among
others the following relations hold:

Dn:(A_)\O)an: (A")‘O)Dn-t’ n=1,2,-: (3. 6)

We observe that, if D,=0, D,=0 for n> %, so we shall
say that A, is a pole of order k if D,#0 and D,,;=0, In
this case, X, is an eigenvalue of A and the manifold
spanned by all corresponding eigenvectors (the eigen-
manifold) is contained in the range of the projection
operator P,
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A useful tool in the analysis of the spectral properties
of an operator is the concept of spectral radius. We
recall that the spectral radius of A is the number

7(A)=1lim | A"|1/, 3.7
i adad

It determines the convergence region of the series

S A™1A", Precisely this series converges in the
operator norm for | Al >#(4). In this region the series
represents the resolvent R(x,A). From now on we shall
suppose 7(A4) > 0,

Let us now add the condition that A is a positive
operator. From now on in this section we shall suppose
that 4, the real Banach space subtended to 4°, has a
closed reproducing cone C.

Proposition 3,1: R(x,A) is a positive operator for any
real x> 7(A),

Using the above-mentioned series to represent R(},A),
we see that the resolvent is the limit of a series of
positive operators for real A >#(A), The proposition
follows from what has been said in the preceding section
and from the fact that € is closed,

One shows' that, if 4 is a Banach lattice, the condi-
tion (real) A >7(A) is necessary (besides being sufficient)
in order for R(x, A) to be a positive operator,

Proposition 3.2: Let A and B be two positive opera-
tors in a Banach lattice A, such that A <B, Then 7(4)
<v(B),

We show first, by induction, that A" =< B”", Suppose
A™l< B™! and observe that B— A, B+A, B™!- A™1
B™! + A™1 are positive operators, Then

(B - A)(Bn-l +An-1) —B"—- A"+ BA™ _ AB"™!
and
(B+A)(B™! - A™!)=B"- A"~ BA™! + AB™!
are positive operators, Thus also their sum B"-A"is a

positive operator, For any x € @ the inequality B = A"
holds, Therefore, from Proposition 2.1, we get

lar] < l}5"].

The proposition follows from the definition of spectral
radius,

Proposition 3,3: Let the cones € and €* be reproduc-
ing (as is the case if 4 is a Banach lattice), and A be
positive, Then the point of the X plane x=7(4) is in the
spectrum of A,

The proof!® is based essentially on the well-known

result that the intersection point of the real axis and
the convergence circle of a power series with nonnega-
tive coefficients, is a singular point of the analytic
function represented by the series..

This proposition does not characterize the nature of
the singularity. In order to have more detailed informa-
tion about the nature of the singularity in 7{4), one has
to consider special classes of operators. If for example,
A is compact, then necessarily A =7(A) is a pole of
finite order of the resolvent R(x,A). For the spectrum
of a compact operator is a set of isolated points (if we
exclude A =0), each representing a pole of the resolvent
and therefore being an eigenvalue of A4, °
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As far as eigenvectors corresponding to A=7(4) are
concerned, we have the following results,

Proposition 3.4: Let A be a positive operator and
r=7(A) be a k-order pole of R(),A). Then the corre-
sponding D, is a positive operator,

From Eq. (3.4) it follows that lim,., (., (A - 7(A))*
XR(x,A)=D, in the operator norm topology, If we take
the limit from the right on the real axis, we can verify
the assertion by applying Proposition 3.1 and remem-
bering that the cone of positive operators is closed,

Let us call A* the transpose of A,

Proposition 3.5: In the same hypotheses of the pre-
ceding proposition, 7(4) is an eigenvalue both of A and
of A*, to which there correspond respectively an eigen-
vector x> 0 and an eigenvector x* > 0, 1

The fact that 7(4) is an eigenvalue is immediate, °
The rest of the proof is a corollary of the preceding
proposition. Indeed, as by hypotheses D,#0 and D,,; =0,
some y € @ exists (T is reproducing!) for which x=D,y
+#0, Obviously x € € by Proposition 3.4, Now by Eq.

(3. 6) we have (A —»(A))x = Dy,  y=0. So x is the desired
eigenvector. From the property R(x, A*)=R(x,A)* ! if
re p(A), we can see that Df >0 and D¥,;=0. Repeating
the argument used above, we conclude that there exists
an eigenvector x* > 0,

More detailed information about spectral properties
is obtained if we restrict the hypotheses on the operator
A, If A is quasi-interior (see Sec, 2), 7(A) is a first
order pole of R(x, A) with one-dimensional eigenmani-
fold" (when the pole is first order, the eigenmanifold
coincides with the range of the corresponding
projection),

Proposition 3,6: If A is quasi-interior, 7(A) has a
quasi-interior eigenvector. Moreover A*xf=7(A)x¥,
where x§ has the following property: For any x > 0,
{xF,x) >0,

The first statement is obvious, From Proposition 3.5
we know that there exists an eigenvector x§ >0 of A*
corresponding to 7(A), Thus for any x > 0 we have

1

1
o8, w = oy AE, 0 =gy W5, A9 > 0,

as Ax is a quasi-interior point,

Pyoposition 3.7: Let T be a complex operator (i, e.,
acting in A°), such that | T| exists, Let Ay, which is the
point of its spectrum of largest modulus, be an eigen-
value of 7, and let 4 and A - IT| be quasi-interior,
Then | x| <7(4).

For some z € 3° we have Tz =2z, Il |zl =1Tz]|
< |Tllzl; so that from Proposition 3.6

0<|nlixt, [2]) < e, | 7] |2]) <(xg,Alz
:’V(A)(xl’)k: lZ >o
Therefore, |2l <7(4),

4. COMPLETELY MONOTONIC OPERATORS

Let us consider the function A(j), defined in a do-
main D of the complex j plane, with values in L(4°),
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which is the space of bounded operators in the com-
plex Banach space 4°., We shall eall it an operator
valued analytic function if the dependence on j is analy-
tic, that is, if A(j) is differentiable in D with respect
to the uniform topology of L{4°). It is well known that
this is equivalent to the analyticity of all numerical
functions (x*, A(j)x) for x € 4° and x* e per,

Proposition 4,1: Let A(j) be an analytic operator
valued function in a domain D of the 7 plane. Then the
resolvent R(x, A(j)) is holomorphic in the Cartesian
product D XX plane, save the set of pairs (A;,j;) such
that A, belongs to the spectrum of A(j,), !1

We shall study a particular family of operator-valued
functions, that we shall call completely monotonic
operator-valued functions, or, briefly, completely
monotonic operators. As in the preceding section, A
has a closed reproducing cone €. Let j, be a point of the
real j axis., We say that the analytic operator-valued
function A(j) is completely monotonic in the open real
semiaxis j > j,, if, there, the operators

(_ 1)k dkA. (])

djk

It is clear that for all x = € and x* = € the numerical
functions {x*,A(j)x) are completely monotonic (see
Appendix A), Conversely if A is a Banach lattice the
preceding property is a sufficient condition in order for
A(j) to be a completely monotonic operator, on the
basis of Corollary 2.5, From the previous definition it
is evident that the sum and the product of two com-
pletely monotonic operators are completely monotonic
operators. Of course, for j real, A(j) is understood as
an operator in /3 but it is definite also as an operator in
£¢; for j complex, it must be understood as an operator
in 8¢,

As an exemplification, let A be a positive operator.
Then by Eq. (3.3) and Proposition 3. 1, it follows that
R(xr,A) is a completely monotonic operator in X for real
A r(A),

From Eq. (3.2) one gets

>0 for k=0,1,2,--, 4.1)

dA(j)

=R, AG) TG ROLAG). (4.2)

Therefore, if real X, >7(A(7)) and A(j) is completely
monotonic for j >j,, R(x;,A(4)) is completely monotonic
in the subset of the real j axis in which the two inequali-
ties are simultaneously satisfied.

We now give two general propositions involving the
spectral radius #(j) =7(A(j)) of an operator A(j) com-
pletely monotonic for j > j, acting in a Banach lattice 5.

Proposition 4.2: 7(j) is a nonincreasing function for
real j > j,.

If j, > j5, by condition (4.1), for every x € € and every
x* e C*, we have x*, A () < {x*,A(j,)x), so that
A(jy) <A(j,). Then, by Proposition 3.2, #(j;) <¥(j2).
As a matter of fact the hypothesis of complete mono-
tony is redundant: It is enough that the above operator
inequality be satisfied.

Proposition 4.3: Let j be the rightmost point of the
real j axis satisfying the equation 7(j) =Xy, and j = 7.
Then R(X,,A(j)) is analytic in j on the right of the axis
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Rej :j—. Moreover the singularities on this axis are not

stronger than the singularity at j=j, since for any x
<@ and x*< C* and for Rej >j one has

| &%, R(xg, A(Rej +i Imj)) ) |
< {x*,R(A, A(Rej))x). (4.3)

By Proposition 4.2 and by assumption, it follows that
v{j} <X, forj >3, Therefore, by Proposition 4.1,
R{xy,A(7)) is analytic and completely monotonic in j

>j. f xe € and x* < C*, (&* R(A,,A(j))x) is a complete-
ly monotonic numerical function, and by the properties
of completely monotonic functions (see Appendix A,
Proposition A.1) we can write inequality (4.2), from
which the completionof the proof follows.

In general there are other singularities besides the
one atj:j_, on the axis Rej =j. In order to exclude this
possibility we have to strengthen the hypotheses on
A{j). Let, for example, |A(j)! exist, A(j) be compact,
A(Rej) and A(Rej) - 1A(Rej +iImj) | be quasi-interior,
for Rej > j,. Then the hypotheses of Proposition 3.7 are
fulfilled and we can conclude that the only singularity of
R(x,,A(j)) on the axis Rej=7 is placed at j =j. An appli-
cation of this fact is found in a physical problem, !?
where A(j) is a compact completely monotonic operator
for Rej > j, corresponding to a kernel K(¢,t’,j) from L*
to L?, satisfying the inequality |K(¢,t’', Rej +7Imj)!
<K(t,t',Rej), and such that K(¢,1’,7) >0 for real j > j,.
Bearing in mind what has been said at the end of Sec.

2, one can realize that all the above hypotheses are
verified and, therefore, the previous conclusion holds.

In the following sections we shall limit ourselves to
the analysis of the rightmost singularity on the real j
axis and nothing will be said about other singularities
on Rej =7, apart from the fact that the singularity at
j=j is always isolated. The reason is briefly explained
in Appendix A. We shall call the singularity at j =j, the
leading j-plane singularity.

5. LEADING SINGULARITY OF THE RESOLVENT

In this section we shall consider an operator-valued
function A(j), analytic in a half-plane Rej >j,, acting in
a complex Banach space A°. The spectrum of A(j) will
vary in general in an extremely complex way as j
varies. Given the lack of general mathematical results,
we only analyze the case in which the rightmost singu-
larity in the X plane is a pole of the resolvent
R(X,A(j)). This choice is due on the one hand to the fact
that tms property characterizes wide classes of opera-
tors (compact and quasicompact operators, operators
with compact resolvent, - +) and on the other hand to the
simple manageable structure taken up in this case by
the spectrum on the j plane,

As a first step we state precisely the mathematical
problem we have chosen to study. Let us suppose that
for j =j, the spectrum of A(j;) can be separated into
two spectral sets® 0, =0,(A(4,)) and 0, =0,(A(4,)). We
take a Jordan curve y; surrounding g, and outside 0,
(remember that 0, and 0, are closed separated sets).
One shows!! that, in a sufficiently small neighborhood
U of j;, 01(A(j)) and 0,{A(j)) are still spectral sets,
while v, is in the resolvent set of A(j) and still separates
them.
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Let us consider the projection operator

P, (j) =3 1/3(7\ A())dn,

where the integration path is anticlockwise oriented. It
is an analytic operator-valued function in U. Let /()
=P, (])B° be the range of PU!( j), that is the subspace
associated to the spectral set 0,(j). One can show!? that
in a neighborhood U of j;, U;C U, the dimension of

/M 1() is constant as j varies.

(5.1)

Let A, be the restriction of the operator A to the sub-
space /;, and A, the analogous restriction to /1, =(1
- P, ) B° (here we understand the variable j which is in-
essential for the discussion). Then the spectrum of A
(4,) is given by o, (0,),% !! and the eigenvalue problem
for A is the same as the one for A, as long as the
eigenvalues contained in 0, are concerned. Moreover the
resolvent of A commutes with P, o and therefore R(, A)
=R AP, )+R(>\ AP, ). This implies that R(A,A,) i
regular in the region 121m1ted by ¥, and conversely
R(\,A)) is regular outside it. Since we shall be interest-
ed in the structure of the singularities contained in a
particular region of the X plane, when ¥, contains this
region we can limit ourselves to the analysis of
R(x,A,). The true resolvent differs from this only by a
regular part.

Now let us suppose that,/}j; has dimension N <, Then
A(j) may be represented by means of a finite order
matrix and the eigenvalue problem becomes the problem
of the solution of an algebraic equation in A, whose
coefficients are analytic functions of j in the set Uj.

The solution is known!!!¥): The roots (that is, the eigen-
values) are the branches X,{j) of one or several (locally)
algebraic functions, £#=1,2,...,» and v <N, More pre-
cisely, the branches X,(j) group together in cycles

{Ak (,7)} {Aks(j)} Ri=1,000,%, 000, ks—’l’s_1+1,...,1".
If a cycle contams a single element Az(4), this is an
analytic function of j in the neighborhood U, of j;. In-
stead, if a cycle contains p (> 1) elements, e.g.,

A(7), 22(5), . .., 2,(4), then they represent the branches
of a single algebraic function, In this case they are
representable with series in fractional powers of j of
the following type:

MG) = ey + @ P 4 g ORI e

ry=1,...,p, w=exp(2mi/p), (5.2)

and j in the right member means the principal value of
B

From the point of view of the j plane, for fixed j there
is a finite number (<N) of roots. This number is N if
the roots are all distinct, The points (in the j plane) in
which the number of roots changes, are called critical
points. One shows that in any compact subset of U, the
number of critical points is finite. The branch points of
the functions forming a cycle are always situated at a
critical point, An example is given by the point j =0 for
the set of functions in Eq. (5.2). It is important to ob-
serve that the branches of a cycle are continuous at the
critical points.

The projection operator (see Eq. 3.5) associated with
each eigenvalue 2,(j) is definite and analytic in the re-
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gion where 2,(j) is. Instead, in correspondence to a
critical point, the projection may have a discontinuity.
Moreover if A,(j) has a branch point, the corresponding
projection operator goes to infinity (in norm).! For
example, the projection operators corresponding to the
eigenvalue functions of the cycle (5. 2) will be given by
the formulas

P(j)=21 Pyj*/Pwtht,

==k

(5.3)

where P_,#0, £ >0, and the symbols are as above. Any
eigenvalue function and the corresponding projection
operator are on the same Riemann sheet. The X plane
poles associated to the branches of a cycle are of the
same order (see Appendix B).

Now, from the fact that the eigenvalues of a matrix
are poles, from the preceding considerations about the
separation of R(x, A(j)) into two pieces and from Eq.

(3.4), we may write in a neighborhood of ji,
P () Di® (4)
R, A 2
0. AG) =% [a RE RIS WE)
D(k)(])

foeen W] FRo(, 7), (5.4)

where Rg(x, ) is holomorphic for X contained in ¥; and in
plA(4)). A simple, though important observation, in this
context concerns the nature of the singularities in the j
plane for the resolvent given above when X is fixed: The
singularities can only be poles, the cuts disappear, as
one can verify by direct computation. Indeed this is a
consequence of subdividing the spectrum into two parts
and of the fact that the projection operator correspond-
ing to the part under consideration has a finite dimen-
sional range and is an analytic operator.

We are now able to state the main problem of this
section. The symbols have the same meaning as above.

(H) Let A(j) be for real > j, a completely monotonic
operator acting in a real Banach lattice 8. Let the spec-
trum of A(j;) for real j; >j,, be separable into two spec-
tral sets ¢y and 0,, such that the projection operator as-
sociated with 0y has finite range and ¢, contains the right-
most singularity in the A plane.® We wish to find the
rightmost singularity in the j plane in a neighborhood of
jy and give its explicit contribution to the resolvent
RO\, A7)

In order to avoid repetitions, from now on j will be
a real variable unless otherwise specified, First
we observe that by Proposition 3.3 and by the positivity
of A(j) (j real !), the rightmost singularity in the
A plane is situated on the real A axis at a distance from
the origin equal to the spectral radius. From what
has been said above this is true in a suitable (real)
neighborhood of j;, so that in this neighborhood the
spectral radius 7(j) is formed by various pieces of the
eigenvalue functions 2,(j), coinciding for fixed j with
only one of them except in the critical points at which it
coincides with two or more of them. By the properties
of the functions 2,(j) it follows that (j) is continuous
everywhere in the same neighborhood and differentiable
except perhaps at the critical points.

From now on let 2, #0 be a point of the positive real
X axis. The equation A, =7(j) admits by Proposition 4.2
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only one solution j=j ¥ [we exclude the constancy of
7(j), as it will be justified later]. On the basis of what
was said at the end of Sec. 4, j=j is the leading j plane
singularity of R{(%;, A(j)). Our next task is to study this
singularity and to give it an explicit representation in
the resolvent. We proceed first to analyze a simple
case.

(a) The leading singularity in X is a first order pole
and j=j is not a critical point.

Then, according to what has just been said, 7(j)
coincides in an open (real) neighborhood V of j with only
one eigenvalue function, for example X(j), and there-
fore it is differentiable. We intend to show that

ar(j)

=A(7) <
@ A(j)<o.

Jj=1

(5.5)

This result implies, as we shall see, that the leading
singularity in the j plane is also a first order pole.

As a first step we observe that, as A(j) corresponds
to a first order pole, we have

A -2(GNP()=0 {5.6)

where P(j) is the projection operator corresponding to
A{j). We differentiate this equation and multiply it from
the left by P(7). Taking into account that P(j) com-
mutes with A(j), we get

P(HIA"(7)P(j) = r(j)P(j)=0.

Next we build a positive eigenvector corresponding to
A(j). By Proposition 3.5 it follows that the vector v (j)
=P(j)x, for some xc €, is an eigenvector of A(j) be-~
longing to the cone € for any j< V. We stress that this
happens because in V, A(j) is in fact the spectral radius.
As ¥(7)# 01" we may find a functional x*& C* such that
(c*,9(7)) > 0. Let us call y*(j) the functional P*(j)x*,
where P*(j) is the tranpose of P(j). Then from Eq.

(5.7) we obtain

W*G),A Gl G
SOBIV A

This equation holds in a suitable neighborhood of j =7,
as (3*(7),y(F ) =&* (7)) #0 and the denominator func-
tion is contmuous Now (y*{7), 4" (7} v (0.7

={(y*(7), A" (/v ));-3, and it is the derlvatlve atj=j

of the functlon *(F),AG)y(G ) =&* A7y (). This is
a completely monotonic function for j >4, (see Sec. 4),
different from zero atj:j_. Therefore, its derivative
cannot be zero, otherwise it must be zero every-
where!? (see Appendix A). Finally we can conclude that
A’(7)#0. The same proof can easily be extended to any
point je V. X'(j) is obviously negative. !°

(5.7)

A(f) = (5.8)

We may rewrite A(j) in a neighborhood of j, as

A ) =X N (GFIAHNG =),

where f(j) is an analytic function such that f(j)=1. In
that case the resolvent [see Eq. (5.4)] takes the follow-
ing form:

(5.9)

. P{j)
R(KO’A(]))—A (] )f(])(] ]) +R ()\,]) (5-10)

Equation (5. 5) implies that the leading pole in the j
plane is first order. Equation (5.10) holds in a suitable
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complex neighborhood of J.

The initial hypothesis of this subsection (that j =7 is
not a critical point) is certainly satisfied if the leading
pole in X has one-dimensional eigenspace. For the
consequent one-dimensionality of the range of the pro-
jection operator P(j), prevents the eigenvalue splitting.
This situation occurs if, for example, the operator
A(j) is quasi-interior for real j (see Sec. 3).

(b) The leading singularity in X is a first order pole
and j =7 is a critical point but not a branch point.

The statement of the problem deserves some explana-
tion. Let Ay(j) and 2, (j) be the only two-eigenvalue func-
tions that meet at j =]—', and let them be regular and cor-
responding to first order poles. Then they are repre-
sentable by means of the series

M =rota(i=F) +au(G=7 P +een,
)\2(.7‘_):>\0+a21(].—j_)+a22(j—j_)2+ooe. (5.11)

which hold in a neighborhood of j. Let P;(j) and P,(j) be
the corresponding projection operators. They are a:paly-
tic operator-valued functions except perhaps at j=j,
where they may have a discontinuity (see above). In-
stead, the projection operator P(j)=P,(j) + P,(j), which
corresponds to the spectral set containing 2,(j) and
xy(7}, is analytic everywhere in the previously men-
tioned neighborhood. As one can immediately check,

we may give the following representation of Py and P,:

. i) = 25 (i)P(j) o AG) =0 GNPG)
P _ (A(]) a i , P _ _ -
=m0 BTG
(5.12)
From these equations it is evident that the two pro-
jection operators in general go to infinity as j —~j. Using

representation (5.12) we may write the analog of Eq.
(5. 4) in following way:

. P, (4) Py(j) i
[ P (A -2)P

= +(>\—x1)(7\—)\2)]+R°' (5.13)

Therefore, though A;(j) and A, (j) are first order poles
of the resolvent for j#j, R(\,A(j)} will have in general
a second order pole at A =X;. The preceding analysis
may easily be extended to the general case in which n
regular eigenvalue functions, corresponding to first
order poles, meet at j =f and take the value »;, We use
the formula

p,G) = fi A= 2@IPG)

- - , 1=1,...,n
pet M) =2 ’ i
ot

n
P=2)P,.
i=1

(5.14)

Generally the P,(j) are infinite at 7 and the resolvent
of A(j) may have a priovi an nth order pole in X at A
=2X,. In general we are not able to go ahead with the
analysis as in subsection {(a). However, we can do it in
the special case in which the projection operator corre-
sponding to the leading eigenvalue for j = j [let it be
X4{#}] is bounded uniformly in a neighborhood of j. From
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now on, in this subsection, it is understood that we
assume this hypothesis. Then it is easy to see that Py(j),
given by Eq. (5.14), is regular for j=j; but Py(j) is no
longer the projection operator corresponding to ()
=X, the relevant projection being now P(j). That is,
the projection operator associated with A,(j) has at j
=7 a removable discontinuity. Remember that P(j) is a
positive operator for j >7, as it corresponds to the
spectral radius. Therefore, also Pl(j_) is positive, At
this point one can repeat step by step the proof given in
subsection (a) [for example, Eq. (5.8) holds for j=j],
and conclude that A{(§) <0.

It can happen that the spectral radius 7(j) coincides
with x,(j) in a right neighborhood of 7 and with another
eigenvalue in a left neighborhood of 7; 7(j) may have an
angular point at j =j. But also the left derivative is
negative. For, we observe that (d/dj)(Rex, (i} .7 <x(7),
k=2+++n, otherwise X,;(j) would not be the leading eigen-
value in a right neighborhood of j.

Now we are able to write down the explicit represen-
tation of the resolvent R{};,j). For brevity we give it
only when X, is a first order pole of R(\,A(j)) namely
AG)-x)P() =0,

d P 1
R\, j) =27 o — ¢ 1 t,20 (5.15
(or) =23 =55 (=) + Teenlar part, ! (5.15)

where Py, is the coefficient corresponding to the zero
power in the Laurent expansion of P,(j) near j =j.

For further details see the end of Appendix C.

{c) The leading singularity in A is a first order pole
and =7 is a branch point.

We have at least a cycle of solutions {A;(j), ..., 2, (j)}
representable in the form given by Eq. (5.2) (here o,
=2Xg). Then we show that @y =ay=+-° =a,_;=0. Suppose
first that one of the eigenvalue functions [e.g.,2,(4)]
coincides with the spectral radius in a right neighbor-
hood of j. Then the coefficients of development (5. 2)
are real. As 7(j) is a nonincreasing function of j, we
must have @, <0. But, then, between the coefficients
alw"", r=1,...,p, there is at ieast one, specified for
example by the index k, such that Re(a;w*!)>0. There-
fore, in a right neighborhood of j we would have
Re{x, (7)) = x(f), against the hypothesis that A,{;j) is the
leading eigenvalue, unless @y =0. The same argument
may be repeated to show that @, =0 and so on; on the
contrary, it is inapplicable to a,.

However, generally, the leading eigenvalue may not
belong to the cycle at issue and there may be several
cycles. The preceding argument applies to all cycles
meeting at j =7, with the only difference that ¢, will be
a complex number (with a nonpositive real part). This
detail does not modify the pattern of the proof given
above. Therefore, the general form of the eigenvalue
functions belonging to a cycle and assuming the leading
value A; at j =7, is

A () =Xy + ag(j —;) + ami(j _]'_)1’1 SRR s
r=1,...,p. (5.186)

We now want to give an explicit representation of the
leading term in the j plane of the resolvent R{x;,j). Let
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us suppose that p eigenvalue functions, belonging to the
same cycle, meet in A, (the leading eigenvalue for j :}).
One of these coincides obviously with the spectral ra-
dius. The total projection operator P(j)=32,P,(j) [see
Eq. (5.3)] is regular at =7 and P(j) is the projection
operator corresponding to A;. Therefore, {A(7)-2,)P(5)
=0 and P(j) is a positive operator (see Proposition 3. 4).
We show in Appendix C that a, <0. Consequently the
resolvent R(Xy,j) has the following form:

. Q
R(» = ——=—== + regular part 5.17
( 0;]) (_ ap)(]_]) gu p ] ( )
where @ is a linear combination of the operators
Py, P_,...,P, that appear in Eq. (5.3), with compli-
cated coefficients built with a,, &p1; 0« o s Upare

(d) The leading singularity in A is a higher order
pole.

In this case the resolvent has a more complex form,
Eq. (5.4), and the projection operator corresponding to
the leading eigenvalue is not necessarily positive., We
can no longer apply the procedure outlined in (a) in order
to show that the first derivative of the leading eigenvalue
does not vanish, One conclusion still holds: if j =7 is a
branch point for the roots assuming the leading value
Xy, then they have in a neighborhood of 7 the development
(5. 16),

In the following section we consider a particular class
of operators A(j), for which the problem can be fully
solved.

6. LEADING SINGULARITY OF THE RESOLVENT:
A SPECIAL CASE

Let A(j) be an analytic operator satisfying the hypo-
theses (H) and moreover let

[A(Gy), AGG)]=0,

for any j; and j,. The first consequence of this new
condition is that all projections are constant. Indeed,
using Eqgs. (3.3) and (4. 2) we have

dP(j) { dAGYY 1 [ dR(GAG)) .
4 ~\ dj ) 2m‘_[ ar D=0, (6.2)

(6.1)

where ¥ is a Jordan curve surrounding the singularities
at issue. Thus the projections, as functions of j, can
have only removable discontinuities corresponding to
the critical points., They cannot go to infinity as j ap-
proaches a critical point. Thus there are no branch
points. All eigenvalue functions are everywhere analytic
Another consequence is that A(j) commutes with A’(j).

Let A(j) be the only root taking the value 2 at j =7,
and corresponding to a m-order pole in the resolvent.
Then,

A - 2(D, () =0, (6.3)
where D_(j)=(A(j) = X(j))"'P and P is the projection
operator associated to A(j). Deriving both sides of Eq.
(6.3) we get

(A’(5)= 27D, (5)=0. (6.4)

By Proposition (3. 4), D,(j) is a positive operator. Un-
less D, (j) has a zero for j=j (see Appendix D), we can
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find at least one vector x € € and one functional x*e C*,
such that (x*,D_(j)x)>0. Then the equation

vy @5 ATGD, ()X
A (.7)—' <x*,Dm(j)x) >
holds in a neighborhood of j. The number
(x*,A"(7)D,,(j)x) is the value taken up by the derivative
of the function g(j)=*,A(j)D,(7)x). But g(j) is a com-
pletely monotonic function, therefore it does not vanish
at j=j, from Eq. (6.3). So g’(7)#0. Finally

A (5 <0.

(6.5)

(6.6)

Now let j =7 be a critical point. Namely, atj=j two
or more eigenvalues meet. The situation is the same
as in Sec. 5(c). So we conclude that Eq. (6.6) holds for
any root, at least in those points (if they exist) where
the root coincides with the rightmost eigenvalue in the 2
plane.

We now give the expression of the resolvent R(xy,j)
when j is not a critical point, the extension to critical
points being immediate,

——Bmiz)-——— + nonleading terms. (6.7
X G=-7m g terms. (6.7
In physical problems we need to know quantities such as
R*(xy, 7). Using Eq. (3.3) we see that the leading term is
given by the formula

: +h-2\ D,(j)
R, ) =" e
o, 9) (k— 1 JI=-vGG =D

R(Ro,j) =

+ nonleading terms. (6.8)

In the second part of this section we deal with a
problem relevant to the multiproduction theory.! We
are faced with the question of the coincidence between
the leading singularity of A(j) and the leading singularity
of R(x,,A(j)). The problem is different from the one
studied so far, in the sense that in Sec. 5 we set f>j0,
whereas here we examine the consequences of the con-
dition j=j,.

Let A(j) be a completely monotonic operator for j > jg,
with a g-order pole at j =j,. Therefore, A(j) can be
developed in a Laurent series in a neighborhood of j,.

AGY =2 A -,

i==q

(6.9)

where A; (i=-¢,—q +1, »>°) are bounded operators in
. However let the hypotheses (H) and condition (6.1)
still hold. A(j) is not defined at j =j,; therefore we can-
not define the spectral radius, the eigenvalues, °°°. We
resort to the subsidiary operator A(j), so defined

A =AG)G =40
It is clear that A(j) is analytic in a neighborhood of j
and positive in a right rleighborhood of jy, therefore also
at j,. We observe that A(j) is in general not completely

monotonic. The relation between the spectral radii #(j)
and 7(j) (where they exist!) is given by

(6.10)

7(5) =i = ol (). (6.11)

This relation obviously also holds for complex j. As
A(j) is positive for j > 7,, ¥(j) coincides with one of the
analytic roots of A(j), e.g., 2(j), in a right neighbor-
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hood of j, (including j;). We recall that 7(j) is contin-
uous for j >j, and nonincreasing, by Proposition 4. 2.
Therefore lim;. ;+ 7(j) exists.

Three possibilities may occur:

i) lim 7(j)>x,
= dg*t
The leading singularity of R(x(, A(j)) lies on the right of
jo. This is the situation previously studied.
(ii) lim 7(§) <X
i~ /0’
The leading singularity in R (g, A(j)) comes from the
pole of A(j) at j=7,. 2
(iii) lim 7(j) =X,
iyt
R(\;,A(j)) has a leading singularity at jy, coming from
two singularities of R(%,j), one atj =7, and the other at
r=7(j), that overlap as A — X,.

As we said above, we shall study the last case.

Let us define the analytic function X;(j) by means of

A7) = (G = 7o) A (4). (6.12)
It coincides with the leading eigenvalue of A(j) for j#j,.
In fact, if X1(]') corresponds to an m~-order pole of the
resolvent, that is, if the analog of Eq. (6.3) holds [we
call D () ={A(j) - A(j))™'P, the projection P being the
same both for A(7) and for A(j)], we have

@A)~ 2(ND () =0, (6.13)
and, from Eq. (6.4)
A'G) - GND () =0. (6.14)

Equations (6.13) and (6.14) hold in a right neighborhood
of j, (including j,), as A(4)D,(j) and A’(j)D ,(j) are finite
at j =7, because of continuity. So, if D,(5) does not
vanish at j =j, (otherwise, see Appendix D), we may find
a vector x < € and a functional x* = €*, such that
{&*,D,(j)x)>0, and we can write

(c* A'GID, ()%

V=TI

(6.15)

Equation (6. 15) holds for j = j, close enough to j,. Using
it, we can show that X'(j) <0 (see Appendix D).

In order to give a representation of the resolvent
R(J\,A(];)) analogous to Eq. (6.7) we refer to the resol-
vent R(X, A(j)) where A =(j —jy)r. Due to the resolvent
homogeneity, we can write

ROLAG) = =G 'R(, A(5)). (6.16)
This relation holds for 181 >#(j), that is, for Ix|>7(j)
according to Eq. (6.11), and for Rej >j,. If A(j) is the
only root such that A(j) =2, (the generalization to a criti-
cal point is straightforward) we can write, by Eq. (5.4),
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R(,AG)

P D) ... D_(j)
:(.7—.70) {X_T"(])'f'('l—zi_zx_ (])) + +1—~q——(h—)\(]))"‘
+R0(X9j)
__P_ ... D,(j) s s
=g P G gy R

6.17)

The functions R, and R{ are holomorphic for Rej >j, and
for A belonging to a suitable neighborhood of A, (includ-
ing 2y!). For j=j,, R} may have a singularity indepen-
dent of X,

In the last part of this section we briefly discuss the
consequences of the results so far obtained in the frame-
work of the multiproduction theory. For a more de-
tailed account we refer the reader to Ref. 1.

Observe that PR;=0 and P completely reduces A(5).°
Roughly speaking A(j) is separated into two parts, one
of which gives rise to the principal part of the resolvent
and the other to Rj. This is the general mathematical
formulation of those models that in the physical litera-
ture are called two-component models. Precisely the
part giving rise to R} is called the “properly diffractive
component, the other is the “properly multiperipheral”
component. Rj may have for j =j, a higher order pole
(or a more complex singularity) than the one contained
in the principal part for A =X;. This corresponds to a
purely diffractive model, and from the multipheripheral
point of view it is uninteresting. So we must suppose
that the singularity contained in R§ is at most as strong
as the one contained in the principal part. The highest
order of the pole in Eq. (6.17) for A =x; is (m - 1)g+m,
In this case the coincidence of the initial pole with the
final one is possible only if g =1, m=1. However the
order of the pole can be lowered by the presence of a
zero in D, () for j =7,.! In this way the coincidence of
the poles is always possible, as one may verify by ex-
plicity constructing models. An example is given in Ref.
22,
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APPENDIX A

A real-valued function F(£) is called completely mono-
tonic in the real axis interval a < §<¥d if the following
conditions are satisfied.

®
(—l)k%g—)>0 for g <x<band k=0,1,2, °°-,

(A1)
One shows?? that the function F(z)=F(£ +147) is analytic
in every circular domain with center ¢, with a<c<b,
and radius smaller than c—a. If b=+, the function
F(z) is analytic in the half-plane £>aq.

In this paper we repeatedly use the following property:
If a function F(£), completely monotonic in a < £<p,
vanishes at a point of this open interval, then it vanishes
everywhere. This follows immediately from the analy-
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ticity of F(z) and from condition (Al1). The same proper-
ty obviously holds for all derivatives.

Proposition A.1: If F(¢) is completely monotonic for
a< <o then

|F(¢+in)| SF(E), a<t<b, —o<n<+eo,

Proposition A.2: A function F(£) is completely mono-
tonic in the interval ¢ < £ <« if and only if

F(e)=[" exp(- &)dat),

where a(f#) is a nondecreasing function of bounded
variation.

The former integral is of the Stieltjes type. If a(f) is
absolutely continuous, the integral may be written as

F(£)= fo”exp(— £t f(t) dt, (A2)

where f({) is a nonnegative summable function.

The original motivation of this paper was the study of
the Laplace transform of a positive operator A(t).
Symbolically

A(z):fo”exp(-ztm(t)dt. (A3)

Leaving summability questions! out of consideration
here, this means that in a Banach lattice 43, for any x
€ and x*c C*,

¥, Ae)w) = [ expl-2t) ¥, Alt)) dt, (a4)
are completely monotonic for z greater than some z;, on
the basis of Proposition A.2. Corollary 2.5 says that
Af(z) is a completely monotonic operator. We stress
that in this paper we are mainly interested in finding
the consequences of the positivity of A#(f). Therefore,
we are satisfied with deriving some abstract theorems
about a generic completely monotonic operator. But in
view of the applications it is interesting to wonder if,
antitransforming a completely monotonic operator, we
get a positive bounded operator. No theorem giving
necessary and sufficient conditions exists on this sub-
ject. We give a typical—and significant— example.

Proposition A.3: Let F(z) be analytic for £>a, F(z)
—0 for £za+06>a when z —« in two dimensions, and

f:: |F(&+in) ldn<«= for any £>a.

Then F(z) can be represented as a Laplace transform
of f(¢), with

1 fafoo

)= expltz)F(z)dz (£>a),

27 Sy
where the integral is independent of the choice of £ in
£>a. Moreover f(t) is continuous in — © <f{ <+« and
equals zero for t <0, If for any xe € and x*< C*, all
functions {x*, A(z)x), where A({z) is completely mono-
tonic, satisfy the hypotheses of Proposition A.3, then
the antitransformed functions f, ,x(f) are continuous in
t, and for fixed { they are bounded bilinear functionals
of x and x*. Therefore, they define a linear continuous
operator A (), which is positive as a consequence of
Proposition A. 2.
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Finally we justify the choice, made in Sec. 4, of
studying the rightmost real j-axis singularity of the
resolvent. The reason is that this singularity is con-
nected to the asymptotic behavior of the antitransformed
function. Let us consider the following Tauberian
theorem:

Proposition A.4: Let F(£) be a completely monotonic
function in 0 < £ < and let ¢ and A be nonnegative con-
stants. Then if

F§)~ & for £=0,
we have
At®
a(t)Nl"(_oz—.f:T)_ as i~ +o,

Referring to Eq. (A2), we observe that this theorem
gives us the average asymptotic behavior of f(t). In or-
der to have more detailed information about the point-
wise asymptotic behavior of f(t) we need to impose some
conditions on f(#). For example if f(f) is nondecreasing,
then from Proposition A. 4 it follows that

=1
f(t)~ﬁ—§a)

APPENDIX B

as {—= + o,

We demonstrate that the poles associated with eigen-
values belonging to the same cycle are of the same or-
der. Let us suppose at first that an eigenvalue, e.g.,
Ay, has a simple pole. Then the projection operator
DP; (j) satisfies

AG) =27 (1) P3(5) =0,
Introducing in Eq. (B1) the developments (5. 2) and (5. 3)

for A7(j) and P;(j) and the Taylor series for A(j), we
obtain

(B1)

20 20 (AP (j=F e a1 Ly p(j=F) e /e

q=0 I==k

Xw(‘””(F'“zoa (BZ)

Remembering that w = exp(2wi/p), we can rewrite Eq.
(B2) as

o _ - (s+k) /p sk

E (]-_]-)s/pws(r-i){ E Aqu-qp-E KGPS_Q}:O, (BB)
s=-k q=0 q=0

If Eq. (B3) holds for a given value of #, it holds for
every ¥ and therefore one gets

(A(])_)\r(]))Pr(])ZO’ 7:1’25" . ;p-

In general, if an eigenvalue A; has an n-order pole, one
obtains an equation with the same structure as (B3),
whose validity is independent of the particular value of
7; hence any pole associated with the eigenvalue A,
(r=1,2,...,p) is of the same order n. An essential
condition for this proof is that any eigenvalue function
and the corresponding projection are on the same Rie-
mann sheet (see Sec. 5).

(B4)

APPENDIX C

Let ()}, *=1,...,p, form a cycle of eigenvalues
of an operator A(j) satisfying all the hypotheses (H) of
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Sec. 5. As shown in Sec. 5 (¢), near the branch point
j=7, where they take the real value A, [= the leading
eigenvalue of A(})], they may be represented by the
series

M) =2 +ay (G =F) +ay(j =) 2w

_)102 /pr(r-i) oo,

+ay(j-j r=1,...,p. (C1)

Let us suppose that the cycle contains the leading sin-
gularity in the X plane in a neighborhood of j =j. We may
take, for example, 2(j) coinciding with the spectral
radius in a right neighborhood of j. Let us also suppose
that no other eigenvalue takes the value A; in j =j. [In-
cidentally we observe that this implies p is odd; so that
on the left on 7 the spectral radius coincides with
X(p-1)72{7), as is easy to verify. Indeed, for evenp,
there cannot be two real roots on both sides of 7. ]

Let () be a first order pole, then (Appendix B) all
eigenvalues of the cycle correspond to first order poles.
The total projection P(j) is regular, and we must have
{by hypothesis, A, corresponds to a first order pole)

AG) =2 )P(G) =0. (2)

By Proposition (3. 4), P(]) is positive. Referring to
Eq. (5.3) we have P(]) pP,, so that P; is positive too.

On this basis we want to show that ¢, <0. As the spec-
tral radius is a nonincreasing function of j, we already
know that a; 0. Let us now consider the equations

(A(])—X.,(]))Pr(])zo, 7':1:2)"')17- (C3)
Summing over v, we get
Ex A(HPG). (c4)

Computing the trace!!'? on both sides (remember that

trP, =m,, where m, is the dimension of the range of P,,

m=3,m,=dimP) we obtain
»
20 GIm, = trAGIPG)). (C5)
7=

The next step is to develop both sides of this equation

in powers of j!/?. Equating the coefficients at the zero
order we have

mxy = tr(A (5 )P()). (Cé6)

At the first order we get ma, = tr(d’(HPG) +AG)P'(G)).
From Eq. (C2) and the properties of the trace, we have
tr(AP’) = tr(PAP’ + P'AP) =) tr(PP’ + P'P) =2)\,tr(PP'P)
=0, for PP'P =0 as one can verify by deriving the equa-

tion P2=P. Finally at the first order the following
equation holds:
may = tr (A’ (7Y)P(G)). (")

Since P(j) is positive, it is easy to see that in its range
/M there exists a basis {e,} (s =1,...,m), formed by
positive vectors. (As a matter of fact, in order for this
to be true it would be enough for the projected cone to
be reproducing in M). Let x be a positive vector be-
longing to /f; then we may write it as x =3™,0 e,, where
o, are nonnegative coefficients. We can always find m
functionals g¥ such that {g¥, e,)=0,,. They are positive
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in the subspace /M. Then we may write
trld’ ()P ()

i: (g%, A" (HP(les

- aiil (g5, AP(Dey

i=

=2uGpG)| c8)
7 Jsi

Now tr(A(j)P(}'-)) is a completely monotonic function
different from zero forj:j_[by Eq. (C6)], so its deri-
vative cannot be zero at j =j. Therefore, a,#0.

This proof is always applicable when we have a bunch
of roots with the common value A, at j =7, splitting up
from this point and satisfying these two conditions:
First, they must have equal first derivatives at 3'-;
second, the total projection must be positive for j=7.

This is the case, for example, when A, is the leading
eigenvalue and all projections are infinite at j=j, For
it follows from Eq. (5.14) that all first derivatives of
the roots at j =j are equal.

APPENDIX D

Referring to the problem stated in Sec. 6, let D, (j),
correspondmg to the eigenvalue A(j), have a g-order
zero for j=j. We define the operatorD (7)=D,(j i/
(- ]) D, (j) is everywhere defined in a nelghborhood
of j =4, and it is pos1t1ve for j >], therefore it is posi-
tive also for j ]

Now it is easy to verify that Eqs, (6.3) and (6. 4) still
hold if we replace D, (j) by D, (j) for j =;. Because of
continuity these equations will also hold for j =_—7". From
now on the procedure for showing that 3’(5) <0, is the
same as in Sec. 6. The formulas {6.7) and (6. 8) change
in an cobvious way.

The proof of Eq. (6.6) is rather different, ifj:? is a
singular point for A(j). We must assume that A(j) is the
Laplace transform of a bounded positive operator 4 ()
(see Appendix A), so that one has

G, AGID,(j)x) = [ expl=jt)*, AD)D,(j)x) dt, (D1)

*, A" (D, (%) == [~ exp(=jt)tx*, A)D,(j)x) dt,

(D2)

where x*, x, and D »(j) have been defined in Sec. 6.
From Sec. 6 we know that A(7) > 0 and therefore

S, exp(= jt)a*, ADD,(j)1x)dt > 1> 0, (D3)
for j belonging to a suitable right neighborhood U of 7.
From inequality (D3) it follows that also the integral in
Eq. (D2) has a positive least upper bound in U. This is
evident if

f,°° exp(— t)¥x*, A@D, (j)x)dt=1,> 0,
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for j= U. Otherwise, we have certainly
1 -~
J, expl=i)a* AMD, ()} di =1, >0, (D4)
for je U. Remembering that (x*,A(t)ﬁm(j)x) is contin-
uous in the two variables, we have for 0 <y <1 and j
elU
¥, AWD,, (j)x) <K, (D5)

where K is a suitable constant, such that §=1,/2K <1,
From the inequalities (D4) and (D5), one gets

/ Lexp(=jt)ac*, AWD, ()x) dt > 1,/2. (D6)
Then

/0 1 exp(= jtc*, A t)D,, ()x) dt

1 ~
> /; exp(— jiltix*, A@D,, (j)x) dt

2
>5[ explc js AWD i) at > . ®7)
6
Therefore,
() =1im {*, A ()D,,(j)x) < 0. (D8)
FE)
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The left- (right-) regular projective representation of a finite group G and the corresponding “projective”

representation of the left-group algebra are defined for a given standard factor system, and special features
of these constructions are discussed. Starting from a given projective unitary irreducible representation of a
normal (but not necessarily Abelian) subgroup N of G, we obtain by induction the matrix elements of the
projective unitary irreducible representations of G, where the corresponding group algebra is used as aid.
These considerations are of interest for the construction of projective unitary irreducible representations of
little cogroups of nonsymmorphic space groups. For the present method allows us to construct, for a q
lying on the ‘“surface” of the Brillonin zone, these projective representations out from unitary irreducible
representations belonging to q’s of “lower” symmetry. This method is used to determine for all little
cogroups of the nonsymmorphic space group Pn3n complete sets of projective unitary irreducible

representations.

1. INTRODUCTION

A topic of interest in mathematical'~® and physical?™
literature is projective representations of finite and
continuous groups. The present paper deals mainly with
the problem of constructing by means of induction''2 all
projective unitary irreducible representations (projec-
tive unirreps) of a finite group G for a given standard
factor system''2*® out from the projective unirreps of a
normal (not necessarily Abelian) subgroup N of G. In
particular there is a direct application to the problem of
constructing in a systematic way all projective unirreps
of the little cogroups which are isomorphic to one of the
subgroups of the point group of the crystal whose sym-
metry group is a nonsymmorphic space group. In this
connection it is well known that the determination of the
projective unirreps of the little cogroups is one of the
several methods? ®°"!¢ which are used to calculate the
ordinary vector unirreps for the corresponding groups
of the d-vectors,

Instead of using standard methods2'!5''® we prefer to
use the corresponding group algebra as an aid to the in-
duction procedure. At the first moment it seems to be a
matter of taste to carry out the induction procedure with
the aid of group algebra. However, when comparing
the present method with the standard method it seems to
be justified to prefer the described method, since the
induction procedure becomes in this case more apparent
and the explicit determination of the matrix elements of
the induced projective unirreps of G is achieved in a
practicable way. This comes from the fact that the
group algebra of the supergroup is especially suited as
representation space, if calculating induced representa-
tions, since the construction of ideals and their decom-
position in further left ideals can be carried out in a
very transparent form.

The material is organized as follows: In Sec. II.A we
define the unitary left-, respectively right-regular pro-
jective representation of a finite group G for a given

*Partly presented at the 5th International Colloquium on Group
Theoretical Methods in Physics, July 1976, Université de
Montréal, Canada.
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standard factor system @, respectively @*. In Sec.

II.B we summarize the properties of projective uni-
reeps® of G for a given standard factor system @ and
compare these projective unirreps with ordinary vector
unirreps of G. The definition of the so-called “projec-
tive” left-group algebra A(G) is given in the following
section. In order to be able to carry out the induction
procedure we start in Sec. III.A from the assumption
that all projective unirreps of a normal subgroup N of G
for the given standard factor system @ (whose domain
of definition has to be restricted to the direct product
group NXN) are well known. In Sec. ITII.B we define for
a given 7, -dimensional projective unirrep D" of N the
corresponding little group N{u}. This gives rise to the
existence of a 7,-dimensional projective unirrep B* of
N{u} which belongs however to a standard factor system
P (=QK*) which is in general different from the given
one. The task to determine the structure of the special
standard factor system K is investigated in Sec, III.C.
Thereby it can be shown that contrary to the cases n, >1
for the special case n, =1 the factor system K can be
determined quite generally. In Sec. III.D we construct
special induced projective representations of N{un} which
in general are reducible. The reduction of these projec-
tive representations can be carried out, if the projec~
tive unirreps of the factor group N{u}/N (belonging to
the factor system K) are known. The structure of the
induced projective unirreps of N{u} which are composed
of the projective unirreps of the factor group N{u}/N
and B* is discussed in Sec. IILLE.?'* The last step to
induce out from projective unirreps of N{u}, the pro-
jective unirreps of G, is carried out in Sec. III.F. The
special case, where G is a semidirect product group,

is discussed shortly in Sec. III.G. In Sec. III.H we dis-
cuss difficulties which may arise, if a nonnormal sub-
group H of G is chosen with its projective unirreps as
starting point for the induction procedure. In Sec. IV
we apply the described method in order to determine the
vector unirreps of a nonsymmorphic space group. In
Sec. IV.A it will be shown that the main problem lies in
the determination of the projective unirreps of the little
cogroups. In Sec. IV.B we show that the factor systems
are satisfying compatibility relations which makes it
possible to apply the described induction procedure for
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a systematic determination of the projective unirreps
of the little cogroups. In Sec. V we calculate quite gen-
erally complete sets of projective unirreps for all little
cogroups of the nonsymmorphic space group Pn3n,

Il. PROJECTIVE REPRESENTATIONS
A. Unitary projective regular representations

Throughout this paper it is assumed that G is a finite
group of order |G|. We call a function

Q: GXG-~-C 2.1)
of modulus one a standard factor system of G if
Qle,x)=Q(x,e)=1, (2.2)
Q(x,¥) ' =Q*(x,¥), 2.3)
Q(x,y)Q(xy,2)=QKx,¥2)Q(,2), (2.4)

for all x,¥,z € G, where ¢ denotes the identity element
of G. The definition of the Hilbert space L3(G) for a
finite or a continuous group G, which is essential for
the following considerations, is well known,!'15718 In
case G is finite, L?(G) is isomorphic to a |G|-dimen-
sional Euclidean space. The scalar product for L*(G) is
given by
1 *
f, & =_|5T§cf (x)g(x). (2.5)

In order to define for a given factor system @ the cor-
responding “projective left- (right-) regular represen-
tation” of G, one has to modify the definition of the or-
dinary vector representation analogously, We define by

Vi %~ V(x),
V() (2)=Q(x,x72) f(x'2)
for all x,ze G and feL?*(G),

2.6)

the unitary projective left-regular representation V(G)
of G,

v(G) ={V(x): xeG}, @.7)
V(x)WV(¥)Y = Q(x,y)V(xy) for all x,yEG, (2.8)
(V(x)f,v{x)g)=(f,g) for all f,gcL?G). 2.9)

The multiplication law (2.8) and the unitarity (2.9) can be
readily verified by means of Eqs. (2.6), (2.3), and (2.5).
For a fixed standard factor system @ it is obvious that
the definition of the right-regular projective representa-
tion of G must be similar to that one given by Eq. {(2.6).
The unitary operators

V' x=~V'(x)},
V(%) f(2) =Q(x,x71271) f (2x)
for all x,z€ G and f < L*(G)

(2.10)

defines the unitary projective right-regular representa-
tion, since

VI(X)V'(9) = Q(x,y)V'(xy) for all x,Y€G,
(V'(x)f,V'(x)g)=(f,g) for all f,gecL?*(G),

is satisfied. However the parallelism to ordinary vec-
tor representations disappears completely, since the set
of operators

(2.11)
(2.12)
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VW' (3): (x,3)eGxG} (2.13)

does not define a projective representation of the direct
product group GXG = {(x,y); x,yEG} except ¢ is a tri-
vial standard factor system. Such ones are defined by

Q(x,¥)=w(xy)w*(x)w*(¥) with |w(x)|=1 for all xe G.
(2.14)

In case we introduce instead of definition (2.10) the fol-
lowing new one:

V7 x=v(x),
[V"(x)f [(2) = Q*(z,x)f (2x)
for all x,z2€ G and f€ L%(G), (2.15)
it can be easily shown that the set of unitary operators
{T(x, ) =v(x)V"(3): (x,9)e6XxG} (2.16)

forms a projective unitary representation of the direct
product group GX G belonging to the factor system

QU(x,), (x',9 N =Q(x,x)Q*(y,5)
for all (x,¥), (x’,¥")EGXG (2.17)
T(x, YT (%", 3") = Q(x,x)Q*(y,y )T (xx",yy"). (2.18)

Note that if you restrict the direct product group GXG
to the Kronecker product G[x]G ={(x,x): x€G}, the set
of operators

{T(x,x): xeG}

represents an ordinary vector representation of G.

(2.19)

B. Projective and vector unirreps

It is well known® that the set of all matrix elements of
the projective unirreps of G for a given standard factor
system ¢ forms an orthogonal but not normalized basis
of L?(G). The elements of the set

(D} B€Ag,b,9=1,2,... 151,

where A, denotes the set of all equivalence classes
and ng the dimension of the corresponding projective
unirrep, must satisfy the following equations:

(2.20)

25 D8 (x)DE, (%) = Q (x,¥)D8,(xy), (2.21)
757 D DRI =15'05:8,, ., 2.22)
2 ngDSF(x)D5(¥) =| GIS,, . (2.23)

Btq

However, one must be aware that projeetive unirreps
belonging to nontrivial factor systems have properties
which differ essentially from those of the vector unir-
reps. Whereas for vector unirreps the identity repre-
sentation must always exist, for projective unirreps the
identity representation cannot be realized. The theorem
of Burnside
? "3 =| G| (2.24)
however, still remains valid. Denoting the set of all
matrix elements of the ordinary vector unirreps of G by

{Dg: acAg, 1,0=1,2,...,n,) (2.25)
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it is well known that they must satisfy equations which
are analogous to Eqs. (2.21)-(2.23), except for the first
one, where the @’s have to be replaced by 1 for all
x,Y€G, Because of (2,22) and the corresponding equa-
tion for the matrix elements of the vector unirreps both
types of functions are not normalized to unity. Further-
more to obtain a more suitable transformation law with
respect to the projective {vector) regular representation
we introduce the following bases for L?(G):

{R8, =Vny D8X: BeAgoy, P,4=1,2,..., 05}, (2.26)
{jo=\/;aD?j*: aEAG! i’j:lrzy'-',na}- (2-27)

Similar to vector unirreps we obtain for the projective
unirreps

T, YIRS, = 2 DR (X)DH (VIRY, (2.28)
that L2(G) decomposes under the action of the unitary
projective representation T into a direct sum of projec-
tive unirreps D% * = {D% *(x, ¥)=D® (x)© DP*(¥): (x,¥)
GGXG} of GX G which belong to the factor system @.
Each projective unirrep D® * occurs in T only once.
The transformation law

T(x,y)RY; = ZD;(X)D%*U)R;
Y

with T(x,»)=V(x)WV"(¥), (2.29)

where V(x), respectively V”(¥) denotes the left-, re-
spectively right-regular vector representation of G,

[T(x, ) 1(2) =[V(xWV"(3)/ (2) = F (x72y), (2.30)

reflects the corresponding situation for the vector unir-
reps of G. The equivalence of the bases (2.26) and (2.27)
implies that there must exist a unitary transformation
depending on the factor system @ which connects both
bases,

R?;=§ USHIRE, (2.31)
q
Rp, =25 UgiS.RY,. (2.32)

aij

However, the determination of the unitary transforma-
tion U is unsolved, except for the trivial case where @
is a trivial factor system. Note a further remarkable
difference between vector and projective unirreps of a
given group G. Whereas the complex conjugate of a vec-
tor unirrep must be equivalent to one of the given set of
the vector unirreps, the situation for projective unir-
reps is quite different (except for trivial factor sys-
tems), since the complex conjugate projective unirreps
belong to the factor system @+* which prevents in any
case the above mentioned equivalence relation.

C. Projective group algebra

The definition of the group algebra A (G) of a finite
{compact continuous) group G and its properties for or-
dinary vector representations are extensively dealt
with in mathematical and physical litera-
ture.!5:16:6:8:17.19.20 (Ope can imagine that the definition
of a projective (left-) group algebra A(G) for a given
standard factor system @ is quite similar to that of or-
dinary vector representations. Thereby we restrict our
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considerations to the definition of the left-group algebra
which is in the following, briefly called, group algebra
A(G). We call the set

AG)={F: FeL2(G)} (2.33)
whose elements are given by
F =G| 2 F(x)V(x), (2.34)

xEG
the (left~) group algebra A(G) belonging to the standard
factor system Q. A(G) is a Hilbert space being iso-
morphic to L2(G) if the scalar product in A(G) is defined
by

{F,H}=(F,H) for all F,He L*(G). (2.35)

A(G) becomes a symmetric ring if the product FH is de-
fined in the usual way and the involution is the mapping
F—~F" where F' is the adjoint operator. We briefly
call the symmetric Hilbert ring A(G) the group algebra.
However, one must be careful, e.g., the following rela-
tion:

V(x)" =Q*(x,x )W (x7) for all x€ G (2.36)

shows that the adjoint operator v(x)' [belonging to A(G)
since G is finite] is not identical with the operator V(x~!)
which represents the inverse group element to x. In
case we introduce {{'(x): x€G} as an orthogonal (but
not normalized) basis of A(G) it is obvious that

D= {D™(x): x€G}, (2.37)

;:g(xi)=Q(xi7xk)ée,x]'«1x,-xk (2-38)

defines a (left-) regular projective matrix representa-
tion of G and therefore also of A(G).

Analogous to ordinary vector representations A(G) is
a semisimple algebra'®’?° which decomposes into a di-
rect sum of #}-dimensional, symmetric and simple
algebras A®(G),

A(G)=ZB)@AB (G). (2.39)

For every 73 -dimensional simple algebra A® (G) there
exists a basis

{qu: BEAG(Q)’ p’q =1’ 21 e ’nﬁ}

2

(2.40)
whose elements are called “units.” They must satisfy

ES =E5,, (2.41)

EEqErgs = GﬁﬁaarEEs ’ (2.42)

F=2{E}, F}n3'ES,, (2.43)
89q

V(x)E}, = 2 D3, (x)ES, . (2.44)

In case one knows the projective unirreps of G for the
given standard factor system @ the units have to be con-
structed by

E}, =ng|GI71 20 DX (x)V(), (2.45)
V(x)= BE"DE.,(x)EEQ. (2.46)

On the other hand, if one has constructed elements of
the algebra A(G) satisfying Eqgs. (2.41) and (2.42), Eq.
(2.44) allows us to calculate the matrix elements of the
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projective unirreps for the given standard factor system
Q. Relation (2.44) is used in the following sections to
actually calculate the matrix elements of the projective
unirreps of G,

tH. INDUCED PROJECTIVE REPRESENTATIONS
A. Normal subgroup N

In the following we restrict our considerations to the
construction of induced projective unirreps of G out of
projective unirreps of normal subgroups N of G. The
main reason for this restriction arises from that, in
that only for normal subgroups a systematic induction
procedure can be developed, whereas for nonnormal
subgroups H of G the induction proceeds (apart from
special cases) much less systematically, as shall be
discussed shortly by means of an example inSec. III H.
But one may not infer from these remarks that all non-
normal subgroups (with their corresponding projective
unirreps) are excluded to be chosen as the starting point
for the described induction procedure, since for any
subgroup H of G whose chain of normalizers

N™(H)={x: xN™Y(H)x"* =N"YH),xcG}, m=1,
H=N°(H)C N (H) = N(H) C N* (i)

= N(N(H))C -+ CN*H)C G, (3.1)

is ending in G, the developed method can be used to con-
struct step by step the projective unirreps of G, because
N™(H) [being the normatizer of N™*(H) in G| contains
N™1(H) as normal subgroup.

Now we assume that for a normal but not necessarily
Abelian subgroup N = {e, n, m, -} of the given group G,
the projective unirreps for the given standard factor
system @ are already known, This implies that the ele-~
ments of the set

{Dga: “EAN(Q)v 9,61:1,2,,,,,71“} (32)
must satisfy the following equations:
22D}, (DY, (m) = Q (n, m)D}, (nm), (3.3)
q
IN|"120 D)D) () =2;18,,8,,0,,, (3.4)
neN
25 1, Dpgr ()D () =[ N1 O (3.5)

4Pq

Thereby Ay, denotes the set of all equivalence classes
of the projective unirreps of N (for the given factor sys-
tem @ which has to be restricted to the subgroup NXN
of GXG) and n, denotes the dimension of the correspond-
ing projective unirrep D*.

Because of the fact that G is assumed to be finite,
A(N) must be a subset of A(G), Likewise for A(G) the
semisimple algebra A(N) decomposes into a direct or-
thogonal sum of #% -dimensional simple algebras A" (N).
For every simple algebra A¥(N) we take the elements

Ef, =n INITH 2D DR IVE), pa=1,2,...,n, (3.6)
n-N
as a basis which satisfies the relations

Egaf =E59 ’ (3‘7)
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qu E:]s = GpqurE#s ’

V(E}, =2 D, (EL, .

(3.8)

(3.9)

B. Little group V { u}

Starting from the assumption that N is a normal sub-
group of G we realize that

V() TVEIV() = Q (0, M)Q* (¥, y ™ my)V(y ™ ny)

for all Y€ G and neEN (3.10)

implies an automorphism for the regular projective
representation of the normal subgroup N and therefore
also of the group algebra A(N),"”

Fe AN« V(y) FV(y)e AQ)

for all ¥ G and FeA(N). (3.11)
Consequently we call the set
Nlpb={x: V() F*V(x)cA* V), FYeA*(N)}  (3.12)

forming a group, the “little group” which belongs to the
projective unirrep D* of N. That the group N{u} is a
subgroup G containing itself, N, as a normal subgroup
is readily verified. Furthermore, we have to note that
every simple algebra V(¥)" A* (N)V(¥) (for all y €G)
must be identical with one of the simple algebras of
A(N) whose dimension is the same as for A" (N) since N
is a normal subgroup of G. Denoting the elements of the
set G:N{p} of left-coset representatives (of the left
cosets of N{u} with respect to G) by

2,€G :N{pt, (3.13)
it is obvious that
2, N{utz; =N{p(z,)}, z;€G:N{u} (3.14)

are conjugate subgroups corresponding to inequivalent
projective unirreps of N (provided z;#z,) which are de-
noted by 1(z;) according to the notation N{u(b)}. This
construction decomposes Ay g, into disjoint subsets

{ub={u(z,): z;€G:N{p}t, (3.15)

p(x)=pe veN{pt. (3.16)
Choosing from each such set one element we obtain the
so-called fundamental domain 8 Ay q,

AN(Q):{“'(Ej): HEAAN(Q)’Z_J'EG:N{.“'}} (3.17)

which has to be determined if one wants to calculate all
projective unirreps of G by means of induction out from
the projective unirreps (Dt pe AAN(Q,} of N, Finally
we mention that
AN 25
HEDMy ()
The subalgebras A{”}(N) appearing in Eq. (3.18) are in-
variant with respect to the automorphism (3.11) for all
VEG.

oAl (Y, (3.18)

C. Special projective unirrep of N { 1}

To be more concrete the automorphism of the simple
algebras A"(N) defined by Eq. (3.12) implies for the ele-
ments of the basis (3.6),
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V() ELV(¥) =n, [Nt 2 DL (xnx™1)@*(n, x71)

xQ(x7 xnx~ )V {n), (3.19)
that the projective unirrep
D* (xnx™1)Q (n, x"1)Q*(x™!, xnx 1) ~D* (n) @ x e N{p}
(3.20)

must be equivalent to itself, supposed xe N{u}, other-
wise

D (zn27)Q(n,27)Q* (27", 2n2™")
~D#(£)(n)¢>iec 'N{M} .

Thereby it is obvious that the standard factor system @
enters essentially into the definition of the little group
N{u}. According to Schurs lemma!~? there must exist
for every xeN{u} (up to a unimodular factor forming a
trivial factor system) a unitary matrix B" (x) which
satisfies

D* (xnx™1)Q (n, x 1)Q*(x71 xnx~1) = B (x)D* (n)B* (x)" .
(3.22)

(3.21)

It is well known!™? that the set
8" ={R*(x): xeN{ul}

forms a projective unirrep of N{u} which belongs how-
ever to a standard factor system being in general differ-
ent to the given one,

BH (X)RY (x) =P (x, x')BH (xx7). (3.24)

That B*(x) (for all xeN{u}) must be unitary follows
from the unitarity of D" (#) (for all €N). Now it is ob-
vious that the new factor system P must be correlated
to the given one. If, remembering that the product of
two factor systems forms a new one, we make the an-
satz

P(x,x')=Q(x,x")R*(x,x") for all x,x'eN{u},
(3.25)

(3.23)

where because of (3.22) and the assumption

B*(n)=D"(n) for all nEN, (3.26)

the standard factor system R must satisfy the following
condition:

R{n,x)=R(x,x 'nx) for all neN and xeN{u}. (3.27)

For the following considerations it is suitable to define
a set N{u}: N of left-coset representatives (of the left
cosets of N with respect to N{u}):

xeN{p}:Nesx =xn for all x€ N{u}, (3.28)
N{ut={xN: xeN{u}:N}. (3.29)

As a consequence of (3.26) we can choose for the factor
system R,

Rn,m)=1 for alln, meN (3.30)

if we restrict the domain of definition of R from the di-
rect product group N{u}xN{u} to NXN, When consider-
ing relation (3,27) it is suggestive that it must be possi-
ble to replace the factor system R by a new one which is
a constant function on the left cosets (¥*NXx'N) of NXN
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with respeet to N{u}xN{u}. We start from the new fac-

tor system K
K(x,x")=R(x,xYw(xx")w*(x)w*(x")
for all x,x'¢e N{u}, (3.31)

where w shall be a suitable defined trivial standard fac-
tor system such that

K(x,x')=K(xn,x'n')=K(x,x’) for all x,x’e N{u}
(3.32)
is satisfied. Equation (3.27) has to be replaced by

K(n,x)=K(x,x 'nx)w(x" nx)w™ ()

for all nEN and xe N{u}. (3.33)

If choosing
w(x)=R(c(x)x7!,x), (3.34)
c(x)=c(xn)=c(x)=x for all xenN{u}, (3.35)

it can be shown by a straightforward calculation using
Eqgs. (2.2)-(2.4), (3.27), and (3.30) that the factor sys-
tem

K(xuxz) :R(xl,

XR¥(c(x,) %7, x JR¥(c(x,) %71, x,)

xz)R(C(xxxz)(xlxz)_l’ xlxz)
(3.36)

indeed forms a standard factor system of the desired
properties (3.32), Therefore, we always assume in the
following that the projective unirrep B* belongs to the
factor system

P(x,,%,) = Q(x,,x,)K*(x,,x,) for all x,eN{u},
(3.37)
where the standard factor system K satisfies (3.32).

The reason why we consider the special case #, =1
separately lies in the fact that contrary to the case 7,
>1, the factor system K can be determined quite gen-
erally. In order to verify this assertion we start from
the equivalence relation (3.20) which reduces for this
case to an equality,

DY (xnx™1)Q (n, x™1)Q* (¥, xmx™1) =D* (n)

for all n€ N and xeN{u}. (3.38)
Obviously
B*(x)=1®P(x,x')=1 for all x,x'e N{u} (3.39)

must be a solution for (3.38). This implies that P is a
trivial standard factor system, If we take the following
choice:

B (n)=D¥(n) for all nEN,
B¥(x)=1 for all xeN{u}:N,

(3.40)
(3.41)

we can extend these (one-dimensional) matrices by
means of

B*(xn)=Q*(x,n)D*(n) for all ne N and xeN{p}:N
(3.42)

to a projective unirrep of the type (3.24) whereas the
condition K{x,n)=1 (for all x€N{u} and n€N) is al-
ready taken into account. Since P must be a trivial
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standard factor system we obtain
P(x,x")=B"(x)B*(x)B"*(xx") for all x,x'€ N{u}
(3.43)

which has, because of (3.37), as consequence that K
must take the following special form:

K(Vl, 2) Q(x].’ Z)P*(x19 2)
:K(_,l’._:z) Q(_l’_?.)Q( zynlz)Du(nlz)’
(3.44)

Xy X, =X),1,, &ZEN{M} :N, andn,eN (3.45)

However, contrary to the case 7, =1 we must confess
that for the cases n,>1 the difficult task to determine
quite generally the explicit form of the standard factor
system K remains unsolved, i.e., one has to calculate
by means of Egs, (3.25)-(3.27), (3.34), and (3.35) for
every group the factor system K separately,

D. Induced projective representations of AV { u}

In order to obtain induced projective representations
of N{u} which belong to the original standard factor sys-
tem @ we start from (3.19) and use (3.22). Because of

V(x)'Ef V(%) = 2B, L(x)'ELBY (%) for all xeN{u}
(3.46)

it is suggestive to introduce in the |N{u}: : |72 -dimen-
sional subalgebra A(D* +N{u}) of A(G) instead of the ob-
vious basis,

{V(x)EL: xeN{p}:N;p,qg=1,2,...,n,}, (3.47)
a new basis by means of the following definition:
{7} 1=EB () V(X)EL,:
xeN{ub:N, p,a=1,2,...,n,}. (3.48)

This new basis of A(D*+N{u}) has as a consequence that
A(D*tN{u}) decomposes, with respect to the left regu-

lar projective representation of N{u} in n,, left ideals

of the dimension nulN{u} :N|, where |[N{p}:N| denotes

the order of the set of the left-coset representatives of

N with respect to N{u}. The last assertion can be seen
from

‘(n)rgql Z}D (n)r'rq s (3'49)

V(x, b2 =K (X, _2)2 ka(x YFiREe (3.50)

Fpifi%e = FLiRe (3.51)
which implies for

vix, nyFp*z = _1’_;2)2 B, 5% n)Fp A2 (3.52)

that the following induced projective representation of
N{u}

VR D DL enrys (.59
sgeN{ulin =y 02
belongs to the given standard factor system @,
D“'”{“}(x)D‘””{“}(x’)= Q(x,x')D“’"{”}(xx’) . (3.54)
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The matrix elements Dz“swi:»}(&”) of the reducible uni-

tary projective representation

peivtul _{putalit(en), neN, xeN{u}:N}  (3.55)

can be readily obtained when comparing (3.52) with
(3.53).

E. Projective unirreps of N {u} /N and N {u}

In order to decompose the reducible projective repre-
sentation (3.55) in its irreducible constituents, one has
to construct the projective unirreps of the factor group
N{u}/N for the given factor system X (arising from the
factor system K), whose domain of definition is re-
stricted to the left-coset representatives and where K
is given by Eqgs. (3.36). These projective unirreps of
N{uu}/N can be extended by means of the inverse canoni-
cal homomorphism (N{u}x N{u}=N{u}l/NxN{u}/N) to
projective unirreps of N{u} belonging to the standard
factor system K. We denote the set of the matrix ele-
ments of all projective unirreps of N{u}/N by

{D;bi KGAN{;I}/N(IQ’ a,b :1,2, [ ,n,\.} . (356)

In case we identify the elements of N{u}/N with the cor-
responding left-coset representatives by means of the
following mapping

xN=x for all xe N{u}:N (3.57)
we can write for the multiplication law
ZD;b(_"fl)D:c(fz)25(_951a£2)D§c(£12)y (3.58)
b
where x,, has to be understood as
X NXGN =X, N=X,5. (3.59)

Now the projective unirreps of N{u}/N belonging to the
factor system K can be easily extended to projective
unirreps of N{u} belonging to the factor system K by
means of

Dx (icn) =D* (;V) 3
DX () =

This by no means contradicts with the definition of the
factor system K which satisfies (3.32), since

1 for allne N andxeN{p}:N. (3.60)

g (_'{1”1)DK (xam5) =K(£1”1:;V2”2)DK (X1, Xam5)
=K(£1,£2)DK(_3_C12) :DK(fl)DK(_)fz)
(3.61)

is always valid. The knowledge of the projective unir-
reps D* of N{u}/N allows us to construct the corre-
sponding units of AD" +N{u}),

ap bq |N{[J-}/Nl IED (x) F;lq;17 P"GAN(Q)y

ny, a,b=1,2,...,n,.
(3.62)

ke A N{H} /N(K) > p,q=1,2,...,

After a straightforward calculation by using Egs. (3.62),

(3.61), (3.52), and (3.32) we obtain for
V(xn) L, _ED (x) B, (xn) L5

—Z}DC, oan) LS, (3.63)
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that the projective unirreps of N{u} which are induced
out from the projective unirrep D" of N have the follow-
ing structure:

Deo# = D5 H(x) =D* ¥(xn) =D*(x) ® B*(xn): xe N{u}}.
(3.64)

Thereby D* is a projective unirrep of N{u}/N belonging
to the factor system K and B" is the special projective
unirrep of N{;} which belongs to the factor system P

= QK.

Finally we observe that the subduced projective rep-
resentations

D *yN =n,) D" (3.65)

decomposes into the direct sum of projective unirreps
of N without any further unitary transformation.

F. Projective unirreps of G

As the last and simplest step we carry out the induc-
tion D*'*4G. For this purpose we introduce in A(G) a
basis whose elements are given by

I)(K mte _Vy(_z'

¥ aP,z ba

1)L:z($.ubaV(52)T’ LEAA ) »

KGAN{U}/N(E)! p,g=1,2,... sMys
z;€G:Np}.

It can be shown by straightforward calculations that the
elements (3.66) satisfy the necessary and sufficient con-
ditions

a,b=1,2,...,n,, (3.66)

ntct plc, 0tc

p(zK aP.z ba zK ba , N ap? (3-67)
Jtc te - te

pfz_'( ﬂP.z bap(: cgr),z ds ~ Kréugébcéqréz ,z P(: ap’? z ds ? (3-68)

F= E {P(zKl'aulz,’zc;bq b4 F}nKMP(K a‘Q*zG ba fOI‘ all Fe ‘A(G) s
KH - -

2yap

Zyba (369)

nay = G:N{u}nny, (3.70)

to be units of A(G). The proof of the first equation is
trivial, of the second one it is less trivial, since one
has to use among other things the fact that x(z;) with
z;#e characterizes an unirrep of N which is not equiva-
lent to this one which belongs to ;1. The proof of the
third equation (completeness) is rather complicated.
Because of (2.44) the matrix elements of the projective
unirreps of G belonging to the given standard factor
system @ which are induced out from the projective
unirreps of N are defined by

VOIPESE 0= B DERIE I PRI

8 cr

where its dimension ., is given by Eq. (3.70). (IG:N{1}|
denotes the order of the set of the left-coset represen-
tatives of N{u} with respect to G.)

DIBG(y) DG (yr) = @y, y ) D C(yyr).  (3.72)

The explicit form of the matrix elements of the induced
projective unirreps of G can be obtained by comparison
of (3.71) with the following formula:

(3.71)
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V(y,)P(z“ a‘;’) ’zG ba
=V(EJ' x,')p_(;;;g .*562 be
=Q(3;,21) Q(2;, 115 %5, T %) V24, uen)
XEDcr GP(xJ m(HNX1(N¥; (1)) Pecr‘:)z’ qu . (373)
Thereby we have used that any y € G can be written uni-
quely as
y=zx withze G:N{u} and xe€N{u} (3.74)

and that the product of any two elements of the set of the
left-coset representatives (of N{u} with respect to G) is
given by

212,=2 2%, Withz,,€6 :N{p} and x,,€ N{u},
(3.75)
respectively
27 % 2 7205wy for allz,e G:N{u} and x e N{u},
so that
Zjwe G:N{u} and x, ;e N{u},

since the groups N{y} are in general not normal sub-
groups of G. We note that formula (3.73) can be rewrit-
ten in the following form:

V«}G)Iﬂx WTG

z ap,z

(3.76)

=V(5a)V(_z_a)*V(yﬂV(é1)1’22;’?_22‘;,

Q(y], 1)Q (33;23 ViZ 1)2Dcr ,,,,(23 ViZy )p(K cergG

(3.77)

[where z,(=z; ,,(;)) is uniquely determined by y, andz,],
which gives rise by means of the following definitions
(Kronecker—Delta whose domain of definitions are left
cosets of N{u} with respect to G):

Ay, 2) = Oy, Wiy w8 T Oz W{n}, 2, w{H} 5 (3.78)
to a more convenient form for the matrix elements of
induced projective unirreps of G,

DL S!S 1p(9) =0%(24,321)Q(9,2,)Q* (25,25 "2 1)

XD&F (23z,). (3.79)

Finally we realize that the induction procedure can be
seen most clearly by the special structure of the units
(3.66).

The “inverse” procedure, namely the subduction

DRUGN~ S en DR

EEG:N{u}

(3.80)

can be easily carried out and shows that the Frobenius’
theorem also holds for projective representations.?
Thereby we find that the reducible projective represen-
tations D*:¥*64N decompose without any further unitary
transformation (up to equivalence) into the direct sum of
the corresponding projective unirreps of N. The last
assertion can be readily verified by means of Eqs. (3.73)
and (3.21) if y, is an element of N,
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'\/v( )I)(A mtc

apzba

Zl TlZ )p(x wte

:Q(”;_Z,l)Q*(El;EI1”£1)ED ar,z,ba >

(3.81)

or can be directly seen from Eg. (3.79) together with
(3.78) and (3.64),

D(K mte

aver ayan) =05 . 0o, Q2,2,)Q*(21,27'n2,)

XDy (27 nz,). (3.82)

G. Special case G=P O N

In this part we discuss shortly the induction procedure
for the special case where G is a semidirect product
group. Thereby we use a more appropriate notation for
the group elements of the semidirect product group

G=P®N-={zn: ze P, ne N}, (3.83)
z'nzeN forallze P andneN, (3.84)
zz'e P forallz,z'e P, {3.85)

which indicates clearly that N is a normal subgroup of
G. From the beginning we assume that we have given a
standard factor system @ for G, which can be trans-
ferred in a more convenient form which takes into ac-
count that G is a semidirect product group (see Ref. 2,
Theorem 9.4).

As in Sec. III.A we assume that all projective unirreps
of N are given. The structure of the little groups must
now be of the form

N{u}=P{u}®N,

where P{u} is a subgroup of P.
fined by

ze P{ut e D(enz 1)Qm,27Y) @*@ 1, znz

(3.86)

Its elements are de-

“1)~D*(n).
(3.87)

We note that the n,~dimensional projective unirrep B" of
N{u} belongs to a standard factor system of the type
(3.37). For the special case n, =1 the standard factor
system K reduces to @ where the domain of definition
has to be restricted to P{u}xP{p}. According to the
general case we have to construct the projective unir-
reps of P{u} belonging to the standard factor system K
in order to obtain the projective unirreps of N{u} which
belong to the original factor system @. Summarizing
the results we obtain for the projective unirreps of N{u},

D #={Dr¥zn) =D* ) ® B*zn): z< P{u},nenN}
(3.88)

where D* belongs to K and B* to QK*. The last step, the
induction D*:" 4G has to be carried out completely in the
same way as in Sec. IILF.

H. Induction for nonnormal subgroups H of G

Analogously to Sec. III.A we assume that the matrix
elements of a complete set of projective unirreps of a
nonnormal subgroup H ={e,k, -} of G are already
known. This implies that the elements of the set
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{ng: LEAyq), p:q=1’2y--*’"u} (3.89)

must satisfy equations which are completely equivalent
to Egs. (3.3)-(3.5). Thereby A .4, denotes the set of all
equivalence classes of the projective unirreps D" of

which belong to the factor system @.

Since G is finite, A(H) must be a subset of A(G) and
decomposes into a direct orthogonal sum of nﬁ—dimen—
sional simple algebras A (H). For every simple alge-
bra we take the elements

qu :"u'Hl-IED‘;:(h)V(h), p,q=12,... s Ry
F]

(3.90)

as basis.,

Choosing a set G:H of left coset representatives z (of
H with respect to G) it is obvious that the set

C oMy}

(3.91)

{KLiZ=V(2)E},,: 2z€ G:H, pcAyq, p»4=1,2,..

forms a basis of A(G) which engenders a projective ma-
trix representation of G belonging to the factor system
@. This projective matrix representation is equivalent
to the left regular projective matrix representation
(2.37),(2.38). Since the sets

{Kp=:
form bases of left ideals of A(G), the regular projective
representation decomposes into the direct sum of in
general reducible projective representations of G,

V(V)h _1_7\ D:Trc N p(y)hﬂ,z
£

z2eGH, p=1,2,...,n,} (3.92)

=V(z3) V(z3) V(D) V2, K} 2
=Q(9,2.)@*(25,25v2,) V(z,)

XED p(zg vzl)}\u,e . (3.93)
Introducing the definition
A(yl’yZ):'SylH,yZH:()_z H,2,H? (3-94)

1
where y, =z, 4, with z;€ G:H and h; € H must be taken
into account, we obtain immediately the matrix ele-
ments

D, 2 o(9) =8(2292:)Q(5,2,)Q@ (2225 192,007, (25 024)

(3.95)

of the projective representations D*'¢ (uc A o) of G
which belong to the standard factor system Q.

In order to be able to decide whether for a fixed p
D*'6 forms a projective unirrep of G or, what is com-
pletely equivalent to the question, whether the elements

V(z,)Ef V(20" §,k=1,2,.. ., (3.96)

are units of A(G), we investigate the corresponding
character relations. According to the general orthogon-
ality relations of characters (which also hold for pro-
jective representations) we know that D¢ is irreduc-
ible if and only if

Tt eiE=lal

fcllal~*

(3.97)
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is satisfied where

() =3 alz,32)Q(y,2)%(z,2  yz) x* (27 v2)

(3.98)

¥H(h) =D, (), (3.99)
»

denotes the character of the projective representation

D*t¢ of G, respectively of the projective unirrep D* of

H. A simple calculation yields

SIteiE=lel+ T 8 Q,2.)@%z2.,21'vz,)

y

2z *z YoH
-1 =2 £). %o

X Q*(v,2,)Q(25,27 92,)

x x(z1 vz, ) "2z vz,) . (3.100)

Thereby the group H, .z is defined as the intersection
of the two conjugate subgroups Z,Hz7' and zszz . Now
D*'¢ is irreducible if and only if the second term of Eq.
(3.100) vanishes. This is the generalization of John-
ston’s irreducibility criterion® to projective represen-
tations.

Inspecting the second term of Eq. (3.100) for the sim-
ple example where

Hzl'22={e} for all 2, G:H (3.101)

we find immediately
Shx*teniz=lcl +(lcl lal"*~ D6l |H|'n} (3.102)
y

which implies that every projective representation D* ! ¢,
LE A 4@ 18 reducible. Now there remains the difficult
task to determine such linear combinations of the ele-
ments (3.92) which engenders projective unirreps of G.
However this task can only be carried out much less
systematically than for normal subgroups, since neither
the concept of little groups nor the concept of factor
groups can be applied.

1V. NONSYMMORPHIC SPACE GROUPS
A. Unirreps of nonsymmorphic space groups

In this section we apply the described induction pro-
cedure in order to determine the vector unirreps of a
nonsymmorphic space group. Thereby we shall show
that the determination of the allowed vector unirreps of
the little groups GY [of the §-vectors belonging to the
fundamental domain (ABZ) of the first Brillouin zone
(BZ)] is the main problem which arises when construct-
ing the vector unirreps of a nonsymmorphic space group
G. It is well known that for nonsymmorphic space
groups there exist several methods to calculate the al-
lowed vector unirreps of G3. One method consists in
the determination of all projective unirreps of the factor
group G%/T, where T denotes the translation group and
where the form of the factor systems are due to the fact
that G is not a semidirect product group. The factor
groups are isomorphic to one of the subgroups of the
point group P (~G/T) of the crystal.

A space group G consists of all elements whose cor-
responding symmetry operations leave the crystal lat-
tice invariant,
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¢ ={alF@)+1): ac P, te T}, (4.1)
(ol Ta) +D)(BIFB) +1)

=(aBl 7(aB) +t(a,8) +D(@) T +1), (4.2)
T(a,B) =T(a) +D(@) T(8) = T(ah) . (4.3)

The symbol T(a) denotes nonprimitive lattice transla-
tions which are uniquely determined when the multipli-
cation law of the nonsymmorphic space group is estab-
lished. The vectors f(a,B) defined by Eq. (4.3) are
(like for t') elements of the translation group and their
appearance is typical for nonsymmorphic space groups.
Furthermore D ={D{a): « < P} is a n-dimensional (»

= dimension of the crystal lattice) orthogonal represen-
tation of the point group P of the crystal.

First of all, we note that the standard factor system
Q of G is equal to one, since we are interested in vector
unirreps of G. According to the general induction pro-
cedure we start from the one-dimensional vector unir-
reps of the normal subgroup T of G,

Di={pi(p)=e ST, (4.4)

For the next step [see Egs. (3.20) and (3.38)] we have to
determine for any { the corresponding little group G¢
which consists of all space group elements leaving q in-
variant modulo a reciprocal lattice vector Q,

6 ={(alF(a) +1): D(@)d=§ +&{d(a)}, (al T() +D e G}.
(4.5)

ter}, deBzZ.

Thereby we have to note that the reciprocal lattice vec-
tors Q{§(a)} are uniquely determined. Denoting the ele-
ments of G:G? by

(o F(oNe6: 6t (4.6)

we are now in the position to determine the fundamental
domain ABZ of the Brillouin zone [see Eq. (3.15)].

According to Eqs. (3.40) and (3.41) we choose

Bi((e £))=D% (1) for allfeT, (4.7

Bi((a] F(@)) =1 for all (o] Ta))e GO:T, (4.8)

where (a| 7(a)) are the left coset representatives of T
with respect to G%. As a consequence of Eq. (3.44) we
obtain for

K ((al F(@) +D), (8 78) +T)
=K ((a| F()), (81 7)) =D (T (a, B))

for all (y|7()+t)e G, (4.9)

where the standard factor system KE must be supplied
by the indices 4. This implies that projective repre-
sentations of GE/T enter in a natural way into the con-
struction of vector unirreps of Ga.

_Therefore, in order to obtain the vector unirreps of
Giwe have to calculate the projective unirreps of the
factor group GYT belonging to the factor system Kq
whose domain of definition is restricted to the left coset
representatives. Because of the canonical homomorph-
ism we are able to simplify the notation by identifying
the elements of the factor groups G9/7 with those of the
groups
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Pi={o: D(@)§=§+Q{G(a)}} (4.10)
which are hereafter called “little cogroups.” Further-
more we write instead of

K3 ((al 7)), (Bl 76)))=R (0, p) =ei T Tl@m),

Assuming that all projective unirreps of PE belonging to
the factor system R are already determined,

Day: KEA iRy, a,0=1,2,...,n},

we can extend by means of the inverse canonical homo-
morphism these projective unirreps to such ones of G*
belonging to K [compare with Eqs. (3.60) and (3.61)],

D%, (a) =D%, (4.13)
Because of Eq. (3.64) we obtain as vector unirreps of Ga

D% 3={D"((al F(@) +1))
=D* (@)@ D (t): (al F(a) +T) G}, (4.14)

As last and simplest step we obtain immediately by
means of Eq. (3.79) the matrix elements of the vector
unirreps of the nonsymmorphic space group,

D% D19, 7(8) +D))

(4.11)

(4.12)

((alT(@)+T) forallfeT.

=a%(aa 7(0,)), B F®) +D) (03| F(a, )

% D5 Wy T (o) B 76) +T) (0n | F(a1))),  (4.15)
AT(al T(@) +D), (1 70 +T)
= 0alP (D)6 8, (41T (e - (4.16)

Because of Egs. (4.2), (4.11), and (4.14) we obtain for

D (0o F(ga D181 78) +D) (g, | 7 ()

:Ra(gs)(ﬁ’gl)RE(gs)*(gs,gglﬁgl)e-w(gg)E-TDga(E;lB_o,l) .
(4.17)

Together with the obvious simplifications for the func-
tions A1

AY(al F(@) +1), (1 76) +T)=aT(a,7) =6,53, 58,  (4.18)
we arrive at the result
D D10 (BIF(8) + 1))
=Aq(23: BQ1)33(93) (6721)Ra(23) *(23’2;152'1)
Xe—iD(QB)E-‘t‘Dga(gglﬁgl) . (4.19)

This result shows, as already pointed out, that the main
task lies in the determmatlon of the projective unirreps
of P? which belong to the standard factor system RY.
Thereby it should be noted that for this method the prob-
lem of determining allowed representations does not ap-
pear, in contrast to other methods where the allowed
vector unirreps of larger groups have to be determined.

The determination of the projective unirreps of P be-
longing to the factor system RY can be simplified, this
is yet to be seen in the following sections when changing
each factor system by a trivial one. In particular, it is
convenient to change for each § € ABZ the factor system
by means of the following definitions:

Di(a) =~ 3 T(@Re (@), ac PE, (4.20)
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(4.21)
(4.22)

R5(@) R* (8) =59 (a, B) R* (aB) ,
S (a, B) =~ @@ -DTB) tor a1 a,Be P,

which, implies that all projective unirreps R = {R"(a):
ac Pq} of P% belong to the standard factor system st
This new factor system Sq can be readily transferred in
the complete equivalent form

S (o, B) =t {30} [T (eB) =7 ()] (4.23)

by means of
Q{d(@B)} =Q{d(a)} +D(a) Q{E(A)} for all a,8c PF
(4.24)

and (3 €=21m, n =integer. Hence the matrix elements

(4.19) take the form
DDt (317(8) +1))
=3 -1
=Aa(_0'3; /33'1 )RE(23)(B921)Ra(ga)*(gaygg IB_C_'l)

X g 4T (a3t B ) pmillg)a RK (57 g, ). (4.25)

Finally we mention that the construction of the corre-
sponding units can be carried out immediately. These
units are useful if G-adapted functions have to be con-
structed. G-adapted functions are ones which transform
according to vector unirreps of G and are needed for the
calculation of energy bands. We obtain by means of Eqgs.

(4.25), (4.14), (3.66), (3.62), and (3.6) the operators
’ y , p
k, D16
g a9yt
=U((21|?(_q1)))n,<lP5|‘1 T i@

e pd
o) Ullal F@ME U o, F (o)

representing the units in the Hilbert space in question.
Thereby E? denotes the units of 7 and U((8] 7(3))) unitary
operators (representing space group elements) which
must satisfy the multiplication law (4.2).

(4.26)

B. Compatibility relations for factor systems

Before starting to discuss several possibilities of how
the projective unirreps for any P® belonging to the stan-
dard factor system ST can be calculated, we investigate
in more detail the factor systems S9. According to Eq.
(4.23) we obtain

S%(a,B)=1 for a,Bc PY, (4.27)

supposing that § does not lie on the “surface” of ABZ.
This implies that for all §’s not lying on the surface of
ABZ the projective unirreps reduce to ordinary vector
representations®-?! and only for §’s lying on the surface
do projective unirreps occur. I g, is a point of the sur-
face of ABZ it is obvious that the following subgroup re-
lation always holds:

PooPi, G=ed, ec(0,1). (4.28)
Hence we arrive at the result

S% (o, B) =5% (a, B) =1

for all o,Be Pi=phnpi, (4.29)

Otherwise if §,, 4 are two points of the surface of ABZ
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at which
plo2pt (4.30)
is satisfied we obtain for
S%0(a, B)S**(a, B) = expli(§{d, ()} - Bld(@))
-(F(aB) - T(a))
=1 if a,BEP9=PY%n P (4.31)

since the corresponding reciprocal lattice vectors do not
depend on the vectors §,(a)=D(a)d,, respectively q(a)
=D(a)§, presupposing that (4.30) is satisfied. Conse-
quently

S%(a, B)=5%(a, B) for all @, BEP% =PY%np?,
(4.32)

Equation (4.32) contains Eq. (4.29) as a special case if
d=€q, [€€(0,1)] is admitted and is hereafter called
“compatibility relations for the standard factor sys-
tems.” This relation explains why for any element of a
line or plane of symmetry of ABZ the same projective
unirreps of the corresponding little cogroups occur.

Finally we observe that the formulas (4.28) and (4.29),
respectively (4.30) and (4.32), offer two possibilities to
calculate in a systematic way the projective unirreps of
the little cogroups P%, The first possibility consists
in using, as a starting point, the vector unirreps of
P¢% [ec(0,1)] [according to Eqgs. (4.28) and (4.29)] for
the induction procgdure, presuppoging that the chain of
normalizers of P*% is ending in P%, Obviously the
second possibility to determining the projective unirreps
of P% consists in starting [according_to Eqgs. (4.30) and
(4.32)] from projective unirreps of P9. As in the first
case the induction procedure cap be applied if and only
if the chain of normalizers of P9 is ending in P%, In
both cases the compatibility relations for the factor sys-
tems guarantees that the induction procedure is appli-
cable.

C. Induced projective unirreps of the little cogroups

In this section we discuss in more detail how the pro-
jective unirreps of the little cogroups can be calculated
by means of the two methods. Thereby we restrict our
considerations to q’s lying on the surface of ABZ.

In the first case we start [according to Eqs. (4.28) and
(4.29)] with the definition of a subgroup of the given
group P9 which takes Eq. (4.28) into account,

M3={g:8(0)=q, o= P}.

Groups of this kind are hereafter called “trivial little
cogroups.” Since q lies on the surface of ABZ, M% isa
proper subgroup of P9, however in general not a normal
one,

MScpi, NMY)Cpl,

(4.33)

(4.34)

According to the preceding section the first method is
applicable if and only if the chain of normalizers of M4
is ending in the given group P%. Presupposing that this
condition ig satisfied, we construct the normalizer of
M? in P9. The normalizer of M % in P% is defined by
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N(MG)=NE= {6 :é{q(boﬁ’l)}=5, g GME, 5 epa}
(4.35)

containing M % as a normal subgroup [Q{ae)}#0es
€N?] and is hereafter galled the “trivial extended little
cogroup.” Now if N(M9) is a normal subgroup of P9,
i.e., N(N(M))=N?M %)= P9, the induction procedure
has to be applied once again, otherwise [N?(M %) C PY]
the chain of normalizers has to be completed and the in-
duction procedure applied repeatedly.

For the second case we choose for a given P9 a little
cogroup P9 {where q is a point of the surface of ABZ
with lower symmetry than g, and (4.30) is satisfied],
such that for the group

M3o={a:3(a)=§+Q{d(a)}, acP}=PS (4.36)
the chain of normalizers is ending in PEO,
NEM%0)=Plo, k=1, (4.37)

The further steps are completely the same as for the
first case. In particular, the second way is of interest
if the first way cannot be chosen.

Finally it should be noted that the so constructed pro-
jective unirreps R* of P% are especially suited for the
subduction

RY MO ~25 @m, )RS,

k!

ME,—_pa'g P,

(4.38)

{4.39)

which must be carried out when investigating the “com-
patibility relations”,?* %2 gince the reducible represen-
tations (4.38) decompose into the direct sum of the cor-
responding unirreps of P9’ without any further unitary
transformations. This implies that the compatibility re-
lations which are usually written in a somewhat differ-

ent form' can be replaced by the simple formula (4.38).

V. EXAMPLE: PROJECTIVE UNIRREPS OF THE
LITTLE COGROUPS OF Pn3n

In this section we determine quite generally for every
little cogroup P%, where { lies on the surface of ABZ,
the projective unirreps R. For this purpose we specify
the nonprimitive lattice translations 7(a) which belong
to the elements of the point group O, of a crystal, whose
space group is Pn3xn. In the following we choose the lat-
tice constant as one which can be done without any loss
of generality:

T;m)=0 forallnco, (5.1)

Tm)=TwI)=(5,5,2) foralln<- 0. (5.2)

Thereby the point-group element [ denotes the inver-
sion. In this connection we mention that we hereafter
use the notation used in Ref. 6 for the elements of the
point group O,, respectively, elements of A BZ.

First of all we have to determine the standard factor
system S9. According to Egq. (4.22) we must calculate
for every g

S3(a, ) = exp[—iq- (D(a) - 1)7(B)] for all a,p<PY,
(5.3)
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where D(a) denotes 3X3 orthogonal matrices, which
can be readily obtained from Table 1.4 of Ref. 6. Be-
cause of (4.32) the factor systems (5.3) do not change
for every q which belongs to a line or plane of symme-
try. Therefore, it suffices to determine only one point
of a line or plane of symmetry for the factor system.
Straightforward calculations yield the following tables
(which are written in condensed form and in which, for
the sake of simplicity, the corresponding indices g are
omitted):

[d=n(1,1,1)]
PE=0,={E, I}x0

Point R

Stn,n')=1=S(In,n’) for alln,n’< O,
S{I, m)=-1,
S<C2w’1n):1=—S(IC2w71n)i u):x’y,z,

(5.4)
S(Ch,m)=1=-S(IC},, ), k=1,2,3,4,
S{C:,, In)==1=~S(C,,,In), w=x,y,z,
S(C,y,, )= -1==S(IC,,,In), u=a,b,c,d,e,f.
Point X [q=7(0,1,0)]

PX=p,={E, I}XC,,

C4v={E,Czy,C:y,ox,o‘,ode,adc}
Stn,n')=1=Sn, ') for allu,n’': C,,,
S{n,I)=-1,
S(n,Cs)=1==S(In,IC},), (5.5)

S(n, Cyy)=1=~S(m, IC,)),
S(ln,0,)=-1=-S(n,lo,), w=x,z,
S(In,04)=-1=-Sn,lo,), u=c,e.
Point M [§=mn(1,1,0)]
PY=D y=1E, 0.} ® ({E, I} XCy),
Cow=1AE, Cy4,0,,0)
S, n')=1=Smn,a,n') for all n,n’' = {E,I}XC, =C,,,
S(on, Cpp) = 1= ~S(a,8,0,Con), m=a,b,x,y,2, (5.6)
S(oum,04)=1=~S(o.n,0,04), u=a,b.
Line T {§=7(1,1,2):2 ¢ (0, 1))
PT=Cy={E,0:} ®({E, C,.} X{E ,00))
S,n’)=1=Sn,on")
for all n,n’ < {E, Cy,t ¥X{E,0p} ,

S(Oxnyax): -1 ’

(5.7
S(om,C,,)=1=~S(0,n,0,C,,),
S(on,04)=-1= =S(0:n,0,04), u=a,b.
Line S [q=m(x,1,x):xc (0, 1)]
P ={E,q,} X{E , 04}
S,n')=1=Sm,on’') for all n,n’ < {E,0e},
S{omn,0,)= -1, (5.8)

S{om,04)= —1= -S{on,0,04) -
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Line Z [q=n(x,1,0):x (0, 1)
PZ={E,0,}x{E,0,}

St,n’)=1=S(n,om’) for all n,n’ ¢ {E,q,},

S(om,a,)= -1, (5.9)
S{oyn,a,) = =1=~S(o,n,0,0,) .
Plane RMX [q=m(x,1,2):x,2%(0,1), x>2z]
prime={p o}
S(oy,0,)==1. (5.10)
Now we are in the position to define by means of

Vi@V (8)=5% (@, )V (ap)

for all o, < P (5.11)

the left-regular projective representation of the corres-
ponding little cogroups P¢ and to carry out for every d
the induction procedure. For any case we proceed in the
following manner: At first we convince ourselves that
for a given P90 the chain of normalizers of an appropri-
ated chosen starting group P9 is ending in P%. Then we
determine by means of Egs. (3.20), (3.21), and (3.15) for the
unirreps of P the little groups N{u} and the funda-
mental domain AA 3,4, with respect to the normalizer
N{(P9%). For the following step we determine by means of
Eq. (3.22) the special projective unirrep B* of N{u} be-
longing to the factor system (3.37), which fixes the fac-
tor system (3.44) for the factor group N{u}/N. Thereby
it suffices to investigate (3.22) for an appropriated
chosen set of generators of P3, respectively N(PY), in
order to be able to determine N{p} and AA p3sq). In
order to obtain the units (3.62) of A(D" ¢ N{u}) we have
to calculate the projective unirreps D* of N{u}/N which
belong to the factor system (3.44). Thus formula (3.64)
gives the projective unirreps of N{u} belonging to the
original factor system S%0 (whose domain of definition
has to be restricted to N{u}XN{u}). By means of (3.66)
we obtain the units of AN (P)) and therefrom the pro-
jective unirreps of the normalizer N(P%). Obviously it
is sufficient to calculate the projective unirreps for the
set of generators of N(P?) in order to obtain by means
of (5.11) the matrix representations of the other ele-
ments of N(P%). For any further step of induction which
is necessary according to the chain of normalizers we
proceed completely in the same way.

Point R: PY=0~ P%=0,

According to Fig. 4.1 of Ref. 6 we cannot proceed the
first way [Eqs. (4.28) and (4.29)], singe the chain of nor-
malizers of P%=C_,, does not end in P*¢=0,. Hence we
must look for a subgroup of O, whose projective unir-
reps can be easily found and whose chain of normalizers
is ending in O,. Because of the special structure of O,
={E,I}X0 and S(n,n’) =1 for all n,n’ ¢ O it is obvious to
use the vector unirreps of O as starting point for the in-
duction procedure. The vector unirreps of O for the set
{Cssxs Cszs Cays C,q) of generating elements of O are given
by

D¥: p=0,1

Coe=1, Cp—-1, C;f‘l» Czd"(‘l)u; (5‘12)
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DHF: u=2
=]V c-11 Y,
01 01 (5.13)
cl- w 0  w=eizmA Co 0 1;
0 w? 10
D*: u=3,4
10 0 10 0
Coe=|0 1 0|, Cyy~]0 -1 0f,
0 0 -1 0 0 -1 (5.14)
001 00 1
Ci~|1 00|, Cu~(-1¥l0 -1 0].
010 1 0 0

According to Eq. (3.22) we have to investigate whether
there exists a projective unirrep B* (1) satisfying

D*(n)Stm, 1)=B*(I)D* )B*(1)T, 1=0,1,2,3,4, (5.15)

where InI=n (n < O) and (5.4) are already taken into ac-
count. Thereby it suffices to investigate (5.15) for the
generating elements of 0. Simple calculations yield

N{u}=0 for t=0,1and 3,4, N{p=2}=0,, (5.16)
AAL={u: 1=0,2,4}, (5.17)
B2y =|" with P(I,1)=SU,I)=-1&K(,I)=1,
0 —i
(5.18)
]
D(“:““Oh;
-10 0 0 0 0 10 000
010000 0-1000
0 0-10 00 0 0 <10 0
sz* » sz-’
0 0 0-100 00 010
0 00 010 00 0 0 -1
0 00 0 0 -1 00 000
001000 000 -1 0 0
0-10 0 00 000 0 -1 0
100 00 000 0 0 -1
Czd-' ’ I~
0 00 0 0 -1 1000 0 O
000 010 0100 0 0
00 0-100 001 0 0 O

which form together with (5.20) the desired projective
unirreps of O,. The matrix representations for the re-
maining group elements can be easily calculated by
means of

DU On(y JDEIIOR( 5 Y =S(y,, y,)DE Oy 5.} . (5.24)
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which implies that for u=2 vector unirreps of 0,/0

~ {E, I} have to be constructed, since K(I,I)=1. Denot-

ing these vector unirreps by
U<(1)=("1)K) K=0)1

we obtain immediately by means of (3.64) two inequiva-
lent two-dimensional projective unirreps of O,, namely

D&% . k=0,1

(5.19)

10 10
Cox—~ » Cop— ’ s
01 01 (5.20)
N 0 01 i 0
Cs—~ © » Cog— , 1= (-1)* .
0 w? 10 0 -

For the cases 4 =0,4 we use the units [compare Eq.
(3.66)]
PYR-Eh PR VIOEL

q?

(5.21)

to determine [by means of Eq. (3.71)] for the generating
elements the matrix representations. Thereby E}, de-
note the units of A(0). The superfluous indices k (=0),
respectively, q of the elements of the left-regular pro-
jective representation of O, are omitted in Eq. (5.21).
We obtain immediately for

D(u=o)|oh:
|1 0 10
Cox— s Cog= ,’
01 01 (5.22)
. 10 1 0 0 -1
Ca— ‘: 24 ’: I-~ ’
01 0 -1 1 0
0 001000
0 100000
0 5 010000
’ CS.[‘ ’
0 000001
0 000100
-1 000010
(5.23)

|
Point X: Pi=pb=C, ~Plo=pPX={E [}xC,,

In this case we choose the first way which is de-
scribed by the formulas (4.28) and (4.29). The vector
unirreps of C,, for a set of generating elements are
given by
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D*: p=0,1

Cu—1, o= (=1)"; (5.25)
DF: p=2,3
Chp—~-1, ox=(-1¥; (5.26)
D": p=5
0 1
ch-|¢ , w=e "2 0,-’0 . (5.27)
0 10

According to Eq. (3.22) we have to examine whether

there exists a projective unirrep B* (I) satisfying
D*@)S(I,n)= B (1)D* () B* (DT, (5.28)

where InI=n (n € C,) and (5.5) are already taken into ac-
count. Simple calculations yield
N{u}=cC, for u=0,1and 2,3, N{u=5=P%,
(5.29)

AAC4U={0’2’ 5}> (530)

=]t °
0 -i

with P(,I)=S{,I)= -1=K{I,I1)=1,
(5.31)

which implies that for =5 vector unirreps of Px/qu
~ {E, I} must be calculated. These vector unirreps

D ()= (-1), (5.32)

yield, according to Eq. (3.64), two inequivalent two-di-
mensional projective unirreps of P*, namely

pesatrt. g1

w 0

k=0,1

01
10

Ci—~ , Ox 0l (5.33)

l; I-~ (_I)K

0 0 —~i

For the cases 1 =0,2 we must apply formula (3.66),
PRI =pr, PP =viEH (5.34)

in order to be able to determine for the generating ele-
ments the matrix representations. The superfluous in-
dices p,q of the units E* € A(C,,), respectively k (=0),
are omitted again. We obtain two further two-dimen-
sional projective unirreps of px

D(u=o)‘I‘PX:
10 1 0 -1
C;y-’ l, o , I=~ ‘O ‘, (5.35)
01 0 -1 1 0
D(;FZ)?PX:
C;y" -1 o y O~ 1o y I—- 0 _1‘; (5'36)
0 -1 0 -1 1 0

which forms together with (5.33) the desired projective
unirreps of P*.

Point M: P3=PE=C,, - N(PE)={E,I}XC,,
=Cyu~ N*(P*)=P“=D,, .

In this case we choose again the first way [Eqgs. (4.28)
and (4.29)]. Because of (5.6) we start immediately from
the vector unirreps of the normalizer N(P¥)=C,,. The
vector unirreps (written in a closed form) are given by
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D: w=(k1,m), k1,m=0,1
Caa=~ (-1, 0, = (<1, I=(-D" (5.37)

According to Eq. (3.22) we examine whether there exists
a projective unirrep B (o,) satisfying

D*(0410,)S(04,05n0,) = B* (0,)D* (n) B* (0,)"

forallne Cyy - (5.38)

Thereby we have to take 0,C,,0,=C,,=10,C,,, 050,04
=g,, o.do,=I, and (5.6) into account. We obtain for

N{u}t=c,, for u=(0,0,0),(0,1,1) and
(1,0,0),(1,1,1) and
(0,1,0),(1,0,1) and
(0,0,1),(1,1,0),

a4c,=1{0,0,0),(1,0,0),(0,1,0),(0,0,1);.

(5.39)
(5.40)
Therefore, we must apply (3.66) for all u=(k, I, m)
EAAC

PRI =B, PRI =V B, (5.41)

which gives rise to the following projective unirreps of
P,

pEsmtPY 1 m) e AAc,,

~1)* 0 (=1)
Cza* ( ) 3 z™ ’
0 (-1t 0 (-1
(5.42)
~1)" -
I—- (=1) 0 , Ox=— 0 1.
0 (=1™! 10

Line T: P%={E,op}~N(PY)=1{E, C,,}X{E 00}
~ N*(P9)=P"={E 0.l @N(PY)
Like in the previous case we choose the first way
[(4.28), (4.29)] and start again from the vector unirreps

of the normalizer N(P9). These vector unirreps are
given by

D*: u=0,1

o= (=1)*, C,.—~1, (5.43)
D¥: u=2,3

op—~(-1*, C,,~~1. (5.44)

According to (3.22) we examine again whether there

exists a projective unirrep B*(o,) satisfying
D¥(0,10,)S(04,0:n0,) = B* (0,)D* (2) B* (0,)"
for all n ¢ N(PY), (5.45)

at which 6,040, = 04, 0:C,20,=C,,, and (5.7) have to be
taken into account. We obtain as results

N{ut=N@P) for p=0,1, N{u}=PT for u=2,3,

(5.46)

AAxpay=10,2,3}, (5.47)
B’ (o,)=1 for u=2,3

with P(0,,0,)=1K(0o,0,)= -1, (5.48)
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which implies that for ©=2,3, projective unirreps of
PT/N(P9)~ {E,o,} have to be determined. Denoting these
projective unirreps by

D*(a,) =i(-1)",

we obtain by means of Eq. (3.64) four inequivalent one-
dimensional projective unirreps of PT, namely

k=0,1 (5.49)

DrstPT: =23 k=0,1
Gap = (-1)* y

For the case it =0 we use the units [see Eq. (3.66)]
POET =B, PYET= V(o JE

to determine the corresponding two-dimensional projec-
tive unirrep of P7 [E°c AWN(PY))],
D(O) spT,

Cpp=—1, oy=i(=1)%. (5.50)

(5.51)

10 10

0 -1

0 -1
1 0

Tap =~ 3 sz-' sy Ox~— 5 (5-52)

01

which forms together with (5.50) a complete set of pro-
jective unirreps of PT,

Line S: P9={E, 0}~ N(P)=PS = {E,¢,}x P

According to the first way ((4.28), (4.29)] we start from
the vector unirreps of P9,

DM 1=0,1 op=(-1*, (5.53)
and obtain, by inspecting

D*(n)S(c,,n) = B* (¢, )D* ()R (o), (5.54)
the following result:

N{u}=P% for n=0,1A4,% = {0}. (5.55)

Therefore, we have to use the units [see Eq. (3.66)]
POV =, PO =v(0,)E (5.56)

in order to obtain the two-dimensional projective unir-
rep of P°.

pO PS5,

10
0 -1
Line Z: Pi={E,c,}=N(P)=P%={E,0 }x{E,0,}

0 -1
1 0

Oge =~ s Oy~ . (5.57)

In this case we proceed completely in the same way as
before with the only difference that ¢, must be replaced
by o,.

Plane RMX: P%={E}~p"®°={E o}

In this case we obtain immediately, because of Eq.

(5.10), the two one-dimensional projective unirreps of
ppla.ne
>

D*(0,)=i(=1)%, x=0,1.

Now we are in the position to determine quite general-
ly, by means of Eq. (4.25) together with the projective
unirreps of the corresponding little cogroups, a com-
plete set of vector unirreps of the nonsymmorphic space
group Pndn.

(5.58)

Finally we recall that the second possibility [as de-
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scribed by Eqs. (4.30) and (4.32)] is equally well suited
to determine the projective unirreps of the little co-
groups in question. However one must be aware that in
general these projective unirreps can only be equivalent
to those who are found according to the first way [(4.28),
(4.29)] as can be seen from the following example:

Line S: pi= {E,0,}~ N(P?) = P5 = {E, g, | X PY

Now we have to start the induction procedure from the
projective unirreps (5.58) |where « is replaced by u] of
prlane and obtain by inspection of

D* (n)S(1,04) = B* (0,)D* (n) B (04,)" for all n ¢ {E, 0.}

(5.59)
the following result:
N{ut=P% for u=0,1=AApa={0}. (5.60)
In this case we have to use the units
POET =B, PO = V(0g)E (5.61)

in order to be able to determine the two-dimensional
projective unirrep of P¥,

DPS,
01
10

Oy~ s Oge™ . (562)

In comparing (5.62) with (5.57) we recognize that these
projective unirreps of P° are only equivalent. A simple
calculation yields

wpo P ()W =DO'*%(y) for all ye PS

withw=—L| 1 ? (5.63)
2y '

VI. CONCLUDING REMARKS

It was the aim of this paper to investigate the problem
of how the projective unirreps of a finite group G for a
given standard factor system @ can be constructed by
means of induction from the projective unirreps of a
normal subgroup N of G. In order to make the induction
procedure more apparent we emphasize the use of group
algebraic techniques. Thereby we were able to show
that

(i) the projective left- (right-) regular representation,
respectively the corresponding representation of the
left- (right-) group algebra A(G) of a finite group G for
a given standard factor system & can be defined in a
consistent way;

(ii) the special standard factor system K (being an es-
sential part of the induction procedure) which belongs to
the factor group N{u}/N, can be determined quite gen-
erally only for the special case »n, =1; and

(iii) that the units of A(G) and therefore the matrix
elements of the induced projective unirreps of G are ob-
tained quite generally.

However, besides this the key problem (for the cases
n, > 1), namely to determine in full generality the spe-
cial standard factor system K, remains unsolved. This
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implies that the factor system K has to be determined
for every case separately.

Finally we recall that the described induction proce-
dure offers an alternative method (and is really used in
the example Pn3n) to determine by means of induction
the projective unirreps of little cogroups of nonsym-
morphic space groups out from unirreps of other little
cogroups which are subgroups of the original one. These
induced projective unirreps have the useful property of
decomposing (up to equivalence) immediately into direct
sums of projective unirreps of the corresponding sub-
group, if the subduction is carried out. Clearly, thisisim-
important for physical applications, since such subductions
arise, if investigating the “compatibility relations” for
space groups.®2-**+% A further applicationwhichwe have in
mind is that the determination of Clebsch-Gordan coef-
ficients for nonsymmorphic space groups®*?5726-28
could become simpler, if one used projective unirreps
of the little cogroups which can be found by the proposed
method.
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noncompact groups®
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A new, explicit formula is obtained for the coherent states associated with a continuous spectrum of the
noncompact group SU(1,1). The method is based on a simple and unified algebraic approach. We briefly
discuss its relations to the generalized coherent states of Barut and Girardello, and of Perelomov.

I. INTRODUCTION

The notion of coherent states was first introduced by
Weyl for the nilpotentgroup.! Recently ithas beenextend-
ed to any Lie group.?® Barut and Girardello* have con-
structed in particular the coherent states associated with
the discrete series of representations of SO(2,1). They
are the eigenstates of the lowering and raising operators
of noncompact groups. On the other hand, Perelomov
has generalized the coherent states in such a way that a
set of coherent states is invariant relative to the action
of the group representation operators.

It has been suggested since,®* that one extend the no-
tion of coherent states for the continuous spectrum cor-
responding to the infinite-dimensional unitary represen-
tations of the noncompact groups. But so far no explicit
construction seems to have appeared in the literature.
The purpose of this paper is to present a general method
for constructing such states. In particular we deal with
the continuous basis of the simplest semisimple Lie
algebra of SU(1,1). Explicit coherent states are then
constructed on this basis, which are somewhat analogous
to the Bloch coherent states of SU(2).

In atomic physics, coherent states associated with a
system of spins are known as the Bloch coherent
states.>5 They can be obtained by rotating the lowest
angular momentum state (called the lowest Dicke state)
in the manifold of the group of the angular momentum;
they provide natural and useful bases for various cal-
culations of superradiance and superconductivity.’®
Moreover they possess a unique property in that they
represent special quantum states most closely approxi-
mating classical states, e.g., the uncertainty relation
takes its minimum value for these states. The Bloch
coherent states of SU(2) form a subsystem of the sys-
tems of generalized coherent states of Perelomov.
Thus, they are invariant relative to the action of the
group representation operators. We might call the gen-
eralization of this particular system of coherent states a
Bloch-type system, and in the text we shall restrict
ourselves to this particular system of coherent states.
In Sec. II we demonstrate our method by deriving the
coherent states for the discrete spectrum of SU(1, 1),
and we compare the results with those of Barut and
Girardello. In Sec. III, we construct an explicit formula
for the coherent states associated with the continuous
spectrum, and Sec. IV is devoted to discussion and to
some further remarks.
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Il. COHERENT STATES ASSOCIATED WITH THE
DISCRETE SPECTRUM OF SU(1, 1)V7

In connection with the general scalar coefficients,
Van der Waerden®*° introduced an invariant form for the
compact SU(2) group,

w=I1ng @.1)
1

where A ;= (n;£, - n,t.), i,j,k=1,2, 3 cyclic. a, are noun-

negative integers. 7 and £ are the two fundamental com-

plex variables of the group, and ¢ refers to the three

distinct representation spaces. A; are called elementary

scalars.

The skew~symmetric form of A, reflects the following
theorem!*-4;

Malcev-Dynkin Theorem: The self contragradient IR
(SCIR) of the connected semisimple Lie groups leaves the
nondegenerate bilinear form invariant which is symme-
tric (skew-symmetric) according to whether the SCIR is
orthogonal (symplectic).

All the IR’s of SU(2) are SC'® and the smallust SCIR is
even-dimensional. Letting a,=a,=0 and a,=2S, the
SU(2) Bloch coherent states can be derived.*®

We shall now extend the notion of the Van der Waerden
invariant for noncompact groups, i.e., let

A, . =(mE, =t S, 2S: real number. (2.2)

The Bargmann-Schwinger realization of the SU(1, 1)
Lie algebra is well known,

L,=emd,, L_=¢£3,,

2.3)
L,= %(na'n— 535) y, €=+ V—gs,
and the basis functions are,!”
- O-rnr\
gm(Z)_ ( g33) (2¢+1) Zonnzg-m’ (24)

TTlo+m+ DT —m+1)7 1

where g,,= -1 for SU2)~0(3), and +1 for SU(1,1)
~0(2,1). One can easily see that {Z,2}= |Z,F ~g,,|2,
is preserved by the fundamental representation of the
group. Let us consider the following function,

F(W,Z):Z;Og;‘;(W)gm(Z). 2.5)
m=d

F can be viewed as a scalar product of two basis vectors
which belong to the two distinct Hilbert spaces of IR
characterized by 2¢. In fact,

FW,z)={w, z}?° . (2.6)
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Comparing Eq. (2.6) and Eq. (2.2) with 25~2¢, we
establish the correspondences

(-G Gh=Caw)
§h \2y)7 \n/y —E3sW,/
Let us rewrite W¥, W}~ v, u respectively. Then Eq.

(2.7) means that the operators in Eq. (2.3), once op-
erated upon W(v, u) space, would be replaced by,*®

2.7)

L,~eps,, L —evd,

(2.8)
L,—3(udp - vov).

We are interested in the coherent states defined over
the homogeneous factor space G/H~SU(1,1)/SO(2). Let
Z be a vector belonging to the Hilbert space of the set
of pure states. This Hilbert space is isomorphic to an
upper sheet of the hyperboloid. Without a loss of gen-
erality we can set,

2,2} =1 2.9)

The completeness relation for the basis function g,(Z)
= |¢>n) is written

F(z,2)=2J |onYgn|=1 2.10)
n=0
The homogeneous factor space is a unit disc that can
be parametrized by a single complex variable, say w.'
We fix our parametrization by letting i € G/H, and
v—-w, p—1, respectively. We have

FW,W)=(1-g.,]of?e. 2.11)

Note that the fundamental length (1 —g,,| wP) is preserved
in the operation of the group. Substituting (2.4) for

(2.6) with ¢+m —~N, ¢ —m—2¢ —N, respectively, and
using the binomial expansion,?® we obtain

93 | e et

TN+ 1)T(2¢ -N+1)
where the normalization factor is ignored. Note that
\w) is not identical with the SU(1,1) coherent states
given by Barut and Girardello,* in which L_ (L,) is dia-

2.12)

W' loN),

gonalized. In fact, their coherent states are
9 7
V2 zZy
‘Z>B.G. (~2¢) l/ZZﬁ“n+1 -2¢ +n)]7? Loy

(2.13a)
It can be seen easily that the following holds for |2)y ¢ ,
L-|Z>B.G.:Z|Z>B.G.‘ (2.13b)

On the other hand, we have

-2 T (20 +1)
L.|w)= Z[P(N+1 T@o - N+1)]

N*1(2¢ —N)’(PN},

(2.14)

|w> fully retains the property of the Bloch coherent
states Eguation (2.11) gives the norm of |w), and the
nonorthogonality is written

(W wy=(1 =g ™*w)?® . (2.15)
With the resolution of unity,
w) | w)(w‘:? |¢>N><¢>N| =1, (2.16)
=0

2082 J. Math. Phys., Vol. 18, No. 10, October 1877

one can write

(fliy= [ do (@) flw)w]|d), 2.17)
where |f) and |i) belong to the Hilbert space of IR’s of
the vectors of G/H. Letting do(w)=a()rdrde, |w|=7

the rhs is,

27 f dr o(r)yN+
(=29 +1) )
Z rN+1)r( s rmeD SNl . @18)
Due to Eq. (2.16), o(») satisfies
o DN+ 1)T{=264 +N+1)
2N +1 __
fo dr o (i e S 2.19)
and via the Mellin transform, we obtain
27720k (2¥)
LAY S i
c(r)—ﬂr(_2¢+1) >0, »>0, (2.20a)
where
7 1 Qry=1,2r)
K,@7)=5 Sin(@) (2.200)
and
o 7,.0+2m
1,@2r)= ; T +1D)T(p+m+1) " (2.20¢)

K,(27) is the modified Bessel function of the third kind,

and 7, (27) is the modified Bessel function of the first
kind, Equations (2.20) are the counterparts of the form-
ulas given in Ref. 4. Equations (2.12), (2.16), and (2.15)
completely specify the system of the Bloch-type coherent
states.

111. COHERENT STATES ASSOCIATED WITH THE
CONTINUOQUS SPECTRUM OF SuU(1, 1)

Let us consider the SU(1, 1) algebra in which L,; is
diagonalized.?!

=G/N2Xa,~db,),

5= €V 2)ud, +dd ), (3.1)
Loy=(€/V2)ud, -ds,),
where = (1/V2)n+it), d=(1/V2)(£+in). The basis
functions are,
fEZY=A u*%d® > | Z(u,d), (3.2)

where « is in general a complex number. Our task is to
construct the coherent states defined over G/H ~SU(1,1)/
O(1, 1) as a certain linear combination of f*(Z). Clearly

it suffices to consider rotations around the third axis,

ig/2
R:e"e*"’m: e
e-is/z

which preserve the form {|u P+ |d[?} for both compact
and noncompact cases. Defining the state conjugate to

lpa)=r=(@),
<¢a \:Aa(u*)o»fea(d*)o-ea ,

(3.3)

(3.4)

M. Hongoh 2082



the orthogonality of the basis function can be expressed
as follows:

(pa’|pa)y=6(a’ —a). (3.5)

The normalization constant A , can be obtained by using
the complex binomial expansion of the invariant form,

1 D{—¢p+ea)T(~ qb..ea)

IA ,2—_ (- 2¢>) (3.8)
Let us introduce a function
Fw,2)= [ S da e wyrez), (8.7)

which is the continuum version of Eq. (2.5). One can see
immediately that

3@, 2)={|ulf+|afPe. (3.8)

We now consider the Hilbert space which corresponds
to an upper half of the hyperboloid lying along the first

axis. Let Z(u,d) belong to this Hilbert space, and we
set

{|ul+|df}=1. (3.9)
Then from Egs. (3.2) and (3.7) we obtain,

FW,z)= [da]A,PwHore(w,)e= | pa). (3.10)

Due to the correspondences (2.6), we replace w¥, w}
~6,p respectively; where p, § are complex variables
similar to u,d. The factor space may be projected onto
a unit disc perpendicular to the first axis, which can be
parametrized by a single complex variable. This
amounts to having 6 =6, p— 1, and the coherent states
are,

+i/ €)oo D(-¢ +€a)T (g —€a) |/ 2 v
)= f(i/e)eo [ 21T(-24) ] 6° !¢0(‘>- )
3.11

To the best of our knowledge, this expression has not
appeared in the literature before. The nonorthogonality
of |6) is,

, 1 I'(—¢ +€a) (-
(® Ie}:EIdoz T 29)

I'(~¢ +€a) and I'(-¢p — €a) have poles at ¥ =y +i(N - x)
and at -y +i(x - N) respectively (x and y are the real and
imaginary parts of ¢).

¢ —€a)

(67*g)°*=.  (3.12)

Integrating clockwise along the contour and summing
contributions from poles of I'(-¢ - €x), we obtain

©'10)= 5= 2¢)Z( e

I‘(N 1) (el*g)ﬂ(pl*p)Zo-N

pyp'=1

(3.13)
Note the rhs is the complex binomial expansion. Thus

(0’[8y=(1+6"*0)%, [07*6|<1, |arg(-6"*0)|<n.
(3.14)
In particular the norm of |6) is,
HeXlP=+[efye. (3.15)

Dividing [9) by the square root of its norm, we define
[8)=(1+ 6Py ]6).
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Then the completeness relation can be written as

(fliy= [ do®)f|6Y®|s). (3.16)
With do(8) =o{rlrdrd¢ we have,
(fliy=[ da(f|paypald)
27 o
=(1—+—{-5—'-,?7 fo olr)dr
X [*° dalA Rrreee(flpa)pald.  (3.17)
Ingserting the beta function for ]AaF
B(~¢ +€a,—¢-ea)=_[omdr-2(—71’—-?;;::—;, (3.18)
we obtain
2f0°dro(r)—}£”da<f|¢a><¢a|i>=<f|i>, (3.19)
where o(#) is,
or)=w/2)8(r), r=0, (3.20a)
or
= exp(—7? >0, 3.20b
fz_exp( r?), r=0 ( )

Equation (3.20) together with Egs. (3.11) and (3.16)
completely specify the system of the coherent states as-
sociated with the continuous spectrum.

1V. CONCLUDING REMARKS

A simple method is introduced for constructing the
explicit Bloch-type coherent states for the UIR of non-
compact Lie groups. In particular we have studied the
coherent states associated with both the discrete and
the continuous spectra of SU(1,1). The method might
be useful in constructing the general coherent state rep-
resentations for other noncompact groups which appear
frequently in the applications to physical problems.
This will be discussed elsewhere.
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In a recent paper entitled “Periods on manifolds,
quantization, and gauge,” Kiehn' suggests an interpre-
tation of flux, charge, and angular momentum quantiza-
tion in terms of a set of, in principle, independent con-
cepts relating to the periods of one-, two-, and three-
dimensional cyclic integrals in space-time. In addition
to the very interesting aspects cited by the author, per-
mit me to delineate, what seems, an emerging inter-
relation with past and ongoing work and the consequenc-
es thereof;

1. Since periods are topological invariants having the
properties of numbers, the magnitude of these numbers
must be taken to be totally independent of the choice of
space~-time references. It then follows that there is no
meaning to an inquiry with the objective of establishing
a time and position dependence of these periods. Hence
the periods, i.e., the quantum of action and the quantum
of electric charge, are so declared to be metric inde-
pendent quantities.

II. The central premise of topological invariance, for
the laws of nature so expressed in terms of period inte-
grals, lends a new perspective to the earlier work of
Kottler,? Cartan,® and van Dantzig* on the metric inde-
pendent invariances of certain laws of nature. A more
detailed evaluation of this interrelation is given in a
forthcoming paper entitled “Uncertainty and metric
structure.”

1. The elevation of flux quantization to a truly inde-
pendent fundamental law rules out the hypothesis of
magnetic charge as incompatible with such change in
basic assumptions. The new hypothesis in fact estab-
lishes a perspective on the recent work of Jehle® on flux
quantization and particle structure.

1V. While the occurrence of one- and two-dimensional
period integrals in physics have been a matter of aware-
ness for some time, Kiehn adds a new item in the form
of a three-dimensional period integral related to a dif-
ferential 3-form of action density and action flux. The
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need for such a “three index” field was earlier estab-
lished by Belinfante” in local field theory, and in the
context of continuum dynamics by Mindlin.® Recently
the local space—time aspects of that field have been
studied in their relation to spaces with torsion by Hehl®
and co-workers. It seems unavoidable that a concomit-
ant of the latter field should be related to Kiehn’s dif-
ferential 3-form S.

V. The introduction of nontrivial three-dimensional
periods raises the question of a possible decomposition,
if the three-dimensional cyclic domains C, in question
can be viewed as the topological product of physically
meaningful lower dimensional eyclic domains C, and
C,, Kiehn’s relation (19),

9?0374 A ﬁ=§cl,456c2f/,
where
A=1-form of flux: vector four-potential,
H =2-form of electric charge: fields D and H,

thus permits a conceivable cross check with Jehle’s fun-
damental assumptions on flux quantization; provided the
topological configurations of C,, C,, and C, can be
known.
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In a recent paper entitled “Periods on manifolds,
quantization, and gauge,” Kiehn' suggests an interpre-
tation of flux, charge, and angular momentum quantiza-
tion in terms of a set of, in principle, independent con-
cepts relating to the periods of one-, two-, and three-
dimensional cyclic integrals in space-time. In addition
to the very interesting aspects cited by the author, per-
mit me to delineate, what seems, an emerging inter-
relation with past and ongoing work and the consequenc-
es thereof;

1. Since periods are topological invariants having the
properties of numbers, the magnitude of these numbers
must be taken to be totally independent of the choice of
space-time references. It then follows that there is no
meaning to an inquiry with the objective of establishing
a time and position dependence of these periods. Hence
the periods, i.e., the quantum of action and the quantum
of electric charge, are so declared to be metric inde-
pendent quantities.

II. The central premise of topological invariance, for
the laws of nature so expressed in terms of period inte-
grals, lends a new perspective to the earlier work of
Kottler,? Cartan,® and van Dantzig? on the metric inde-
pendent invariances of certain laws of nature. A more
detailed evaluation of this interrelation is given in a
forthcoming paper entitled “Uncertainty and metric
structure.”®

1. The elevation of flux quantization to a truly inde-
pendent fundamental law rules out the hypothesis of
magnetic charge as incompatible with such change in
basic assumptions. The new hypothesis in fact estab-
lishes a perspective on the recent work of Jehle® on flux
quantization and particie structure.

1V. While the occurrence of one- and two-dimensional
period integrals in physics have been a matter of aware-
ness for some time, Kiehn adds a new item in the form
of a three-dimensional period integral related to a dif-
ferential 3-form of action density and action flux. The
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need for such a “three index” field was earlier estab-
lished by Belinfante’ in local field theory, and in the
context of continuum dynamics by Mindlin.® Recently
the local space—time aspects of that field have been
studied in their relation to spaces with torsion by Hehi®
and co-workers. It seems unavoidable that a concomit-
ant of the latter field should be related to Kiehn’s dif-
ferential 3-form S.

V. The introduction of nontrivial three-dimensional
periods raises the question of a possible decomposition,
if the three-dimensional cyclic domains C, in question
can be viewed as the topological product of physically
meaningful lower dimensional cyclic domains C, and
C,, Kiehn’s relation (19),
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where
A=1-form of flux: vector four-potential,
H =2-form of electric charge: fields D and H,

thus permits a conceivable cross check with Jehle’s fun-
damental assumptions on flux quantization; provided the
topological configurations of C,, C,, and C, can be
known.
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The Molien generating function for irreducible

representations *X3 and *X4, given in Table III should

read:
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